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EDITOR’S FOREWORD 


The problem of communicating in a coherent fashion the recent 
developments in the most exciting and active fields of physics 
seems particularly pressing today. The enormous growth in the 
number of physicists has tended to make the familiar channels of 
communication considerably less effective. It has become increas- 
ingly difficult for experts in a given field to keep up with the cur- 
rent literature; the novice can only be confused. What is needed is 
both a consistent account of a field and the presentation of a definite 
‘‘noint of view’’ concerning it. Formal monographs cannot meet 
such a need in a rapidly developing field, and, perhaps more im- 
portant, the review article seems to have fallen into disfavor. In- 
deed, it would seem that the people most actively engaged in devel- 
oping a given field are the people least likely to write at length 
about it. 

‘‘Frontiers in Physics’’ has been conceived in an effort to im- 
prove the situation in several ways. First, to take advantage of the 
fact that the leading physicists today frequently give a series of 
lectures, a graduate seminar, or a graduate course in their special 
fields of interest. Such lectures serve to summarize the present 
status of a rapidly developing field and may well constitute the only 
coherent account available at the time. Often, notes on lectures ex- 
ist (prepared by the lecturer himself, by graduate students, or by 
postdoctoral fellows) and have been distributed in mimeographed 
form on a limited basis. One of the principal purposes of the 
‘‘Frontiers in Physics’’ series is to make such notes available to 
a wider audience of physicists. 


vi EDITOR’S FOREWORS 


It should be emphasized that lecture notes are necessarily rough 
and informal, both in style and content, and those in the series will 
prove no exception. This is as it should be. The point of the series 
is to offer new, rapid, more informal, and, it is hoped, more effec- 
tive ways for physicists to teach one another. The point is lost if 
only elegant notes qualify. 

A second way to improve communication in very active fields of 
physics is by the publication of collections of reprints of recent ar- 
ticles. Such collections are themselves useful to people working in 
the field. The value of the reprints would, however, seem much en- 
hanced if the collection would be accompanied by an introduction of 
moderate length, which would serve to tie the collection together 
and, necessarily, constitute a brief survey of the present status of 
the field. Again, it is appropriate that such an introduction be in- 
formal, in keeping with the active character of the field. 

A third possibility for the series might be called an informal 
monograph, to connote the fact that it represents an intermediate 
step between lecture notes and formal monographs. It would offer 
the author an opportunity to present his views of a field that has 
developed to the point at which a summation might prove extraor- 
dinarily fruitful, but for which a formal monograph might not be 
feasible or desirable. 

Fourth, there are the contemporary classics—papers or lectures 
which constitute a particularly valuable approach to the teaching 
and learning of physics today. Here one thinks of fields that lie at 
the heart of much of present-day research, but whose essentials 
are by now well understood, such as quantum electrodynamics or 
magnetic resonance. In such fields some of the best pedagogical 
material is not readily available, either because it consists of pa- 
pers long out of print or lectures that have never been published. 

‘‘Frontiers in Physics’’ is designed to be flexible in editorial 
format. Authors are encouraged to use as many of the foregoing 
approaches as seem desirable for the project at hand. The publish- 
ing format for the series is in keeping with its intentions. Photo- 
offset printing is used throughout, and the books are paperbound, in 
order to speed publication and reduce costs. It is hoped that the 
books will thereby be within the financial reach of graduate students 
in this country and abroad. 

Finally, because the series represents something of an experi- 
ment on the part of the editor and the publisher, suggestions from 
interested readers as to format, contributors, and contributions 
will be most welcome. 


DAVID PINES 
Urbana, Illinois 
August 1961 


PREFACE 


In June,1958, at the invitation of Professor J. C. Slater, I gave 
at the Massachusetts Institute of Technology a series of ten lectures 
entitled ‘‘Interactions of Elastic Waves in Solids.’’ The aim was to 
present the application to a concrete physical problem of rather 
general techniques developed by N. M. Hugenholtz and me for the 
study of interaction effects in quantum systems of many particles. 
The first part of the present book contains an expanded version of 
these lectures, prepared by L. P. Howland and originally circulated 
as a Technical Report of the Solid State and Molecular Theory 
Group of M.I.T. A number of original papers by G. Placzek, N. M. 
Hugenholtz, and me, dealing with problems or methods discussed in 
the lectures, are represented in the second part. 

By presenting first a detailed discussion of a special and rather 
simple physical system, an anharmonic crystal lattice at the abso- 
lute zero of temperature, and then a number of articles of greater 
generality, we hope to give the reader a convenient and self-con- 
tained introduction to one of the methods that has been developed 
and used in recent years for the study of interactions in quantum 
systems containing a large number of particles. In the study of an- 
harmonic crystals we have considered among other things the effect 
of the interaction between elastic waves on slow neutron scattering 
by the crystal. It is for this reason that a few somewhat older pa- 
pers on slow neutron scattering have been included. 

On behalf of L. P. Howland and myself I gladly express our grat- 
itude to Professor J. C. Slater for his stimulating interest in the 
lecture series and in the preparation of the lecture notes. 
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vill PREFACE 


Authors and publishers are indebted to the Solid State and Mo- 
lecular Theory Group of M.I.T., and to the editors of the Physical 
Review and Physica, for permission to republish the material con- 


tained in this book. 
L. VAN HOVE 


Geneva, Switzerland 
August 1961 
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INTERAC TIONS OF ELASTIC WAVES IN SOLIDS 


1. INTRODUCTION 


In this report it is intended to discuss several problems in solid-state 
physics by means of a new perturbation method for many-particle, quantum-mechan- 
ical systems. The particular problems to be discussed concern effects of the inter- 
actions of elastic waves in ideal single crystals, especially non-conducting crystals. 
Some of these problems have been treated earlier by other methods, but they still 
serve well as illustrative applications of the new method. 

‘The solid-state problems to be discussed have much in common with other 
many-particle problems. Examples of these are the Fermi gas with interactions 
(Brueckner and Levinson, 1955; Bethe, 1956; Goldstone, 1957) and the Bose gas with 
interactions (Bogolyubov, 1947; Huang and Yang, 1957; Brueckner and Sawada, 1957). 
The perturbation method presented here was actually developed in a treatment of the 
Fermi gas (Hugenholtz, 1957a,b), but it is applicable to all of the problems mentioned 
above. Furthermore, the method is closely related to methods used in field theory, 
and, infact, it was largely inspired by those methods (Van Hove, 1955b and 1956; 
Frazer and Van Hove, 1958). 

There are many types of waves in addition to elastic waves which are famil- 
iar in solid-state physics. Among these are the Bloch-type wave functions for elec- 
trons, the spin waves of magnetic materials at low temperatures, and the waves of 
x-rays and neutrons which are used to study solids in scattering experiments. In 
each of these examples the wave is a useful concept because it is relatively indepen- 
dent and long-lived in the total system. When the system is described in terms of 
such waves, there only remains,the problem of treating small interactions between 
the waves to obtain a complete description of the system. When the interactions are 
not small, of course, the concept of the wave is not so useful. Even when the wave 
description is quite good, however, some of the most important properties of the 
system derive from the small interactions which remain. This is the case for all 
transport properties, for example, and the new method actually originated as a new 
approach to the related irreversible statistics (Van Hove, 1955a and 1957). 

In an ideal non-conducting crystal the vibrational problem is generally 
treated in the following way. The crystal is assumed to have a total potential energy 
which is only a function of nuclear positions (the electrons are assumed to follow 
the nuclei), and this energy is written as a series in powers of the displacements of 
nuclei from their equilibrium positions. The potential energy is therefore given by a 
constant plus quadratic and higher-order terms in the nuclear displacements. If only 
the quadratic, or harmonic, terms are significant, the crystal vibration problem can 
be completely solved in terms of independent elastic waves, each wave being charac- 


terized by a wave vector q, a polarization vector e, anda frequency w. In a quantum- 
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INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


mechanical description of the vibrations, the energy of each elastic wave is quantized, 
and there is said to be one phonon present for each quantum of energy, fw. 

The higher-order or anharmonic terms in the expanded potential energy give 
rise to interactions between the elastic waves or phonons of the harmonic approxima- 
tion. Except near the melting point of the solid, these interaction terms turn out to 
be small enough that the elastic waves or phonons still provide a good basis for treat- 
ing the vibrational problem. Once the harmonic problem is solved, then, there re- 
mains the problem of calculating the effects of small phonon-phonon interactions. The 
calculation of such effects when the crystal is at equilibrium or in its ground state is 
the main problem which is treated in the present report. 

In an ideal conducting crystal the vibrational problem is complicated by the 
presence of conduction electrons, which are not constrained to follow the vibrations 
of the nuclei (or the ionic cores). If the nuclei were fixed rigidly in their equilibrium 
positions, these conduction electrons could be described by Bloch-type one-electron 
wave functions, each of these functions being characterized by a wave vector, an 
energy, and a spin quantum number. If the nuclei make displacements from their 
equilibrium positions, however, as they do in an actual vibrating crystal, the crystal 
symmetry is no longer that appropriate to Bloch electrons, and, furthermore, the 
electrons cannot be assumed to follow the nuclei, as they do in a non-conducting 
crystal. In the usual treatment of this problem, the conduction electrons are descri- 
bed in terms of the Bloch functions of the non-vibrating crystal, and they are then 
allowed to interact with the lattice vibrations or phonons. When a conducting crystal 
is thus described in terms of phonons and Bloch electrons, there remains the problem 
of calculating the effects of three different types of interaction: phonon-phonon, 
phonon-electron, and electron-electron. 

The interactions described above for non-conductors and conductors are 
responsible for important physical effects. The phonon-phonon interaction gives 
rise to heat conduction, and it also leads to the effect of thermal expansion. The 
phonon-electron interaction also gives rise to heat conduction, and it is responsible 
for electrical resistance and superconductivity. The electron-electron interaction 
gives rise to plasma oscillations. There are other effects, of course, but those 
given should be sufficient to illustrate the point. 

Theoretical treatments of these and other interaction effects are generally 
quite difficult, and the best treatments of some are still far from satisfactory. Since 
the interactions of interest are small and non-singular, some form of perturbation 
theory is the natural basis for any treatment. Standard perturbation theory is gen- 
erally inadequate for a large system, however, because some high-order terms may 


be quite large, even though the interaction forces are small. 
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1. INTRODUCTION 


There are also other difficulties which arise in treating many-particle 
systems by perturbation methods, and some of these can be related to certain phys- 
ical characteristics of the interaction effects. In the first place, many of the inter- 
action effects are at least partly dissipative in character. This is not surprising, 
of course, since a solid could not come to thermal equilibrium without such effects. 
Thermal conductivity is one dissipative effect, and electrical conductivity is another. 

For a dissipative effect which is somewhat simpler theoretically, consider 
the decay of an extra phonon ina non-conducting solid. Such a phonon might have 
been excited by neutron bombardment, for example. In any case, the phonon decays 
with a finite lifetime into two or more phonons, and the secondary phonons and all 
the later products also decay. The original system containing the single extra 
phonon thus decays irreversibly into a system in which the energy of the original 
extra phonon is distributed among all the vibrational degrees of freedom of the 
system and thermal equilibrium is restored. Such effects are involved in many 
physical processes of interest, and one of the difficulties in many-particle perturba- 
tion theory is to account for them in a natural and practical way. 

In the second place, some of the effects depend upon interaction-produced 
energy shifts and involve the physical characteristics of such shifts. The particular 
characteristic which is of interest here is the volume dependence of an energy shift, 
as will be seen below. Thermal expansion is an energy-shift effect, since it occurs 
because of an interaction-produced shift in the free energy of a crystal. The equilib- 
rium value of the lattice constant at O°K also involves an energy-shift effect, since it 
depends upon an interaction-produced shift in the zero-point energy of a crystal. In 
both of these examples the energy shift is an extensive (bulk) quantity, and it should 
be proportional to the volume of the crystal. 

For a different energy-shift effect, consider again the extra phonon in a 
non-conducting solid. The energy of this phonon (the energy required to excite it) is 
not exactly equal to fw, as predicted by harmoinc theory, but it is shifted from this 
value by the anharmonic forces. This energy shift is an intensive (local) quantity, 
and it should be independent of the volume of the crystal. 

One of the difficulties in many-particle perturbation theory is to obtain ex- 
pressions for energy-shift effects which exhibit the expected volume -dependence in 
a simple way. For many of these effects a straightforward calculation leads to an 
expression in which intensive and extensive effects are intermixed, even though the 
effect itself is expected to be purely extensive or intensive. 

Finally, many interaction effects involve both dissipative processes and 
energy shifts, and these mixed effects exhibit further difficulties. The extra phonon 


in a non-conducting solid again provides a good example. The lifetime of this 


8 
PELL ILL GLI De L DoQe De De Do Qo ee en Ione oe Io Qe re Qe Qua Qan i QoQo eco Pande ede Penta Qed eadang. 


INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


phonon is a dissipative effect, but it is influenced by the energy-shift effect, since 
energy conservation is involved in each decay. The mixing of the effects is really 
more complete than this, however. In view of the finite lifetime of the phonon, its 
energy cannot be perfectly well defined. The phonon therefore has an energy spec- 
trum, and the spectrum must have a width corresponding to an imaginary part of the 
phonon frequency and depending on the decay probability of the phonon. The spectrum 
may also have a peak position which depends upon the decay probability. If the mix- 
ing in Such mixed effects is quantitatively important, intuitive perturbation treat- 
ments become impossible and a completely systematic perturbation method is re- 
quired. 

In this report a general many-particle perturbation method which handles 
the difficulties mentioned above is presented. The presentation is accomplished in 
the course of a discussion of a relatively simple system consisting of interacting 
phonons in a non-conducting crystal. The problems for this system which are dis- 
cussed are the ground-state energy and wave function at O°K, the cross-section for 
neutron scattering at O°K, the free energy at an arbitrary temperature, and, very 
briefly, the cross-section for neutron scattering at an arbitrary temperature. In 
view of the purpose of this report the results presented are not in general those in 
which an experimentalist would be interested. Important factors such as the presence 
of impurities are neglected, mainly low-temperature properties are discussed, and 
many other simplifications are made. Results of interest to experimentalists can 
be obtained by the new perturbation method, but they will not be presented here. No 
quantitative calculations have as yet been made for any of the problems considered 
in this report, but the theory has reached a point where such calculations are feasible 


and desirable. 
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2. INTERACTING PHONONSIN AN IDEAL NON-CONDUCTING CRYSTAL: HAMILTONIAN 


The vibrations of the nuclei in a crystal are described here in terms of the 
displacements of the nuclei from rigid-lattice equilibrium positions, which are de- 
fined below in terms of the Born-Oppenheimer approximation. The crystal is assum- 
ed to be perfect, having no impurities, vacancies, interstitials, grain boundaries, 
dislocations, or disorder. 

‘If the nuclei are all fixed in their rigid-lattice equilibrium positions, the 
resulting crystal can be considered as constructed from a large number of identical 
(except near the surface) cells packed together with no space left over. A cell of 
this sort containing the least number of nuclei is called a unit cell of the crystal. The 
shape of the unit cell for a particular crystal is not uniquely defined, but in the follow- 
ing discussion it is assumed that Some choice has been made. 

In the particular unit cell which.contains the origin of coordinates the differ- 
ent nuclei will be designated by indices n running from 1 to no: The rigid-lattice 
equilibrium positions of all the nuclei in the crystal then will be designated by vectors 


Rey which are given by 


Here R_ is the position of nucleus n in the unit cell on the origin, sisa crystal 
peanesaion vector (a vector from the origin to the equivalent point in another unit cell 
in the crystal), and the arrow over a letter which designates a vector is omitted when 
the letter appears as a subscript (as with s in Ree) Each of the translation vectors 
s can be written as an integral linear combination of three primitive translation vec- 


tors, ay» ars and a, as follows: 


S=$,a, + Sa, + 83a. (2-2) 


Here s}], S>: and S, are positive or negative integers or zero. 
Finally, the actual positions of all the nuclei in the crystal will be designated 
by vectors a each equal to the corresponding equilibrium vector Roe plus a dis- 


placement vector u 


sn’ 4 position vector re is therefore given by the following 


equation: 


ey Rae + (2-3) 


For an ideal, non-conducting crystal the Born-Oppenheimer or adiabatic 
approximation offers a good starting point for a quantum-mechanical treatment. In 
this approximation a ground-state electronic wave function for the crystal is calcula- 
ted from a Hamiltonian which neglects the nuclear kinetic energy and thus assumes a 


rigid lattice. The electronic wave function and the total crystal energy obtained from 
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this Hamiltonian only depend upon the nuclear coordinates as parameters. The total 
wave function for the crystal is then written as the product of a nuclear wave function 
and this rigid-lattice electronic wave function, the nuclear coordinates appearing in 
both. To a good approximation, the nuclear wave function can be determined from 
a Hamiltonian consisting of just the kinetic energies of all the nuclei and a potential 
energy which is the rigid-lattice energy determined in the original electronic calcula- 
tion. In the Born-Oppenheimer approximation, therefore, the electrons are taken to 
follow the nuclear motions without excitations and without inertia, on the assumption 
that any electronic excitation would require an appreciable energy transfer. 

In the standard treatment of the nuclear part of the problem, the potential 
energy in the nuclear Hamiltonian described above is expanded in powers of the dis- 
placements of the nuclei from their equilibrium rigid-lattice positions. The resulting 


Hamiltonian can then be written in the following form: 
H = H*) ue (2-4) 


where H) includes all the terms through second order in products of the displace- 
ments and V includes all the terms of higher order. The energies 2) and V will be 
called the harmonic and anharmonic energies respectively. 


The harmonic energy 2) in Eq. (2-4) is given by the following equation: 


eee [a [2 4 yl), (2-5) 
QO 2 “Snhenescsn 


where 
(2) _ 2) 
is 3, sn, n =e at© s-s', nn’aa! sna's'n'a"™ (2-6) 


In these equations on is the equilibrium rigid-lattice energy of the crystal, m, is the 
mass of a nucleus of type n, ce is a nuclear displacement as defined in Eq. (2-3), the 


dot over Won designates a time derivative, and u is the a'th rectangular component 


sna 
of the vector Ucn For a proper Hamiltonian, of course, the kinetic energy terms in 
Eq. (2-5) should be rewritten explicitly in terms of the conjugate momenta Dee 

where each eee is equal to m u 


n sn’ 
The anharmonic energy V in Eq. (2-4) is given by the following equation: 


= we) 
V => G2. vere (223) 
va 
where 

vex 2 n a ”) n n sna 

S12Szr-++S), Nj» Np, +++N) G),05,---a) S)M)4)+S2N,05>+--S nia 
Xu u veel ; (2-8) 

oil 2 eae ey ny 
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2. INTFRACTING PHONONSIN AN IDEAL NON-CONDUCTING CRYSTAL: HAMILTONIAN 


Each of the coefficients c™), .. (including v equals 2) in the foregoing equa- 
tions is proportional to a v'th-order derivative of the rigid-lattice energy, evaluated 
for the equilibrium lattice. Each is essentially an atomic force constant, therefore. 


The second-order coefficients c (4) , only depend on the cell posi- 


= a s-s', nn'aa 
tions s and s' through the separation vector s-s'. This is because of the equivaience 
of all the unit cells in the infinite crystal. In addition the second-order coefficients 


obey the following symmetry relations: 


c') = c() (2-9) 


s, nn'aa' -s,n'na'a’ 

In general the expectation value of a v'th-order potential energy term v™) 
(including v equals 2) is of the order of magnitude e(uja)’ ° per unit volume. Here 
w is a characteristic nuclear vibration frequency, u is an average nuclear displace- 
ment for a given temperature, and a is the smallest equilibrium distance between 
two nuclei. At the melting point of the crystal u is smaller than a, but it is of the 
same order or magnitude. At temperatures which are low compared to the melting 
point, however, u is much smaller than a. Under these circumstances the expecta- 
tion values of the terms vi) decrease rapidly with increasing v, and V itself can be 
considered as a small term in the Hamiltonian of Eq. (2-4). This fact provides the 
basis for the use of perturbation methods in treating the effects of anharmonic forces 


on crystal vibration phenomena. 
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3. THE CLASSICAL THEORY OF LATTICE VIBRATIONS 


The classical theory of lattice vibrations is described here as a means of 
introducing concepts and notations which will be used throughout this report. The 
theory is the Born-von Karman theory, and complete descriptions of it may be 
found in many books and articles (Liebfried, 1955; Born and Huang, 1954). 

In the Born-von Kaérman theory anharmonic forces are entirely neglected. 
The Hamiltonian for the system is therefore given by Eq. (2-4) with V set equal to 
zero,and it is just equal to H ey, The equilibrium lattice is defined somewhat differ- 
ently in the classical problem than in the quantum-mechanical problem, but this does 
not affect the form of the Hamiltonian. The equations of motion for the nuclei are 


obtained from the Hamiltonian H) by use of Hamilton's equations, and they are given 
by: 


i eee eS) (3-1) 


m ' ' ea eee 
n sna sna S-S,nnaa sna 


The mathematical treatment of the equations of motion is simplified by use 
of the periodic boundary conditions of Born and von Karman. For this the crystal is 
taken to be a parallelopiped with its edges parallel to the principal translation vectors 
a ao and a4 and with L err along each direction. This crystal contains Ne 
unit cells, where Ny equals L’, and it has a volume &, where 2 equals No ome 
being the volume of a unit cell. The total number of cells, No is taken to be very 
large. The crystal is then extended in all directions to infinity by translations Ls of 
the original crystal, where s is any translation vector of the form shown in Eq. (2-2) 
The resulting infinite crystal is exactly periodic at every instant of time, and a 
nuclear displacement ae is identical to another displacement ae if the separation 
vector s''-s' is equal to one of the translations Ls. The number of degrees of freed- 
om of this infinite crystal is finite and equal to 3nN. 

Consider the following plane wave as a trial solution to the equations of 


motion (3-1): 


ey 


a cory oneal em) cos (s. +7) sin (Sale (3-2) 


Here q is the wave vector of the plane wave, a_ iS areal amplitude coordinate, and 

e (n) and f. (n) are real vector coefficients which determine the phase and polariza- 
tion of the wave. If this vibrational wave is to satisfy the periodic boundary condi- 
tions, the dot product of q with any of the crystal translation vectors Ls must be equal 
to an integral multiple of 2m. To explain the effect of this condition it is usual to in- 
troduce the reciprocal lattice. 


The reciprocal lattice for a particular crystal is the infinite, periodic lattice 
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which is defined by a particular set of primary translation vectors, by bo» and b,. 
These vectors are determined by the following set of equations: 

Seebrimaa. 

a. ; bi, (3-3) 
Here ay a, and a3 are the primary translation vectors of the real crystal, and a5 
is a Kronecker delta. A translation vector of the reciprocal lattice then can be 
written in the following way: 


T= Hb, + Tb, a 75 .,. (3-4) 


Here T)? T 


+ has the important property that its dot product with any translation vector § of the 


, and Tz are positive or negative integers or zero. The translation vector 


real crystal is an integer, as is easily verified by examination of Eqs. (2-2), (3-3) 
and (3-4). 

In terms of the above definitions the trial wave of Eq. (3-2) satisfies the 
periodic boundary conditions if and only if the wave vector q satisfies the following 


equation: 
q = 2m (7/L), (3-5) 


where 7 is one of the translation vectors of the reciprocal lattice. The dot product of 
such a wave vector with a translation vector Ls is clearly equal to an integral multiple 
of 2m, as required. 

Not all of the wave vectors q satisfying Eq. (3-5) give different trial solu- 
tions when used in Eq. (3-2), however. In the first place, using q plus any of the 
vectors 2mr for q in that equation gives essentially the same trial solution as using 


(n) 


q. itself. The coefficients ea n) and DG can therefore be taken to obey the following 


relation: 


SS a ae (3-6) 


© gt2nt q qt2nr q 


Furthermore, using -q for q in Eq. (3-2) gives essentially the same trial solution as 
(n) 7 (n) 
and f 


following relations in addition to those in Fq. (3-6): 


using q itself. The coefficients € can therefore be taken to obey the 


poet) opaa() Crean) _ ope(n) (aa) 


On the basis of Eqs. (3-6) and (3-7) the coefficients a0 


functions in q-space, and they are symmetric and antisymmetric respectively on in- 


and f (n) are periodic 


version of q. They are only defined at the discrete values of q given in Eq. (3-5), but 


as N, approaches infinity these values approach a continuum. 
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In view of the results above, all the different allowed trial solutions of the 
form of Fq. (3-2) can be obtained by considering only a finite set of wave vectors q. 
The wave vectors in this set are conveniently defined (to within an inversion) by the 
following three conditions: first, each satisfies Eq. (3-5); second, each belongs to 
the central unit cell in q-space (which is understood to be just the ordinary first 
Brillouin zone of the crystal); and, third, no one is the inverse of any other. These 
vectors will be described hereafter as those belonging to half the central unit cell in 
q-space. The linear independence or orthogonality of two trial solutions with differ - 
ent wave vectors in this set can be established by use of the orthogonality relations 
for the functions sin s . q and cos s. q. 

In the discussion which follows there should really be special consideration 
of complications which arise for wave vectors which are zero or belong to the sur- 
face of a unit cell. This is omitted for the sake of brevity, but it should be remem- 
bered that these complications do exist. 

When the trial solution of Eq. (3-2) is substituted into the equation of motion, 


Eq. (3-1), the following equation is obtained: 


am, Wie [ef Dee q) + a cos(s. q)] 


2 1/2 _ . oot (n') 
= ~2a,2 1mm, ,) , {ic irn'aa'®°® (Ss. q) + sie oat (s. q)] Sees 
(2) . oo (2) + (n') 
+ [Conntaa!Si2 (e\eeq)ie S nneeee cos(s. q)] ‘a! 
8) 
where 
= (mm y 1/25 c(2) cos (§. q) (3-9) 
qnn'‘aa' heen sn~snn'aa' wo 
and 
-1/2 Z _ yo 
qnn'aa' i (mm) yee insta (Ss. q)- (3-10) 
Because of Eq. (2-9) the new quantities Conn'aa! and Sonn! et obey the following use- 
ful symmetry relations: 
-q, nn'aa!' a conn'aa"” 9_a, nn'aa' “Sonnac!” (3-11) 


It is now assumed that the quantity 5 in Eq. (3-8) can be replaced by “way 
where ne is real and positive. Under this assumption oa obeys the equation of motion 
of a linear harmonic oscillator of frequency w_.. On the basis of this assumption and 


the orthogonality relations for sin S. q and cos 8. q, Eq. (3-8) can be transformed 


aos 
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to the following pair of equations: 


“a l gn! aa' eu - ann! aa' a Sas eM) 
Qq qa 
{ 
22 aoalus eM ic p (n')) =o fo) (3-12) 
n'a “qnn'aa' qa' qnn'aa' aed q qa 


These equations are actually quite practical, since there are only a few of them for 
each value of the wave vector q (as will be seen below), and since the summations in 
the associated equations (3-9) and (3-10) only involve a few terms and can be calcula- 
ted for reasonable models of many crystals. 

For a particular wave vector q, Eqs. (3-12) define a standard eigenvalue 
problem. The associated secular equation is of order én, in general, since a runs 
over the three ee craneulat components of a vector, n runs over the ny nuclei ina 


(n) and f. (n) are to be determined. The aueee of eigen- 


single unit cell, and both s 
values of a secular equation is equal to the order of the equation. In the present case, 
then, there must be én) eigenvalues Be For each of these én, eigenvalues there is 
an independent eigenvector (e ( font )), where the first aes in parentheses is the 
coefficient of cos (s. q) and the second of sin (s. q) in the trial solution of Eq. (3-2). 
For each eigenvector @, fa (n)) however, there is a second, Cee e,), 
having the same wave vector, which is degenerate with the first. For a given wave 
vector q: then, there are only $n, eigenvalues which can be different. These 3n, 
eigenvalues will be written as ae with j running from 1 to 3n, - The two independent 


ew), se 


eigenvectors corresponding to an eigenvalue Bo will then be Garien as (e 
; (n) An) qJ 
and (-f Ae Gj ). 
The following set of equations express the condition for the linear independ- 
ence of different eigenvectors with the same wave vector, and they alSo express a 


convenient normalization for the eigenvectors: 


= [em an +F™) ail = 6... 
n “qj qi ij 
z ban). 7 “9 7m aj yen] aoe (3-13) 


Here j and j' can each have any one of 3n, values. The orthogonality expressed by 
these equations can be proved directly from Eqs. (3-12). 

The eigenvalues and eigenvectors discussed above comprise the solutions of 
Eqs. (3-12). If one of these solutions is substituted into Eq. (3-8), that equation 
reduces to the expected harmonic oscillator equation for the appropriate amplitude 
coordinate. This result justifies the assumption made in the derivation of Eqs. (3-12). 


Each solution describes what is called a normal mode of vibration for the crystal, 


Saleles 
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and the associated amplitude coordinate is called the amplitude of the normal mode. 
There are found to be just 3n No independent normal modes, and this is just equal to 
the original number of degrees of freedom, as should be expected. 

At this point it is useful to mention a few characteristics of the solutions 
discussed above. For a given wave vector qd there are eigenvalues We with j running 
from 1 through 3n,: If the order of the indices j is chosen to arrange the eigenvalues 
in order of increasing Tae the frequency 2a for a given j can be considered a 
continuous function of q (in the limit of infinite N,,): Since there are $n, values for j, 
there are $n, such frequency functions. Three of these functions are found to become 
proportional to the magnitude q as q approaches zero, and these frequencies corres- 
pond to acoustic vibrational modes of the crystal. The acoustic modes with q equal to 
zero represent pure translations of the crystal. The remaining 3(n,-1) frequency 
functions approach non-zero values as gq approaches zero, and these correspond to 
optical vibrational modes. The modes themselves (acoustic and optical) are both 
longitudinal and transverse, and there are two modes for each frequency. 

The solutions discussed above are all obtained by considering only the wave 
vectors ”q in half of the central unit cell in q-space. For later work, however, it is 
useful to consider other values of q as well. The solution for an arbitrary value of q 
can be obtained from the basic solutions by use of Eqs. (3-6) and (3-7). When these 


equations are used, the following relations are obtained: 


_ _-(n) = _ x(n) 2 sweee 

“at 27 ae “ai? Tot 2a, j Say : gq + 20, j ~ aj 

etn) = o(n) | Fin) = Fin) 2 . oun (3214) 
-q, J qj -qj qj -qj qj 


These relations should be taken to mean that the wave vector associated with a par- 
ticular normal mode or frequency is only defined modulo 2u7 and to within an inver - 
sion. The reason for this convention will become clear in later sections. 

The instantaneous displacement of an individual nucleus in a crystal is equal 
to the sum of its instantaneous displacements in each of the normal modes of the 
crystal. This fact is expressed in the following equation: 


~ -1/2,u.c. —{n) = (n) _.) 7= 
eS (2N m_) =a = {eit eq; Cs (s. q)+ fi sin (Ss. q)] 


(n) 


qj C°S (Ss. q) + eu sin (Ss. q)]. (= 


peau. ( =f) 
a ail 


Here the superscript u.c. on the summation sign indicates that the summation is to 
run over the entire central cell in q-space, and the constant factor (en ja which 
does not appear in Fq. (3-2), has been introduced to simplify later expressions. The 


summation on q only needs to run over half a unit cell to include all the different 


-l2- 
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normal modes, but it is formally convenient to extend it as shown. With this exten- 
sion, each normal mode having a general wave vector appears twice. 

If the extension of the summation in Eq. (3-15) is to make sense, the ampli- 
tude of a particular normal mode must be taken to be independent of how the wave 
vector of the mode is specified. On the basis of Eqs. (3-14) for the normal modes, 
then, the amplitudes can be taken to obey the following relations: 


1 —_ 1 
Caqt2nr,j * aj 


, 


SO + 2n7,j raj 


a7 a =-a'. (3-16) 


a . a 6 
-q; J qj, “qs J qJ 


These relations are obviously more general than is required for Eq. (3-15), but they 
will prove useful in later work. 

Eq. (3-15) can be described as a transformation to normal coordinates for 
the vibrating crystal. The normal coordinates are the independent amplitudes of the 
normal mode vibrations. As shown by earlier results the number of degrees of free- 
dom of the system is preserved by this transformation. 

The harmonic Hamiltonian for a crystal can be obtained in terms of the 
normal coordinates by substituting the transformation of Eq. (3-15) into the energy 
expression of Eq. (2-5). The resulting Hamiltonian must correspond to an infinite 
energy, since Eq. (2-5) must be taken to give the energy of the infinite crystal with 
periodic boundary conditions. The energy per independent region of the infinite 
crystal is easily extracted, however, and this is given by the following equation: 


3n 
(2) ec. Or. ee Ze 2 
H =e + (1/4) 2 rE ar aoe) ot) ee : 3-17 
“o (1/4) q iat Lagi ° qJ ) ” aij (4; = qJ ) ( ) 


The symbols (2) and Ey used here are the same as those used in Eq. (2-5), but they 
are now to be interpreted as energies per independent region of the See sucha 
region containing Ne cells and having a volume 2. The Hamiltonian H 2) with its new 
meaning still involves all of the degrees of freedom of the infinite crystal, and itis a 
perfectly good Hamiltonian on which to base either a classical or a quantum-mechan- 
ical description of the infinite crystal. In Eq. (3-17) for y*) the contribution for 
each normal mode with a general wave vector appears twice because the summation 
on q again runs over an entire unit cell in q-space. 

Eq. (3-17) may be used to verify various properties of the transformation to 
normal coordinates. In the first place, the equations of motion for the normal coor- 
dinates are easily obtained from it by use of Hamilton's equations. The momenta 
which are conjugate to the coordinates a_. anda' : area_. and a respectively. 


qJ 
The equations of motion are therefore found to be 


ae 
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an 5 laeS a 


; = s06.0) 2, 3-18 
“qi aj ai’ * aj” “ai” ai sae 
and these are the equations of motion of simple harmonic oscillators, as expected. 
In the second place, the eigenvalues on can be proved to be positive from 
(2) 

the form of H 


to undamped harmonic oscillation. The eigenvalues are positive because the poten- 


in Eq. (3-17), and they must be positive if Eqs. (3-18) are to lead 


tial energy in H 2) must be positive for every set of values of the normal coordinates, 
this energy being the deviation of the potential energy of the crystal from its mini- 
mum in the limit of small nuclear displacements (when V is negligible). 

Since the solutions of the equations of motion (3-18) are well known, the 
classical problem of lattice vibrations in the harmonic approximation is solved. Once 
the procedures outlined above have been carried out, it is only necessary to specify a 
set of initial conditions in order to know the nuclear displacements of a crystal at 
ever instant of time. 

As a final note, it is useful to express the nuclear displacements of a 
crystal in terms of complex modes instead of the real modes of Eq. (3-15). This is 
done by rewriting the trigonometric functions in Eq. (3-15) in terms of exponentials, 


and the result is as follows: 


3n : 
“M2zB- CD 8 (ay ~ tty) Ferg ~ tf pel ee aaa 


~~ O 


u = (7A)Nf_ real : i 
sn ( O n) qJ qJ qJ qJ 


In this expansion each pair of indices q and j designates a distinct complex mode, and 
there are 3n5N, such modes, which is the same as the number of distinct real modes. 
The amplitude of a complex mode is itself complex, and it has no simple behavior 
under inversion of q. Since both a_.anda' . oscillate harmonically with the same 
frequency w_., the complex amplitude (a, ~ ia’) also oscillates harmonically with 


this frequency. 


eee 
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The quantum theory of harmonic lattice vibrations is based on the harmonic 
Hamiltonian H 2) which is given in Eq. (3-17). It thus assumes that the secular equa- 
tion arising from Eqs. (3-12) have been solved and that the normal modes and their 
frequencies are known. The harmonic Hamiltonian H{2) is then quantized ina 
fashion familiar from second quantization in field theory. This procedure is out- 
lined below. 

The momenta conjugate to the normal coordinates taj and a' j will be sym- 
bolized by p_. and P'gj respectively, as mentioned in Section 3. These momenta are 
given by the following equations: 


See all. 4-1 
Pai ee” ah a) (Sey) 


In view of Eqs. (3-16), these momenta must have the following symmetry properties: 


= ' at 
Pg + 20, j P aj’ P qt 2mt,j P qj’ 


: = De ate) ete 4-2 
P-a, j Eay ==, J P ai eae? 
Quantization proceeds by treating the normal coordinates O63 and a' j and 
their conjugate momenta p_. and P' aj as operators, although retaining in them the 
symmetry with respect to q of the classical quantities. As operators they are taken 


to obey the following set of commutation rules: 


‘ lifaqt=aqt 2nr or q'! = -q' = 207 

[p +» @ el = (h/e-, x { a qd q q 
Wd JJ 0 otherwise 

Lit Gt = G4 20 fg aur 


-lifq'=-qt+2nrf+q+ 2nr' 


elgg etal =O { 


0 otherwise 


All other commutators = 0. (4-3) 


Here the symbol [x, y] denotes the commutator of the operators x and y (which is just 
the operator xy-yx), fiis h/2m, the reduced Planck's constant, 7 is any vector of the 
reciprocal lattice, and "all other commutators" means all those which can be obtained 
by choosing pairs from the normal coordinates and their conjugate momenta. 

The commutation rules discussed above are somewhat different than those 
which are usual for coordinates and momenta because the indices q and j do not al- 
ways designate distinct operators. They reduce to the ordinary rules if the wave 


vectors q and q' are restricted to half of the central unit cell in q-space, however. 


aj\5je 
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As in field theory it is convenient at this point to introduce a transformation 
from the operators defined above to creation and annihilation operators. This trans- 


formation is defined by the following equations: 


= 1/2 -ia! i(~w -1/2 -ip! 
qj = (1/2legy/B)!(agy-ia'g3) + (1/2) hogs) (eg;-iP' gi), 


ee 2 ar ze ae 
an, = (1/2)logs/h)/ (a stig) - (1/2)ihog) / (a tip’). (4-4) 


ok 5 
Here re and a_. are respectively creation and annihilation operators, and one is the 
Hermitian conjugate of the other. 


On the basis of Eqs. (4-4) the coordinate and momentum operators can be 


written out in terms of the creation and annihilation operators as follows: 


al Vf2 7% * 
sou 5 (Mey? [agjtag) + @_4, j*4-9, p! 


* 


= ie Ww 1/2 a_.-a a -a 


-q,] 


'.= at wW 1/2 a = - 2° = 
maj 5 (hl a? abate) ~ Seana 
ae i qj) | @qjt4qj) - @-g. 772-7! (4-5) 


By the nature of their definitions Aa and a_. are both transformed into 
different operators by the inversion of q: This fact is reflected in the appearance of 
these operators with both plus and minus q in Eqs. (4-5). In order to define all the 
distinct operators 20 and 2 gj abe TONE: it is necessary to consider all the wave 
vectors in a whole unit cell in q-space. In view of this there are én .N, distinct crea- 
tion and annihilation operators just as there were én N, distinct coordinate and 
momentum operators. 

In view of Eqs. (3-16) and (4-2) the creation and annihilation operators are 
carried into themselves by lattice translations in q- space. This is expressed by 
the following equations: 


x 
fat2nt,j aj’ “qt2u7,j “qj sip: 


Although the creation and annihilation operators do not have the simple 
properties under inversion which the coordinate and momentum operators have, they 
have the advantage of very simple and useful commutation rules. These rules are 


the following: 


=lo= 
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z =§...4 
a pq" ji a-q 


ass 7 a = 0, 4-7 
epeaee = legal) = (4-7) 
where the wave vectors q and q' can be either general or special. The quantity A 
appearing here is defined by the following equation: 


Be ee (4-8) 


It is therefore equal to one if q is equal to any vector 27 and zero otherwise. 

If the harmonic Hamiltonian of Eq. (3-17) is written out in terms of creation 
and annihilation operators, on the basis of Eqs. (4-5), it is given by the following ex- 
pression: 

(2) _ u.c oe 1 
H =e +2 - fiw + —). (4-9) 
ne | oe 1 ai! *ai°ai 2 
In this form the Hamiltonian is a sum of 3n.N terms, each of which is independent of 
the others. 

The eigenfunctions and eigenvalues of the Hamiltonian given above can be 
constructed formally in a very simple way. Each eigenfunction can be generated (to 
within a normalizing constant) by the operation of some product of creation operators 
on the ground-state eigenfunction. The corresponding eigenvalue is then given by the 


following expression: 


3n 
u.c. oO 1 

e +2 2. ee (ah =) 4-10 

O q jo gi aj 3) ( 


where naj is the number of times (including zero) that the operator ee appears in the 
product which generates the eigenfunction. These facts are easily verified by opera- 
ting on the proposed eigenfunctions with the Hamiltonian of Eq. (4-9) and by then 
using the commutation relations (4-7) and the fact that an annihilation operator opera- 
ting on the ground state wave function gives zero. 

Each eigenfunction generated by a product of creation operators is uniquely 
characterized by the set of 3n Ny numbers n_. which tell the number of times the 
creation operator of each mode appears in the product. The order of the creation 
operators in a product is immaterial. The orthogonality of different eigenfunctions 
is easily proved by use of the commutation relations (4-7). 

If Eq. (3-19) for the nuclear displacements is written out in terms of crea- 


tion and annihilation operators on the basis of Eqs. (4-5), the result is as follows: 


ot 


a ne UsiC« ec ee): w(n), iq. s : 
te 2, = (2m_N ai? (a Ai ile “PG ye (4-11) 
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or 


e} 
" 


Use. s -1/2 4 xn) .=(n),iq. s 
sn qe ot oeah \ ai"ai ~ f ge 
a a ee + ei .. (4-12) 


From either of these equations it can be shown that the expectation value of a nuclear 


displacement is zero for any eigenstate of 2) 


, aS Should be expected. 

The time-dependence of the operator for a nuclear displacement can be ob- 
tained from that of the appropriate creation and annihilation operators. Since all of 
the matrix elements of an annihilation operator aah between the eigenfunctions defined 


above are independent of time, 2 aj must obey the following equation 
| 2 
pele (4-13) 


which is obtained from the Heisenberg equation of motion. On use of the Hamiltonian 


H 2) as given in Eq. (4-9) and the commutation rules, this becomes: 


a. -i (4-14) 


aja © “ajai 
which gives 


agit) = aj!) exp (-iw, jt). (4-15) 


With this result the following expression is obtained from Eq. (4-12) for a nuclear 


displacement: 


; An) _ yl ane 
u(t) ~ EQ wE, (2m,N#q)) ie [ee (0)(e e if a) exp filq. s - ot) ] 


+ aq =o . ry expi(q. s'= og) it. (4-16) 


The operator for a nuclear displacement is thus seen to be given by a linear combina- 
tion of traveling waves with coefficients containing creation and annihilation operators. 
Each of these traveling waves is characterized by a single pair of indices q and ils 

For convenience the quantum-mechanical vibrating crystal is generally 
described in terms of phonons. For each creation operator a; in the product whieh 
generates an eigenfunction of the vibrating crystal there is said to be a phonon qj in 
the crystal. For each phonon qi in a crystal, then, there is a contribution to the total 
energy of fiw qj’ according to Eq. (4- 10s The phonon itself is therefore said to have 
an energy fo A creation operator A . acting on any eigenfunction of the crystal 
produces another eigenfunction (to within a normalizing constant) with one more 
phonon qj than the original, and it is therefore said to create a phonon qij- An 


annihilation operator 2 aj acting on any eigenfunction can be shown to annihilate one 


age 
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phonon qi if there is such a phonon in the eigenfunction and to give zero if there is not. 
Because of the form of Eq. (4-16) each phonon is to be thought of as a traveling quan- 
tum of vibrational energy. The name "phonon" reflects the fact that sound waves ina 
crystal are just lattice vibrations of small q: but the word is generally taken to apply 


to optical as well as acoustic vibrations. 


9 - 
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INTERACTIONS OF ELASTIC WAVES IN SOLIDS 
5. FORMULATION OF THE PERTURBATION PROBLEM 


In the preceding section the nuclear vibrations in a crystal were assumed 
to be determined entirely by the harmonic Hamiltonian 2), and this led to a descrip- 
tion of the vibrations in terms of independent phonons. The problem now is to deter- 
mine the effects of the anharmonic energy V which appears with 2) in the total Ham- 
iltonian of Eq. (2-4). If V is sufficiently small, the concept of phonons is still mean- 
ingful, and V can just be regarded as causing interactions between the phonons. In 
this case the effects of V can be investigated by means of perturbation theory. In 
anticipation of such an investigation it is useful to study the complete Hamiltonian in 
some detail and to introduce an improved notation. 

The Hamiltonian which is the basis of all of the work to follow is the quan- 


(2) + V. The harmonic 


tum-mechanical form of the Hamiltonian H which is given by H 
part of this Hamiltonian, H!2), is given in a form suitable for present purposes in 
Eq. (4-9). The anharmonic part, V, can be obtained in a suitable form from Eqs. 
(2-7) and (2-8) by use of the transformation to creation and annihilation operators 
which is given in Eq. (4-5). The resulting anharmonic energy is infinite, since Eqs. 
(2-7) and (2-8) give the anharmonic energy of the infinite crystal with periodic bound- 
ary conditions, but the anharmonic energy per independent region, which is finite, is 
easily extracted from this. This anharmonic energy per independent region is given 
by the following equation: 


S (v) 
Ve 2 WV : (5-1) 
y=3 
where 
(v) 3 (v/2)-1 pu.c. (v) 
V aes Nv z 2s oe . BY : : 
( wv / O =) Gy: Q>: ee oes Jie Ja: oe J Gydy° 519-2 a 


Vv 


Pat ee ee " 
e a ° ae. a aut ete enticed mete - 
GJ) -qyJ Q2J2 “G2Jo q_J Gr 


viv vv 


= aoe eae (5-2) 
In the latter equation is is the volume of the unit cell of the crystal, and the factor 
(an?/v vl 2)-} is introduced to simplify later expressions. The other quantities 
are discussed below. 
The symbols V and v) used in Eqs. (5-1) and (5-2) are the same as were 
used in Eqs. (2-7) and (2-8), but they are now to be interpreted as energies per inde- 


pendent region of the infinite crystal. Since 2) in Eq. (4-9) has a similar interpre- 


=A 
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tation, the sum of the new y{2) and the new V gives a new total Hamiltonian H which 
also is an energy per independent region. Like H 2) this new total Hamiltonian H in- 
volves all the degrees of freedom of the infinite crystal, and it is perfectly adequate 
as the basis for a quantum-mechanical description of this crystal. 


The quantity A which appears in Eq. (5-2) is equal to one or 


q,+q)+- aA 
zero depending on whether tHe el Wave vector (a, + Gist : --q)) is or is not equal to 
one of the translation vectors of q-space, 2. It occurs in Eq. (5-2) as a result of 


the following equality: 


(1/N,) ie ela: S 4. (5- 3) 
and it leads to important consequences, which will be discussed later. 

The quantity BY re a> - Bee uc ie appearing in Eq. (5-2) is essentially the 
Fourier transform of the! appropriate coefficient oe sprcumeaned in Eq. (2-8), 
but in view of the scope of the present report it neeHi hot ber written out ‘exblicitly here. 
Several properties of this quantity should be mentioned, however. Most importantly, 

Bl’) turns out to be a finite quantity which is independent of the size of the crystal (as 
long as the crystal is reasonably large). It does contain a factor Lo, j iq i eG j jo i/2 
which can become infinite if one of the frequencies corresponds to an adouStfcal Saat 
mode with a wave vector of zero (or 20r), but the infinities arising from this factor 
are not important. In the few cases in which these infinities are not eliminated by 
weighting factors multiplying the coefficients BY v) , they are excluded explicitly on 
the ground that an acoustical mode with a wave ection zero ee 207) is just a pure 
translation of the crystal as a whole. Other properties of B’”’ are that it,is un- 
changed by permutations of its index pairs qi. and that it is éhanged into its complex 
conjugate by an inversion of all its wave vectors. 

The effect of the perturbing term vy) acting on an eigenstate of the harmonic 
Hamiltonian 1?) is easy to describe in the phonon representation. If the operators in 
square brackets in Eq. (5-2) for vi) are multiplied together, vl) is given by a lin- 
ear combination of v'th-order products of creation and annihilation operators. One 
such product operating on a phonon state gives either another phonon state (to within a 
normalizing constant) or zero. Because of the factor 7 asf. multiplying each 
of these products of operators, however, the only new phonon states “which can be gen- 
erated are those having the same total wave vector, module 2ar, as the initial phonon 
state. 

As an illustration, consider the following typical contribution to the third- 
order perturbing term V 3), 

1/2,,(3) ma 


(87 NAY . oa 
i 0? maningnosts “a,] j “azio° a Dates © Shoe: 


oe 
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Let us apply this on a phonon state containing phonons q 1 and a2i2 among others. 


* 
Thena_ ., creates a phonon -43)3) a annihilates a phonon q5i5 and a 


 S Q232 q! 
annihilates a phonon ania: The total wave vector of the final state equals tat of the 
initial state plus a vector -4, - a q3) and this vector must be zero or 2mr if the 
final state is not to be multiplied by a factor of zero. 

In view of the remarks above, the effect of the total perturbing term vi) on 
a phonon state is to induce transitions to other states having the same total wave 
vector, modulo 2nt, as the initial state. The selection rule on these transitions re- 


sembles a momentum conservation except for the qualification "modulo 2mr" (fi times 
a wave vector q hasthe dimensions of momentum). The total wave-vector 


for a particular phonon state cannot correspond to an actual momentum 
of the crystal, however, because the only modes of vibration which 


correspond to non-vanishing values of the total crystal momentum are the 
acoustical modes with wave vectors which are zero, and these are excluded from the 


total wave vector. The total wave-vector is therefore only associated with the pro- 
pagation of internal energy through the crystal. In scattering problems this wave 
vector multiplied by fi does enter into conservation equations with real momenta, how- 
ever, and this will be shown later. In view of these facts, the wave vector times hh 

is called a pseudo-momentum. The selection rule on the transitions induced by V e 
can therefore be called a conservation of pseudo-momentum, modulo 2nr. 

In the limit of very large Ne (the number of cells in an inde ect region of 
the crystal with periodic boundary sssacieneh the density of wave vectors q satisfying 
Eq. (3-5) becomes very large. In this limit it is necessary to replace all sums over 
wave vectors, such as appear in Eqs. (4-9) and (5-2), by integrations. Before going 
on to actual perturbation calculations, it is desirable to introduce a notation which is 
suited to this limit. 

The new notation is based on the following definitions: 


3 u.c. = B 
(83- /Q) zo (...) = Sgt -_" (5-4) 
(0/80), = 4(q), (5-5) 
SZ - " 
and (2/817) aj 2 AG; (5-6) 


Here & is the volume of an independent region of the crystal and is equal to Nee In 
the first of these equations, (5-4), the summation of a quantity over all wave vectors 
in a unit cell in q-space multiplied by the volume of q-space per wave vector is given 
a special name, ae ..), because this combination becomes the integral faq... Mn 
the limit of large Ne Integration over just one unit cell in q-space is to be understood 
in this notation. In me (5-5) the quantity A(q) is defined from a in such a way that it 
has the following property: 


ie 


27 
LLLLLLLLLLLLLLLLLLLLLLLLLLLLILLILLLLILELILLLLELLLLIFLLIFLG 


5. FORMULATION OF THE PERTURBATION PROBLEM 


J a(a) = 2. (5-7) 


With this property, A(q) can be treated as a Dirac delta-function in the limit of large 


No and it can then be replaced as follows: 


A(q) = z_6(q+ 2nt). 
Finally, in Eq. (5-6), the operator Agi is defined from the operator 443 in sucha 
way that the following useful commutation rules are obtained: 


ae —_— — 
As ] = 6..,4(4-q'), 
[ qi Ag yt bay (q q') 


gee lage? (5-8) 


ok 
[A p Agi = [Age Ag: j 


qJ 
With these new notations the transition to the limit of large Ne is usually quite easy. 
On the basis of the new notations the Hamiltonian H (which now corresponds 
to the total energy per independent region of the infinite crystal) can be written out as 
follows: 


H=e +e +H +V (5-9) 
oO zp oO 


where the individual terms are given by the following equations: 


3 
= (Q/80°)D.f (1/2 : 
Eop = /8r EF (1/2)ho, 5 (5-10) 
H =f fi een (5-11 
= : GQ). . : = 
oO if qh ai ai” ai 
00 
V -5°_,v) (5-12) 
(v) (v) 
Ne BY. . 
fre pctaliga lei pss, aad Goda: + ad, 
* * 
Pease Tite. tA .. J...[A__. * ] 
4, 794d)" A2J2 * Iz Wy tA-g i 
x A(q, +4,---+q,)- (5-13) 


These equations are based on Eqs. (4-9), (5-1) and (5-2), but the harmonic Hamilton- 
ian HY) in Eq. (4-9) has been divided into the following three parts; ©, which is the 
equilibrium rigid-lattice energy, aoe which is the zero-point energy (the vibrational 
energy of the crystal in its ground state in the harmonic approximation), and Ho: 
which is the phonon energy and contains all of the dependence of H a) on creation and 
annihilation operators. In the present notation, the zero-point energy has a form 


which directly shows its expected proportionality to ®, the volume of the independent 


226 
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region of the crystal. 


q) 
Same sense as the original operators a_.anda_.are. For this reason the earlier 


* 
The new operators A_. and Aaj are creation and annihilation operators in the 
% 
discussion of the quantum mechanical crystal in terms of creation and annihilation 
operators is just as valid if the new notation is employed rather than the old one. 
The ground-state wave function for the harmonic Hamiltonian H*) will be 
designated hereafter by the symbol |o >, and it will be called the vacuum state, since 


it involves no phonons. This vacuum state is assumed to be normalized such that 
<olo>=1, (5-14) 


where < 0|0 > is a diagonal matrix element of the identity operator. 

The excited states of the harmonic Hamiltonian will be designated by symbols 
such as lai. q'i', qn", ..-- >, which is supposed to represent the state in which phonons 
qi. q'j', qh", ... are excited. The normalizing constants for these excited states 


will be fixed by the following definition: 


* 3K K 
lq). q'jied' i" 72- = = ee [0 >. (5-15) 


A oe 
qf-a')" Oe 
From this definition and the commutation rules of Eq. (5-8), the following sample 


normalization integrals for excited states are easily obtained: 


< ajla'j' > = 6;,,4(q-q") (5-16) 

<qj qulaey', Gee 6 558 jee Ma-a") A(q'-q'") 
+ 8 ..4),8-4:,,4(q -q'') A(q'-q"). 5-17 
ayn (q -q"') A(q'-q") ( ) 


The normalizations are quite convenient in the limit of large 2. The existence of the 
two terms on the right in Eq. (5-17) is a reflection of the fact that phonons obey Bose 
statistics. 

The effect of an annihilation operator A . acting on a phonon state like that 
given in Eq. (5-15) is to annihilate a phonon qi if one is present and to give zero other- 


wise. This statement is expressed in the following equation: 
A_.{a>=n_.A(0)|B >, 5-18 
gil? > = Pqj()/6 (5-18) 


where state ja > contains naj phonons qi, and where the state lp > differs from la > 

only in that it has one less phonon qj. This result is easily proved by use of Eq. (5-15) 
and the commutation relations (5-8). From Eq. (5-5), 4(0) is equal to 2/82, which is 
the density of wave-vectors in q-space, and therefore the constant nGj A(0) in Eq.(5-18) 


above can be interpreted as a density of phonons in q-space, naj 


-2 
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As can be shown by operating on both sides of Eq. (5-18) with a a phonon 
state is an eigenstate of the operator AC iAai . The eigenvalue is just the phonon den- 
sity n'_. or n_.A(0) for that state. Since the operator Ee in Eq. (5-11) is just a sum 
of operators A_.A_., then, a phonon state is also an eigenfunction of Hy (it was con- 
structed for this, of course). The effect of He acting on a phonon state la >is ex- 


pressed in the following equation: 


Hola > =4 2, jHeaitas fle > eas Pq in'g; ble >. (5-19) 


The eigenvalue of Jel given here is consistent with the corresponding eigenvalue given 


in Eq. (4-10). 


apige 
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6. ELEMENTS OF THE PERTURBATION FORMALISM 


The remainder of this report is devoted to formal calculations of effects of 
the anharmonic perturbation V in the Hamiltonian of Eq. (5-9). The perturbation 
theory by which these effects are calculated is based on the use of the following opera- 
tor, 


R, = 1/(H, + V - 2). (6-1) 


which can also be written as 
Ree Ui) Crise aan - Zz). (6-2) 


In both of these equations the term on the right is meant to represent the inverse of 
the operator which is written as a denominator; z is a complex variable with the units 
of energy, and the other quantities are defined in Eqs. (5-9) through (5-13). The op- 
erator R, will be called the resolvent operator, or simply the resolvent, a name es- 
tablished for it in mathematics some time ago. In the coordinate representation this 
operator reduces to the Green function for Schrodinger's equation. 

The effects of the anharmonic perturbation V which are of interest are calcu- 
lated in terms of matrix elements of the resolvent and related operators between 
eigenstates of the harmonic Hamiltonian (phonon states). For the determination of 
these matrix elements the resolvent is expanded in powers of the operator V, and it 
is this expansion which makes the method a perturbation method. 

The expansion of the resolvent in powers of V is obtained from the following 


equation: 
R (A, +V-z)=1, (6-3) 
which is equivalent to the definition of R, in Eq. (6-1). By manipulation this becomes 
i ales Zao UL Deh Zale (6-4) 


If R, on the right side of this equation is replaced by use of the whole equation, if R, 
on the right side of the resulting expression is also replaced by use of Eq. (6-4), and 
if the iteration is repeated ad infinitum, the following expansion of RK, in powers of the 


operator V is obtained: 
R, = te -Z)- Ce - z)V_(1/H, - Z) (6-5) 


where ve is defined by 
Me Ne V(1/H, - z)V + V(1/H, - z)V(1/H, SZ) cere (6-6) 
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Since the operator Ilys is diagonal with respect to phonon states and since z 
is merely a number, the en 1/H, - z is diagonal with respect to phonon states. 
On the basis of Eq. (5-19), the operation of tae - z on a phonon state |a > gives the 


following result: 


(1/H, - z)la>= (1/2 = Zia >. (6-7) 


qi°aj 4 
In this equation and in all further work it is assumed that, in the units being used, the 
reduced Planck's constant fi is equal to one. 

Consider the matrix element of the second-order operator V(1/H, - z)Vin 
Eq. (6-6) between the two one-phonon states < q'j'| and |qj >. Since the phonon states 


form a complete set, the following equation is true: 
v| qj> = 2 |e >< al Vl ai > (6-8) 
The complete matrix element can therefore be written as follows: 
2 | Ue z)V|qj> = =< a'i'| Vile >(1/E, - 2)< alviqj >» (6-9) 


where 1/E, - z is an abbreviation for the eigenvalue in Eq. (6-7). This result is 

quite oe to expressions which occur in ordinary second- order perturbation theory. 
It exhibits the familiar energy denominator (though with a complex energy parameter) 
and the product of two elements of V in the numerator. The resolvent formalism to 

be used here is closely related to the formalism of ordinary perturbation theory, but 

it has a much more condensed mathematical structure than the latter. Because of 

this condensed structure it is well suited to handle the complications which arise in 

the treatment of a many-particle system. 

The remainder of the present section is devoted to sample calculations of 
matrix elements of terms in the expanded resolvent. Only in later sections is it 
shown how these elements arise in actual problems. In later sections also it is 
shown how the matrix elements of other operators can be calculated by methods 
analagous to those used for the resolvent. 

Since the operator We -z is diagonal, the problem of finding matrix ele- 
ments of R, reduces directly to a7 problem of finding matrix elements of the opera- 
tor V_, as can be seen by Eq. (6-5). When each operator V in Eq. (6-6) for Ws is 
esesndee in terms of the operators V. ie Ves is seen to be made up of a sum of ee 


ducts of the following general form: 
ev asa, - av! apa, - 2v"...G/a,- vi). (6-10) 


Products such as this with any number of vis can occur. A matrix element of Ve 


Se 
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can then be calculated approximately by calculating enough of the largest of the 
matrix elements of these products, at least if the infinite series involved is reason- 
ably convergent. 

Matrix elements of a few products of the form of Eq. (6-10) are calculated 
below to illustrate the general method. This general method is based upon analysis 
of the matrix element in terms of Goldstone diagrams (Goldstone, 1957), which are 
closely related to the Feynman diagrams of field theory (Feynman, 1949). Diagram 
analysis not only simplifies the calculation of the matrix elements; it also helps point 
the way out of some of the characteristic difficulties of many-particle perturbation 
theory. 

Example 1: Calculate the matrix element < of vay -2yv) lo>. The 
operator involved in this element comes from the second-order term in the express- 
ion for V,, Eq. (6-6). The effects of an operator like v3) acting on a phonon state 
have already been discussed, and these effects will now be used. The defining equa- 
tion for v'3) is taken to be Eq. (5-13) with the products of creation and annihilation 
operators multiplied out. 

One class of contributions to the desired matrix element can be said to occur 
when a term in the first v3) (on the right in the complete operator) generates a 3- 
phonon state and a term in the second V 3) (on the left) annihilates these three phonons. 
This class of contributions is represented by the diagram in Fig. 6-1. The diagram 

is to be read from right to left as the sequence of 


q, j, states and operations just described, starting with 
Be fem pom the state |0> and ending with the state <0|. At any 
particular ''time" in this sequence the existing state 
a ee is specified by the number and names of the lines in 
the diagram, each line representing a phonon. 
Fig. 6-1 Each vertex in the diagram represents the opera- 
First diagram for Example 1 tion of a term in some V v) on the state to the right 
of the vertex. The total number of lines entering 
a vertex is equal to the order v of the vy) which 
that vertex represents, and a vertex of v lines is said to describe a v'th-order pro- 
cess. 
The total contribution to the desired matrix element from all of the processes 


characterized by the diagram of Fig. 6-1 is given by the following expression: 
(392 Gey ise) (q. q. 5.)| Bp?) |7a (q.+q,+q. (t/a +w5+w.,-z) (6-11) 
* 22 yo da Jg2F 4G) Ig G31 By 2 3 qi S2nes 1°92 *esee 


In this expression the indices of summation are indicated in parentheses after the 


summation signs, and each subscript i on B'3) or one of the w's stands for the pair 


; -28- 


33 
ZILLI LELLLLILILILELLELILILILLILALLLIILII LALLA LLL IIIS 


6. ELEMENTS OF THE PERTURBATION FORMALISM 


of indices qj; 

The esl in Eq. (6-11) above is obtained by using Eq. (5-13) and Eq. (6-7) 
in conjunction with the eed of Fig. 6-1, as is now described. The three inter- 
mediate-state phonons ave aslo: and nie are generated from the ee by a term 
in the first vi ) which contains the product of creation operators A es (were each 
scvec tgp: i again stands for ql, ). Since a summation over all phonon indices q jy 
ai 2? and ie < to be er ernied below, terms in yi3 ) containing the operators 
Ay ie and Aj in a different order should not be considered scpanetenr when 
operating on the vacuum state lo>, this term containing the product A ae yields 


the following result: 


aa 2, -3(-4-4)-45)1 G51» Iin+ A343 > oe) 
where each subscript -i on Bi?) stands for -4,5;- The operation of (1/H,-2) on this 
then introduces an additional factor of (1/w,+w,tw,-2). 
The three intermediate-state phonons in expression (6-12) above are annihil- 
ated by a term in the second yi3) which contains the product of annihilation operators 
A,A,A, or one of its 3! peRmatations. Any one of these 3! terms operating on the 


aes 
intermediate state carpi ont qoJ> Tele > gives the following result: 


3 = a —_ 

A (0) ae 34(4,+4,+43)10 >, (6-13) 
where it is assumed for simplicity that the three intermediate phonons are all differ - 
ent. This result is obtained by use of Eqs. (5-13) and (5-18). 

The final result in Eq. (6-11) is obtained by combining the result above, 
closing the matrix element with the vacuum state < o|, and introducing the summa- 


(3), The normality integral < 0|0 > which appears in 


tions from the equation for V 
this process is just one. The summation from the first V a) gives the summation over 
intermediate phonons in Eq. (6-11), and the summation from the second V 3) gives a 
combinatorial factor of 3!, the number of terms in ue ) which can annihilate the 
three intermediate-state phonons, and a factor 4 (0)7? , from the three essentially 
unused summations lise In introducing these summations the special cases in which 
two or three phonons are the same can be included without special consideration. 
This procedure leads to a correct result in this simple example, as can be readily 
verified by explicit consideration of the special cases. The procedure is also valid 
in the general case, however, and this will be illustrated shortly. In the present 
example it should be noted that ing factors A(0) cancel one another exactly. 

The quantity A(q,+4,+43)° which appears in Eq. (6-11) does not make much 
sense as it stands. It can be replaced by A(0)A(q,+45+43)s however, as can be 
proved by squaring both sides of the equality (5-3) from which it arises. With this 
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substitution, the total contribution to the matrix element < 0] v3 /H, -zyv)|0 > 


from all of the processes characterized by the diagram of Fig. 6-1 is given by 
(3!)(@/80°) BG. 55 5g)f (Gys Gy» 45) IBY), 4]2a(@,+a,+a5)(1/o, +o, 404-2). (6-14) 
122229 3/s Tye Fae Aa lh yaa anh SS Sig if 2a 


One important result which has been achieved in Eq. (6-14) is that the de- 
pendence of the contribution on the size of the crystal (or, more properly, on the 
size of an independent region of the infinite crystal with periodic boundary conditions) 
is exhibited explicitly. Except for the simple factor of 2 , expression (6-14) is 
essentially independent of the size of the crystal in the limit of a large crystal. The 
resulting proportionality to 2 for the complete expression is consistent with the fact 
that this expression with z set equal to zero occurs as a term in the ground state 
energy of the crystal, which is an extensive quantity. 

There is only one other class of contributions to the matrix element of this 
example, and this class is represented by the diagram in Fig. 6-2. In this diagram 

the loop at each vertex describes what will be 
ais = a, Sy called an instantaneous phonon, a phonon which 
( ) G2 Je ( ) is created and annihilated at the same vertex. 

An instantaneous phonon belongs to the vertex 


alone and not to a state preceding or following 
Fig. 6-2 


the vertex. The first instantaneous phonon 
Second diagram for Example 1 


in the diagram of Fig. 6-2 arises from the 
presence of a prey ALA, in a term in the first Vi The same term must contain 
another operator, A>: as afactor, however, and A, can be the first, second, or third 
operator inthe term. The first vertex therefore represents any one of three terms 
in the first v3), Similar considerations apply to the second vertex. 
The total contribution to the desired matrix element from all of the pro- 


cesses characterized by the diagram in Fig. 6-2 is given by the following expression: 


90 /Bm VE + igs 53) (Gy Se Gy) BE), BO). /u,-2)aG) (6-15) 


This result is obtained by much the same procedure as is described above for the first con- 
tribution. Againafactor A(0)> arising from three annihilations is canceled by afactor 
A(0)> arising from three essentially unused summations Ey Again alsoa Square of a delta 
function is replaced by A(0) times the delta function, giving proportionality to. The 
combinatorial factor of nine in Eq. (6-15) is made up of a factor of three for the three 
terms inthe first v'3) and another factor of three for the three terms inthe second v'3), 
According to the selection rule in expression (6-15), the intermediate phonon 
dip must have a wave vector of zeroor 2mt. The only intermediate phonons of interest are 
the optical phonons, therefore, because acoustical phonons with wave vectors of zero only 


describe pure translations of the crystal. 
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Example 2: Calculate the matrix element < qj va /H-2yv) lq'j'>. This 
is an element between one-phonon states of the same operator which appeared in Ex- 
ample 1. One class of contributions to this element is represented by the diagram in 
Fig. 6-3. According to this diagram a term in the first V a) annihilates the initial- 

a ane 
} Gli 
—_ —_ 
; Ved 
q) a1 
Fig. 6-3 First diagram 
for Example 2 


= e 
Gale 
state phonon and creates two intermediate-state phonons. A term in the second vy) 
then annihilates the intermediate-state phonons and creates the final state phonon. 
The total contribution to the desired element from the diagram in Fig. 6-3 
is given by the following expression: 
(3) 


3 ots = al 
pO) i aR ati", Sil _2(1/w, +2 -2) A (q'-q,-4,)- (6-16) 


18 A(q-q")= (j,>5,)f (4y> 42 
The first part of the calculation of this result can be carried out like the calculations 
in the first example. Then, after the last operation in the diagram, there remains a 
normalization integral < qjl ai >. This integral is equal to A(0) from Eq. (5-16), and 
it is canceled exactly by a factor 4(0) from the three annihilations and a factor 
ato)" from the four essentially unused sums f. In order to obtain the result in 


Eq. (6-13) it is also necessary to use the following identity: 
A(q,+4,-a)A(q"-4,-4,) = A(g-q')4( 4-4) -4))- 


Because of the factor A(q-q') which this identity introduces, the initial and final wave 
vectors q and g! must be equal modulo 2n7 if the total contribution to the matrix ele- 
ment is to be non-zero. Except for this factor, the total contribution is independent 
of 2 in the limit of large 2. 

A second class of contributions to the desired matrix element is represented 


by the diagram in Fig. 6-4. This diagram is said to be disconnected, since it con- 


q j ae q'j! 


Fig. 6-4 Second diagram 
for Example 2 


=ele— 


=——¥ 
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tains components which are not connected to one another by any phonon lines. One of 
the components in the diagram looks just like the diagram in Fig. 6-1, and the other 
1s a simple line with no vertices. Disconnected diagrams such as this cause much of 
the difficulty in the perturbation theory of many-particle systems, as will become 
apparent later. 


The total contribution to the desired matrix element from the diagram in 


Fig. 6-4 is given by: 
Alg-q' Ons 


3 te _ + = 3 2,777.7 > 
x { sta/6n )z (j,> Jo» j3)f (a), 2° q;) |B), = A(G)+4,+45)(1/0, 5:40, 42,4052) | : 
(6-17) 
This result is easily calculated by the methods already described. It is seen to be the 


product of two factors, one which is the same as if the simple line were alone in the 
diagram, and another which is almost the same as if the second component were alone 
in the diagram, as it is in Fig. 6-1. Only the energy denominator reflects the co- 
existence of the two components. It should be noted that the contribution (6-17) con- 
tains the same factor A(q-q') as the contribution (6-16), and that it is otherwise inde- 
pendent of 2 in the limit of large Q. 

There are other diagrams which give contributions to the matrix element of 
this example, but for the sake of brevity they are not considered here. Instead some 
matrix elements of first-order operators are considered. The diagrams for the 
latter elements can have only one vertex each, while the diagrams considered above 
have two vertices each. 

Example 3: Calculate the matrix element < qi vi) 0>. The only diagram 
is that shown in Fig. 6-5, and the corresponding contribution to the matrix element 
is . 

3A(EG, NG YBO  _). (6-18) 
-qj,1,-1 
Because of the selection rule on q the only final states of interest are those in which 


the single phonon is an optical phonon. 


= e 
GJ 


—_. 
en Fig. 6-5 Diagram for Example 3 


=a 
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Example 4: Calculate the matrix element < qi, q'j', q''j"| v3) Q0>. The only 
diagram is that shown in Fig. 6-6, and the corresponding contribution to the matrix 
element is 

6a (Saeanyp) ; 
qrq +q Bai, =@j" -qiy'" ( -19) 
To obtain this result the normalization inte- 
gral for the state | ai, qti', qij''> is required, 
but this is just A (0)?, as found by an exten- 
sion of the procedures which lead to Eq. (5-17). 





This factor A(0)> is canceled by a factor 


Fig. 6-6 


Diagram for Example 4 


A (om which arises from the three essen- 


tially unused sums aa 


Example 5: Calculate the matrix element < q'j'| v4) gj >. The only diagram 


is that shown in Fig. 6-7, and the corresponding contribution to the matrix element 


is 
ae eee Va waht 
Wawai@eq')=(j,)f{q,)Bo o-rsr 24° (6-20) 
Bag 1 Margi. d).. 1.54 
qi), 
yj qj 


Fig. 6-7 Diagram for Example 5 


Example 6: Calculate the matrix element < qi, g'yt{ v'4) } 0 >. The only dia- 


gram is that shown in Fig. 6-8, and the corresponding contribution to the matrix ele- 





ment is 
12A(qtq')=(j, fC 4) (6-21 
qtq') j,)S(a,) -qj, -q'j,1,-1 ) 
To obtain this result the normalization inte- 
eae. gral of the state | qi, q'j' > is required, but 
qy4) this is just a(o)* by Eq. (5-17). 
as 
q 


Fig. 6-8 Diagram for Example 6 


Example 7: Calculate the matrix element < oj v'4) [0 >. The only diagram is 
that shown in Fig. 6-9. The diagram represents two instantaneous phonons belonging 


to the same vertex. The corresponding contribution to the matrix element is 


65). 
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3 ie: _ = 4 
3(Q/8m°)2=(j,,5,)S (a). q,)B") ales (6-22) 


aay 
q, J, 
Fig. 6-9 Diagram for Example 7 
ee 
Gale 
The final example, which is given below, is the matrix element of another second- 
order operator. 
Example 8: Calculate the matrix element < of v9) asx, -2yv jo >. One 


diagram for this element is shown in Fig. 6-10, and the contribution corresponding 


to this diagram is 


3 ane eee -_ = = = 4 Z dat!) gk Se 
(6-28) 


= 
q, J, This contribution is proportional to Q. 


<a Fig. 6-10 First diagram for Example 8 


Another diagram for this element is shown in Fig. 6-11. This is a dis- 
connected diagram in which each of the two components is identical to the diagram of 
Fig. 6-9. The two components do not coexist, however. The contribution to the 

matrix element corresponding to this dia- 
a) a gram is (6-24) 
a3 j3 qy ii (1/2) 38/82)26j,,5,)6(4,, BM, , 417 
Except for the energy factor, -1/z, this is 
seen to be the product of two identical fact - 


Ge Ja Gai 2 ors, each of which is the same as if one of 
the two components were alone in the dia- 
Fig. 6-11 gram, as in Fig. 6-9. It should be noted 
Second diagram for Example 8 that the total contribution is proportional to 


oe even though the contribution (6-23) is 
proportional toQ. 
There is a third diagram for the matrix element of this example, but it need 


not be considered here, as it does not involve anything new. 


3a. 
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At this point it is useful to summarize the procedure for calculating matrix 
elements which is illustrated in the foregoing examples. First, it should be noted 
that because of the way in which the matrix elements will be used there should never 
be any explicit identities among the initial- and final-state phonons in a particular 
matrix element. The procedure for calculating a matrix element is then the following: 
first, construct all possible diagrams for the element; and second, calculate the total 
contribution from each diagram, performing the summations over intermediate -state 
phonons without introducing any correction factors for the special cases of identical 
phonons. The justification of this treatment of the special cases will be discussed 
shortly. The calculation of the contribution from a particular diagram is simplified 
by the use of certain rules, which will now be stated. These rules are suggested by 
the results in the examples which have been presented, and they are born out by fur- 
ther analysis. 

In the first place, each component in a given diagram contributes an almost 
separate factor to the corresponding contribution, and only the energy denominators 
prevent these factors from being entirely separate. Except for the energy denomina- 
tors, which are easily incorporated, the factor for a particular component is the same 
as if that component were alone in the diagram. The energy denominators depend on 
complete states, and they therefore link all components which coexist when an opera- 
tion (1/H, -z) is performed. Two Goldstone diagrams which differ in the relative 
locations of their components are therefore not equivalent, and in this property the 
Goldstone diagrams differ from Feynman diagrams. 

In the second place, the almost-separate factor which is contributed by each 
component of a given diagram always can be written to contain a factor 4 (q), where 
q here is the total wave vector of the final state in the component minus the total wave 
vector of the initial state. For a vacuum component (a component with no he or 
final-state phonons), the factor A(q) just mentioned becomes A (0) or (2/80? i 

The delta factors A(q) described above are the only factors in the contribu- 
tion to a matrix element which can depend on the size of the crystal, in the limit of a 
large crystal. The other factors A(0) which arise because of annihilations, unused 
sums, and normalization integrals can always be shown to cancel one another exactly, 
and they can therefore be ignored entirely. 

The application of the rules given above will be illustrated briefly by con- 


sideration of the diagram in Fig. (6-12). This diagram belongs to the matrix element 
< Sages, ag, ee VOC ptg-2v 0 /H,-2)VO0/ A, -2) 


x va pH -2yv®) 1a >. 


235% 
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(iv): (iv) 


J 





Fig. 6-12 
win . 
qj a, UN J Diagram to illustrate 
the general rules for 
Sa, Bova Sic igy contaitltlone 
to matrix elements of 


the resolvent 


AL 


Since the diagram has three components, the corresponding total contribution to the 
matrix element is made up of three almost separate factors, one for each component. 
The energy denominators which link these components are easily determined. As 
for the size-dependence of the total contribution, the uppermost component in the 
diagram yields a factor A (g'4qi'+aqr’), the middle component yields a factor A (q'-q), 
and the lowest component, which is a vacuum component, yields a factor A(0), or 


2/ 8m. The total contribution from the diagram is therefore given by the factor 
A(q'+q'"'+q'Y) a (q'-G)(0/8x°) 


times a quantity which is easy to write out and which is essentially independent of the 
size of the crystal. 

In view of the general rules given above, the contribution to a matrix ele- 
ment from a particular diagram contains an explicit factor 2 for each vacuum com- 
ponent in the diagram. It is therefore clear that the matrix element of an operator 
which contains many vig can have contributions proportional to high powers of Q. 
Such matrix elements appear in the high-order terms of standard perturbation theory, 
and, because of these high powers of 2, the terms in question are important even 
when the phonon interaction is small. As stated in Sec. 1, the importance of such 
high-order terms is one of the principal difficulties in the perturbation theory of 
many-particle systems. The observation that the high powers of 2 result from dis- 
connected diagrams helps point the way out.of this difficulty, however, as will be 


seen later. 


aon. 
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One feature of the calculation of matrix elements still remains to be dis- 
cussed, and that concerns the special cases of two or more identical phonons. Accord- 
ing to the procedure which is described above, the summation over intermediate 
phonons for a particular diagram is to be performed without including correction 
factors for identities of the phonons. This leads to a rigorously correct expression 
for the matrix element when the contributions from all the diagrams are added 
together, and the proof of this was given by Wick (1955). The result is due toa 
compensation of errors, and it is illustrated by examples below. 

Consider the diagram of Fig. 6-1 and the resulting contribution in Eq. (6-14). 
The sum which makes up this contribution includes some terms in which two of the 
three intermediate-state phonons are identical and others in which all three are ident - 
ical. From Eq. (6-14) the sum of all those terms in which just two phonons are ident- 


ical is given by the following expression: 
18 /8n°)= (j, +4 rq q. )| BO) 7a (q,+2q,)(1/w, +20,-z) (6-25) 
Oy Ae ANT ede qe he 


where the prime on the summation sign means that if jy equals jo q should not equal 
q>° It turns out that this expression is the same as is obtained by explicit considera - 
tion of the special case, and that it is therefore correct as it stands. The numerical 
coefficient in the expression is only correct due to a compensation of errors, however. 
To verify this statement, consider the diagram of Fig. 6-1 when it is modified to 
make phonons 2 and 3 identical. The numerical coefficient in the corresponding con- 
tribution is a product of a combinatorial factor of 3 from the first vertex, another 
combinatorial factor of 3 from the second vertex, and a factor of 2 from the annihila- 
tion of the first of the two identical phonons at the second vertex. The complete co- 
efficient is 18, therefore, in agreement with Eq. (6-25). The annihilation factor of 2 
here is a new feature, and it appears because of the factor n_. in Eq. (5-18). The 
errors which compensate to give the correct coefficient in Eq. (6-25) are the use of 
the wrong combinatorial coefficient at the second vertex and the omission of the 
annihilation factor at the second vertex. 

The other special case in the diagram of Fig. 6-1 is that of three identical 
phonons. The sum of all the terms in Eq. (6-14) in which the three phonons are ident- 
ical is given by the following expression: 


6(2/82°) 2G, 9G) 1 BO), | 7a(3q, (1/30, -2). (6-26) 


This expression is also the same as is obtained by explicit consideration of the 
special case, and the correctness of the numerical coefficient again results from a 
compensation of errors. The errors which compensate here are the use of the wrong 


combinatorial coefficients at both vertices and the omission of the annihilation factors 


Sou. 
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at the second vertex (3 for the first annihilation and 2 for the second). 

For an example in which contributions must be added before a Special case is 
correctly included, consider the diagram in Fig. 6-13. One Special case arising from 
this diagram is that in which phonons 5 and 7 are identical. In this case the diagram 
in question is identical to another diagram for the same matrix element. That other 
diagram is shown in Fig. 6-14. The contributions from these two diagrams will not 
be written out, but when all the terms in which phonons 5 and 7 are identical are added 
together from both general contributions, the resulting expression contains a num- 
erical factor of 4 X se) which is the sum of a factor 2 x ge for each diagram. The 
factor for each diagram is the product of combinatorial factors for each vertex, and 
these factors are given below the vertices in the figures. The total contribution for 
the special case which is obtained in this way by the general procedure is exactly the 
Same as the contribution which is obtained by explicit consideration of the special 
case. In the explicit consideration the numerical coefficient of 4 Xx a6 is obtained as 
the product of the same combinatorial factors which occur for either of the general 
diagrams (the two diagrams being identical in the special case) and a factor of 2 from 
the annihilation at the fourth vertex. The errors which compensate to give the correct 
result in the general procedure are the treatment of two diagrams separately when 


only one process is involved and the omission of annihilation factors. 


ae 
Aglo => , aie 
& Sele =) 
— ae — ae SS 
Qe Ja “a, G4J)4 q: j q, J 
ae 2 Je 
=, 
I3)3 
3 x 3 x 3 x 3 x 6 
Fig. 6-13 


Diagram illustrating a special case of identical phonons 


ee - 
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Io ig 
— ° 
Gg Jeg 
5 X 3 X 3 X Ss Xx 6 


Fig. 6-14 


Second diagram illustrating a special case of identical phonons 


For an example with still another feature, consider the diagram in Fig. 6-13 
again, and consider the special case in which phonons 5 and 8 are identical. Again the 
general procedure yields the correct result for the special case. In the general pro- 
cedure the numerical coefficient is obtained as a product of the combinatorial factors 
shown in Fig. 6-13. In the explicit calculation, each vertex yields the same factor 
as in the general procedure, but the factor from the fourth vertex is made up ina 
very different way. In the special case the operator for this fourth vertex is a pro- 
duct of two creation operators and an annihilation operator, all with the same phonon 
indices. If the annihilation comes last, it yields an annihilation factor of 2, but if it 
comes second, it yields an annihilation factor of one. Since each of these possibilities 
can occur in only one way, the numerical factor for the fourth vertex is 3, just as in 
the general procedure. The coefficient obtained by the general procedure is again 
correct, therefore. 

The examples given above show how the general procedure for calculating 
matrix elements does give correct results even though the special cases of identical 
phonons are not considered explicitly. Other examples lead to the same result. The 
fact that the general procedure does give the correct result is fortunate, of course, 


since much of the utility of diagram analysis depends upon this. 
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7. RESULTS FOR THE PERTURBED GROUND STATE 


When a crystal is at a temperature of O°K, it is in its quantum-mechanical 
ground state. When it is at a higher temperature, however, it is not in any single 
quantum state. The properties of a crystal at O°K are therefore of particular inter- 
est because of the direct importance of a single quantum state. In the present section 
the results for the ground-state wave function and energy of a crystal are presented, 
andsome properties of the crystal at O°K are discussed on the basis of this wave 
function. In the succeeding section the ground state results will be derived. 

The ground-state energy of a crystal as obtained by many-particle perturba- 
tion theory is given by the following expression: 


= conn 
Be > ej meen es <ol{ vot glo S. (7-1) 


This expression was first derived by Goldstone (Goldstone, 1957). In the present 
case it represents the expectation value of the Hamiltonian of Eq. (5-9) with respect 
to the perturbed ground-state wave function of the crystal. In the expression 6 
designates a diagram for the matrix element < 0| Ve lo>, and the symbol < 0| ve § lo> 
refers to the contribution to the matrix element which is represented by the diagram 
5. The operator Vie is simply Vz with z set equal to zero. The superscript on the 
summation sign in Eq. (7-1) means that the summation over diagrams 6 is to be 
restricted to connected diagrams (diagrams with only one component each). The 
last term in Eq. (7-1) is therefore the sum of all the contributions to the matrix 
element < 0| VA [0 > which come from connected diagrams. This term by itself is the 
expectation value of the anharmonic energy of the crystal at O°K. 

Since the anharmonic energy in Eq. (7-1) is given by a sum of contributions 
from only connected vacuum-to-vacuum diagrams, it is proportional to the volume 2 
in the limit of a large crystal. This follows from the discussion of diagrams and 
their contributions to a matrix element in the preceding section. The anharmonic 
energy therefore has the proper dependence on crystal volume (as do os and 2s) and 
it does not exhibit any of the spurious dependence on high powers of the volume which 
is characteristic of the terms obtained in standard perturbation theory. The spurious 
dependence on 2 is absent because the troublesome contributions from disconnected 
diagrams do not enter the final expression for the energy. The reasons for this will 
become apparent later. 

Eq. (7-1) gives the exact ground-state energy of acrystal. For practical 
purposes, however, it is useful to classify contributions to the anharmonic energy in 
this equation in rough orders of magnitude and only retain the largest of these. Con- 


sider the diagram in Fig. 7-1. This is a diagram which enters the calculation of the 
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anharmonic energy. The order of magnitude 
of the contribution from this diagram is de- 
termined in the figure on the assumption 
that an energy yi) is of the order of mag- 
nitude of w(ufa)”~? per unit cell (the nota- 
tion is explained Sec. 2) and that an eigen- 
value of 1/H, is of the order of magnitude 

of 1/w. Since the first vertex in the diagram 
of Fig. 7-1 represents a term in V a it 
yields a factor proportional to something like 
w(u/a); the succeeding operation of at 


then yields a factor of 1/w; etc. In this way 


w(th x ty o(by xy Ly o(hy 24 (498 


Fig. 7-1 Diagram for illustration of an order-of-magnitude calculation 


the complete contribution from the diagram is about equal to N,w(u/a)*, in which the 
known size-dependence is included. The contribution is therefore of fourth order in 
(u/a). For comparison, the zero-point energy in Eq. (7-1) is about equal to N,» 
and this is of zeroth order in (u/a). The order of magnitude of any contribution to 
the anharmonic energy in Eq. (7-1) can be determined by this method. 

The ground-state wave function of a crystal as obtained by many-particle 


perturbation theory is given by the following equation: 
2 §n/2 1\O* tO? yom | > year 
Ibo > =e | 1+0+(1/2!)o° + (1/2!)o°+... (1/m!jo™ +...) 10>, (722) 
where n is the following constant: 
> d conn \ = 7-3 
lec Z. < 0| {vt glo lee 9? ( ) 
and where O is the following operator: 
co 
— ' - = _ Cone = a. =. 
sien Dips dye e+ gM (Gyo Agee Ayll Bg < Ady» Agdgr +++ Ady {vo }sl¢ >] 
* Ox 2 
X (L/w, twst. oy )JA,A2--- Ane (7-4) 


The wave function in Eq. (7-2) is normalized such that 


<bolb5> = i (7-5) 


2A 
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as can be proved by methods which will be described later. 

The operator O defined in Eq. (7-4) is a linear combination of products of 
creation operators. The products for which N equals one generate one-phonon states 
from the vacuum state, the products for which N equals two generate two-phonon 
states, and soon. The states which are generated by terms in O all have pseudo- 
momenta of either zero or some vector 2mr, however. This is because the matrix 
element < qyiy: w aa vt 5 | 0 >which appears in any term introduces a factor 
A (Sy cas se An): A few of the diagrams 6 which contribute in Eq. (7-4) are shown 
in Fig. (7-2). The diagrams shown are for N equals 1, 2, and 3. 


—— 
ES aS qi 
Giji ( Gi Go Jo 
3 j 
aio 3 43 
N= | N=2 N=3 
Fig. 7-2 


Sample diagrams contributing to O in Eq. (7-4) 


In view of the nature of O as described above, the ground-state wave function 
in Eq. (7-2) is a linear combination of unperturbed states containing all numbers of 
phonons, each unperturbed state having a pseudo-momentum of zero or some vector 
2ur. The first term in the square brackets in Eq. (7-2) generates the vacuum state, 
the second generates unperturbed states with one or more phonons, the third gener- 
ates unperturbed states with two or more phonons, andsoon. This series of terms 
extends to infinity, and the resulting wave function is only intended to apply in the 
limit of infinite volume. 

The constant n as defined in Eq. (7-3) is obtained from only matrix-element 
contributions which have connected vacuum-to-vacuum diagrams and which are there- 
fore proportional to. Because of this, n itself is proportional to. In fact it can 
be shown that n is given by -Qc, where c is a finite, positive constant. The factor 
er e which appears as a normalizing constant in Eq. (7-2) is therefore equal to eRe /2 


This exponential dependence of the normalizing constant onQ is reasonable in view of 


243 . 
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the fact that wave functions are essentially multiplicative as large sections of a 
crystal are put together. 

The constant n discussed above has a further meaning which is related to the 
probability of finding the perturbed crystal in the unperturbed ground state. This 
probability is given by | <Olh, ae Upon examination of Eq. (7-2), this quantity is 


: n =cQ 
seen to reduce to juste ore 


In the limit of infinite 2, then, the probability of 
finding the crystal in its unperturbed ground state is infinitessimally small. This is 
reasonable, of course, since the density of unperturbed states available for mixing 
becomes infinite in this limit. 

Because of the anharmonic forces in a crystal, the equilibrium positions of 
the nuclei are not equal to those predicted by rigid-lattice theory or by harmonic -vi- 
bration theory. This effect occurs even at O°K, asa result of the zero-point vibra- 
tions. Part of this effect can be calculated by simply evaluating the expectation 
value of the nuclear displacements with respect to the perturbed ground-state wave 
function IY, >. As will be seen below, however, the expectation value of a displace- 
ment Un is necessarily the same as that of any other displacement uo, with the same 
n. These expectation values therefore can only describe shifts of the equilibrium 
positions within a unit cell. The remainder of the effect is the change of the unit cell 
itself, and this must be calculated by minimizing the perturbed ground state energy E, 
with respect to the primitive translation vectors. The first part of the effect, the 
change within.a cell, is treated in detail below. This provides an example of the use 
of the perturbed ground-state wave function. 

The expectation value of a displacement oe with respect to the wave function 
Ib, >is< Yolen, >. The operator for the displacement ae can be obtained from 
Eq. (4-12) by introducing the notation of Sec. 5. This leads to the following equation: 


— see alee. -1/2 * 
oan weer m,,)  % iS aaj) LA Git -a, j 


x fee - ie eee. =). (7-6) 


If the expectation value oe ee aj with respect to IY, > can be determined, the 
erpectation value of this operator u_, can be evaluated easily. The expectation 
value of A gj is just the complex conjugate of that of A aij’ and it does not require 
special treatment. 

As a first step in the evaluation of < bolAg!*o >, consider the function 
a, >. When use is made of the definition of IY > this function can be written out 


as follows: 


A aj! %o >= ela 1+O0+(1/2! orem alo. (72) 


24igi- 


48 
FLELELLLLLLLLLLLL LE LALLA LILI LILLIA LA LLLILILILIGI3423.44 


INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


A term AS |Omnle |0 > which occurs in this equation will now be rewritten as follows: 


Ago! lo>= (m+1)O™(a ,,0)|0 > (7-8) 


Eq. (7-8) can be proved by use of the following equation, which in turn can be proved 
by using Eq. (7-4) for O: 


2 
s = + i 7 - 
[A Gj 0] O OLA, ;» Oo] +O AG; (7-9) 


When use is made of Eq. (7-8), Eq. (7-7) can be rewritten in the following way: 


AU l% = enf2 1+0+(1/2!)07+. we] (Aj)! 0 >. (7-10) 


In the equation above the operator (A jo) on the right can be treated as a 
single operator acting on the vacuum. This is desirable because (A ,;°) can be written 


as a linear combination of just creation operators, as in the following equation: 
iss eal —S = 
> =- ] j eee ] eee eee 
A j0l0 f 2 vz(j,, jz) iS (a2, q3) q,)(1/w, +w,+ o) 
conn, -. =. =, - - 
a < Gi, Gigr-+-,5,1 {ve} glo >A,A,..-A [0 >. (7-11) 


The annihilation operator A aj has been absorbed by what will be called contraction 
with a creation operator in O. The advantage of having (A, ;°) in a form which con- 
tains no annihilation operators will become clear shortly. 

In view of the results above, the desired expectation value of Aaj can be 


written out in either of the following ways: 


< YolA gilt, >= e <d {140% (2hjosor HH 1+O+ (1/2!)0%+. | of |o > 
~ (72h) 
or 


- = = n ' ' pm p 
eo eae (1/m!)(1/p!)< 0| {o bo _ 


From the second way it is apparent that < Ho [A Glo > can be calculated from auxiliary 


matrix elements of the follow ing form: 


ony calm ea| {o™™} { oP (a , 0) } lo>. (7-14) 


These auxiliary elements in turn can be calculated readily by means of a pictorial 
analysis which is quite similar to the diagram analysis already described. An ex- 
ample of this is presented below. 

The picture in Fig. 7-3 is supposed to represent a contribution to the auxili- 


ary matrix element of Eq. (7-14) when m and p are equal to 3 and 4 respectively. It 
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is called a picture rather than a diagram because it does not involve vertices. The 
set of circles on the right in the picture represents one term in the product operator 
{o%t450) | where (A ,;°) is the operator given in Eq. \ ae and the set of circles 
on the left represents one term in the product operator O ©. By one term is meant 
one product of creation operators with their coefficient. Each term of this sort is a 
pagel of terms from each of the individual operators (A, ;°) and O on the right and 
O onthe left. These terms from the individual operators are represented by the 
individual circles in the picture, and the right-to-left order of the terms is represen- 
ted by the top-to-bottom order of the circles. The cross-hatched circle represents a 
term in the operator (Aj), and each shaded circle represents a term in an operator 
O if it is on the right and O if it is on the left. 

For each phonon created by a term in the product operator o*(A Oye a 
line emanates from the appropriate circle on the right in the picture, "and for each 
phonon annihilated by a term in the product operator a a line enters the appropriate 
circle on the left. The emanating and entering lines are numbered in the picture, 
and each number i is meant to designate a set of phonon indices adi For a non-zero 
contribution to the desired matrix element, the number of phonons annihilated on the 
left must be equal to the number created on the right, and each phonon which is 


created must be annihilated. | 


2 
Titi 
Dit 


| ey AqjO 


1 


isto” UH} 3" 
4 


4 G i Sto 
5' 


any 6! YY anal 





3 IQ 


Fig. 7-3 


Picture symbolizing one Cae the matrix element 
e™(1/m!)(1/p!)< 0| {ors {ota yo} [o> 
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The total contribution to the desired matrix element from the picture in 
Fig. 7-3 contains a factorA (q-q')85j' for each phonon line, and it involves summations 
over all the initial and final phonon indices qi and q'j'. Because of the presence of 
the delta factors, however, half of the summations can be performed immediately. 

As in the case of diagrams, the summations here are supposed to be performed with- 
out introducing correction factors for the special cases in which phonons are identical. 
The justification for this procedure is the same as for diagrams. 

By convention one picture is changed into a new picture if the roles of the 
successive operators O or oO" are interchanged. For example, the picture in Fig. 7-3 
is changed into a new picture if the three phonons 6, 7, and 8 are said to be created 
by a term in the first O instead of the third and the phonons 3 and 4 are said to be 
created by a term in the third O instead of the ies All pictures differing only by 
interchanges of the roles of the operators O or o* yield the same tote! contribution 
to the desired matrix element, however. If there are m operators or and p opera- 
tors O, there are m!p! such pictures. 

According to Eq. (7-13) the desired expectation value < _ lA ais > is given 
by the sum of all matrix elements having the form (7-4). In view of his it is also 
given by the sum of the contributions to such matrix elements from all pictures with 
all possible numbers of shaded circles and all possible schemes for connecting the 
circles. This latter sum becomes quite managable when use is made of the following 
theorem: the sum of the contributions from all the pictures which contain the cross- 
hatched circle in the same connected component is just equal to e " times the con- 
tribution from that connected component alone. To illustrate what is meant by 
connected component in this context, the picture in Fig. 7-3 has two connected com- 
ponents, one connecting Bo with the first and third O and the eu ge and second oO”, 
and the other connecting the second and fourth O with the third O . Connected com- 
ponents in different pictures should be regarded as the same if they look the same 
when isolated from the other components. The proof of the theorem is outlined be- 
low. 

Consider a particular fully-connected picture involving m!' operators oO" and 
Dp! operas O. Now let this picture be a component in another picture which involves m 
operators oO” and p operators O, assuming that m.and p are aoa than or equal to 
m!' and p' respectively. In the latter picture the m! operators oe and p' operators O 
which are involved in the component can be chosen in any one of [m!p!/m'!p!'! (m-m!)! 
(p-p')!] ways. The total contribution from all such pictures which have m operators 
O and p operators O and which contain the component in question is therefore given 


by the following expression: 
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(1/m!)(1/p!)[ m!/m'!(m-m')!] [p!/p'! (p-p')! ] 
x (m'!p'!)J contribution from the connected picture involving Ajo} 


x (m-m!')! (p-p')! foenspibaion from all pictures containing (n-n')O's and (m- m')O| “ish. 
(7-15) 


The factor in the second line of this expression is equal to 
*m'p! \ 
<0/40 OF (A_.O 0 >, 
4 (4.40) fe | 


where 6 designates the particular component,and the factor in the third line is equal to 


< 0| (cae eee Jo >. 


On the basis of the results above, the sum of the contributions from all the 


pictures which contain the connected component 6 is given by the following expression: 
t t 
e"(1/m!'!)(1/n'!) < of Oe (a0) belo > 


x < 0| aoe re f On : }{ 140+(1/2!)O%+. ; | |o >. (7-16) 


On examination of Eq. (7-2) for IY, > however, the last matrix element in the ex- 
pression above is seen to be just the normalization integral < YolYo > times a factor 
e ". Since < ¥ IY, > is equal to one, the theorem is proved. 

It ee ie noted that the proof given above is the result of a rigorous formal 
treatment of an infinite number of pictures. In a certain sense this treatment corres- 
ponds to carrying out standard perturbation theory to infinite order. The elimination 
of all but connected pictures which is achieved by sucha treatment is a characteristic 
result in many-particle perturbation theory. 

On the basis of the theorem given above, the expectation value < Aes > 
is given by the sum of expression (7-16) over all connected pictures which involve 
p' operators O and m' operators Gr and over all non-negative integers m' and p'. 

The expectation value can therefore be written in the following way: 


<$,1Agjl¥ 


oe mpzs. ¢h/m: )(1/n!) < 0| {FPA}. lo > (qu) 


or 
<¥ IA gil¥o> = 2g <9 ro Ng yonA4. 6] [140#(1/2 10°F. Haq) fs > 
7-18) 


The latter equation is seen to be identical to Eq. (7-12) except for the restriction to 
connected pictures and the absence of the factor eum The present equation is much 


more practical than the earlier one, however. The pictures involved in the present 


wh 
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equation give contributions which are easily classified as to order of magnitude in 
powers of u/a, and for any particular order there are only a finite number of pictures. 
The pictures involved in the earlier equation also give contributions which can be 
classified as to order of magnitude, but for a particular order there is an infinity of 
pictures. 

As shown by examination of Eq. (7-18), the desired expectation value 
< UC eet > involves no contribution which is independent of u/a. This is to be 
expected, of course, since the expectation value of a nuclear displacement with 
respect to the unperturbed ground state is zero. The desired expectation value does 
contain one contribution which is of first order in ula, however. This contribution 
comes from a picture which is a single cross-hatched circle with no phonons at all, 


and it is given by the following expression: 
conn . =. 
(1/0,,) Det <ail{v, belo >, 


The first-order part of this contribution is obtained when Me is replaced by just yi), 
The matrix element < ail v0 > which then appears is given by Eq. (6-18). To 
first order in u/a, then, the expectation value < PolAgil¥ > is given by the following 


equation: 


. os ici ome) . 
< HolAgilto >= -3A (q)(1/w,)z (3, )$ (4 JB, ive (7-19) 
Once this expectation value of A_. is known, it is a simple matter to find the 
expectation value of a nuclear displacement ce at least formally. On the basis of 
Eqs. (7-6) and (7-19), the first-order approximation to this expectation value of on 
is given by the following equation: 


~ 


~ ~ 3 3,1/2~(n) 
< Yo lust, > = -3/2 2(vo/myt “9 ) © 0; 


x {z (5,)(4,)B5,) 1, _te- e+} (7-20) 


where c.c. stands for the complex conjugate of the preceding term. As shown by 
this equation, < ¥olA AW, > is determined completely by the normal modes for which 
q is zero (modulo ay and this result occurs in all orders. The index j which 
appears in Eq. (7-20) and the corresponding index which appears in higher order 
equations should therefore be restricted to the optical modes, since acoustical modes 
with q equal to zero only lead to pure translations. 

Since only optical modes with q equal to zero contribute to the expectation 
value of Won! the expectation values of two displacements a and a8 must be ident- 
ical. This is the justification for the statement made earlier that the expectation 


values < YolA gilt, > cannot describe an alteration of the unit cell but can only 
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describe changes within the cell. 

The problem of nuclear shifts which is discussed above illustrates one effect 
of the anharmonic forces for a crystal in its ground state. Other effects which can 
be calculated by similar techniques are the correlations of the displacements of 


pairs of nuclei and the distribution of phonons. The first of these effects is given by 


the expectation value of a product u ipa’ and it requires the calculation of the 


sn 
A > and mle AL 
qj atyt!o and < | aj q'j 


* 
the expectation value of the operator for phonon density, Aaj qi’ 


quantities < YolA | b >. The second effect is given by 
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In the following discussion a derivation of the expressions for the perturbed 
ground-state energy and wave function is outlined. For a more detailed presentation 
of some parts of this derivation, the reader is referred to the literature of Van Hove 
and Hugenholtz which is listed in the bibliography. In some respects the derivation 
outlined below is simpler than the original, however. 

The derivation is based on a property of the vacuum-to-vacuum matrix 


element of the resolvent. This element will now be symbolized by D (0), so that 
D,(0) = <0|R,|0 >, (8-1) 


The property of interest is that in the limit of an infinite crystal D, (0) has a simple 
pole on the positive, real z axis, z being a complex number. Near this pole, then, 
D, (0) can be approximated by the expression (Q,/*,-2)) where x, is the location of 
the pole and -Q, is the residue. It also turns out that D, (0) has a cut along the 
positive, real z axis from x, (which is positive) to plus infinity. The discontinuity 
across this cut approaches zero as the real part of z approaches Xo from the positive 
side, however, and the simple pole at x, remains well-defined. The proof of these 
properties of D, (0) will be discussed later in the present section. 

As a result of the simple pole in D, (0), the function R,| 0 > also has a simple 
pole at z equals xy in the limit of an infinite crystal. The proof of this is based on 
the diagram analysis by which R,|0 > is to be evaluated. For this the resolvent Ro 
is first expanded in powers of V according to Eqs. (6-5) and (6-6), and each V is 
then replaced by the vis, With these expansions the resolvent is given by a linear 
combination of product operators of the form shown in Eq. (6-10). Each of these 
product operators generates a linear combination of phonon states when it acts on 
the vacuum state, and the coefficients of the phonon states are easily determined by 
using the diagram techniques described in Sec. 6. 

As shown by this diagram analysis, which is outlined below, the function 
R,| 0 > can be written in the following form: 


no states | o> 
R,|0 >=[ 1+Z , (1/4-2)4 vats) lo > D, (0). (8-2) 


The notation in the superscript of the summation sign here is meant to restrict the 
summation to those diagrams 5 which do not have |0 > as an intermediate or final 
state. To illustrate this restriction, the diagram in Fig. 8-1 is included in the 
summation, while the diagram in Fig. 8-2 is excluded. 

Eq. (8-2) is based on the following analysis. Ifa particular diagram con- 


tains the vacuum as an intermediate state one or more times, the contribution from 
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that diagram to R, | 0 > can be written as a product of two factors, one factor for the 
part of the diagram to the left of the last intermediate vacuum state (not the final 
state) and one factor for the part of the diagram to the right of this state. Because 
of the structure of Fqs. (6-5) and (6-6) for the resolvent, the first of these factors 
is a contribution to the function (1/H,-z)V,|0 >, and the second is a contribution to 
the matrix element < o|R,| 0 >, which is D,(0). When all of the contributions to 

R, | 0 > which involve intermediate vacuum states are treated in this way, the sum of 


these contributions can be rewritten to give Eq. (8-2). 


Fig. 8-2 
Sample diagram which is excluded from 
Fig. 8-1 Eq. (8-2) 
Sample diagram contributing 
to R,|0 >in Eq. (8-2) 


On the basis of Fq. (8-2) the pole at z equals Xo in D_(0) gives rise to a pole 
at the same location in R,| 0>. The first factor in Eq. (8-2) can be shown to be finite 
and well-behaved at Xo: The pole in R,|0 > is therefore simple, as is the pole in 
D, (0). 

Now consider the following function: 


~o ~!/2lim : 
ly, > =Q, eee (x -z)R,|0 >. (8-3) 


The limit on z here means that the imaginary part of z approaches zero from either 
above or below the real axis, and the factor one - is included for normalization. 
The function defined in Eq. (8-3) turns out to be an eigenfunction of the Hamiltonian H 
of Eq. (5-9), and its eigenvalue is given by 


Ea o + xX. (8-4) 
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In this equation Xo is found to approach zero as the perturbation V approaches zero. 
It is therefore natural to assume that for small perturbations Eqs. (8-3) and (8-4) 
represent the wave function and energy of the ground state of the perturbed crystal. 

To see that Ib, >in Eq. (8-3) is an eigenfunction of H, consider the operation 


of H on IY, >. This can be written out as follows: 


_ =i 2 
H|y, >= (ete Ibe >+Q. ae a (x -z)(Hj+V)R,|0 >, (8-5) 
Oo 
Because of the definition of R z however, the product (H+ V)R, is just equal to 
1+ZR,- When this relation is used in Eq. (8-5) and the limit is taken, the following 


equation is obtained: 
Hy, >= (e+ - we >. (8-6) 


This verifies the results which are claimed above. 
The normalization of the wave function in Eq. (8-3) can be checked by calcu- 


lating the integral < Yolo >. This integral is given by the following equation: 


1 


< ¥ Y> = Q, lim (x,,-z)(x,-z*) < o|R,R_|0 >, (8-7) 


Zo xe 10 
O 
where z™* is the complex conjugate of z. From the definition of Rk, it can be proved 
that R,,R_ equals (R 


in the following way: 


pe Hie) (zee), however. Eq. (8-7) can therefore be rewritten 


< ol, >= me ae «#10 (x-2)(x,-2*)[D,,(0)-D(0)] /z*-z. (8-8) 
When the limit on z is taken in this equation D, (0) and Br) can be replaced by 
(Q,/*,7-2) and (Q,/x,72*)(Q, is real), and the right side of the equation becomes just 
one. The wave function IY, > defined by Eq. (8-3) is therefore normalized to one. 
The wave function Ib, > can be obtained in somewhat different form by use 
of Fq. (8-2) for R,|0 >. Since D, (0) in that equation is given by (Q,/*,-2) near Zz 


equals a Ib, > can be written out as follows: 


b> = au lim a oe states |0 (a/at,-2) {v,}6) |o >. 
ZX, a0 (8-9) 
The wave function IY, > can therefore be determined entirely from diagrams which 
have no intermediate vacuum States. 
All of the results above depend upon assumed properties of D, (0), and the 
existence of these properties must now be verified. 
The quantity D, (0) which is to be investigated can be written out in the follow- 


ing way: 


-52- 


57 
LLLLLLLLLLLLLLLLLLLLLLLLLILLLLLL LLLLLLLLLLLIILLLLLIILLLLY 


8. DERIVATION OF RESULTS FOR THE GROUND STATE 


D,(0) =< o|R_|0 >= (-1/z)-(-1/2)°z, < 0| {vit |o >. (8-10) 


Here (-1/z) appears as the eigenvalue of (1/H,-2) operating on the vacuum state, 
and the summation is over all diagrams. 

For reasons which will become clear later it is convenient to consider the 
contribution to Eq. (8-10) which comes from just one-component diagrams. This 


contribution can be written out as follows: 
Bee es one ov \ |o > (8-11) 
Z § Zz | § : 
Each diagram in this expression gives a contribution to B, which is proportional to 2 
(in the limit of an infinite crystal), and B, itself can therefore be written in the form 


ee -2(1/2)°F,. (8-12) 


According to the discussion of Sec. 6, the factor EE introduced here is made up of a 
linear combination of terms, each of which contains a product of energy denominators 


of the form 


(1/w, +o rer -z)(1/w) +w5+. eZ) 


2 é 


Because of these energy denominators Bs has a dense set of poles all along the posi- 
tive, real z axis when the crystal in question is large and finite. If the quantity F, 
is only calculated to some finite order in powers of V, these poles occur out to some 
finite value X, and as the order to which BS is calculated is made arbitrarily large, 
the value X also becomes arbitrarily large. There is no pole in F at z equals zero, 
however. 

As the crystal volume & increases the poles in a shift around in a com- 
plicated way and the number of poles increases. Except for these effects, however, 
Ee is essentially independent of 2. In the limit of an infinite crystal the poles in ae 
merge, and KF, acquires a z-dependence which is somewhat like that of the integral 
i f(x)(1/x-z)dx in the vicinity of the real z axis. In this limit, the line of poles be- 
tween zero and X becomes a cut across which the function ae has a finite discontinuity. 

According to a theorem which was established by Hugemholtz, (Hugenholtz, 
1957a,b), the quantity D, (0) can be completely expressed in terms of just the function 
B, defined in Eq. (8-11). The equation which Hugenholtz derives for D, (0) is the 
following: 


D, (0) = -(1/z) + B+ (1/2!)(B,)*(B,) + (1/3!) (B,)*(B,)*(B,)+. as ap ute- 13) 


Here the quantity (B,)*(B_) is a convolution product of the two B,'s. A general con- 


volution product of this type is defined by the following equation: 
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(f,)*(g,) = (i/2m) $f ,.8,_, 102", (8-14) 


and for present purposes the contour of integration is taken to be that shown in 
Fig. 8-3. The functions fot and Bo sei appearing in the definition (8-14) are assumed 
to have poles or cuts only along the real z' axis, and the contour of integration is 
supposed to include enough of the real axis to encircle all of these. Furthermore, the 
contour of integration in the z' plane is not to contain the point z. For the proof of 
Eq. (8-13) the reader is referred to the original paper by Hugenholtz. 

Eq. (8-12) is somewhat complicated as it stands, but a fairly simple equa- 
tion can be obtained from it by taking the Fourier transform of both sides. The 


Fourier transform of a function such as f. is defined here by the following equation: 
¥ -itz' 
f, = (i/27) fe f1dz', (8-15) 


where the contour of integration is again taken to be that shown in Fig. 8-3 (except 
that no second variable z is involved here). The function fot may again have poles or 
cuts only on the real z' axis, and the contour in Fig. 8-3 is supposed to enclose all 
of these. 

On the basis of Eq. (8-13), the Fourier transform of D (0) is found to be 


given by the following equation: 
~ ~ ~ 2 ~ 3 
D,(0) = 1 + B, + (1/2!)B, ~ (1/Sryis +. (8-16) 


~ 
where B, is the Fourier transform of B.: The power series above is always conver- 


gent, and it gives the following result for B (0): 
D, (0) = exp B,- (8-17) 


Because of the large factor 2 in both B, and oe many terms are required 
for the convergence of the series in Eqs. (8-13) and (8-16). For all practical pur- 
poses, then, each series must be treated in its entirety, as has been done above. 
The simple result in Eq. (8-17) (or its transform) is then obtained, and it is this 
result which takes care of the troublesome powers of 2 which occur in the ordinary 
perturbation treatment of the ground-state wave function and energy. 

The only features of D, (0) which are presently of interest are its singulari- 
ties. When the crystal is finite, singularities in the form of poles are expected be- 
cause of the nature of Be in Eq. (8-12) for D, (0). In the limit of an infinite crystal, 
however, most of these poles should merge to give a cut. If any pole remains in this 
limit, the Fourier transform D, (0) should be a periodic function of t at large t. The 
existence of such a pole can therefore be checked by studying the assymptotic behav- 
ior of D, (0). 
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The assymptotic behavior of D, (0) is related to that of B, through Fq. (8-17), 
and the latter behavior is easily determined from the known properties of B.- In the 


limit of large t, B, is found to be given by the following equation: 


uw |] 
B, = -itQF, + a(dF, /dz) 


: (8-18) 


7a! 


The derivation of this result makes use of Cauchy's residue theorem. When this 
result is substituted into Eq. (8-16), D, (0) is indeed seen to be a periodic function of t 
at large t, thus indicating that there is a pole in D, (0). This pole can be shown to be 
of first order by studying the Fourier transform of (z-x )D, (0), where Xo is the loca- 
tion of the pole. The quantity D, (0) can therefore be written as Q,/*,72 when z is 
near X, aS was assumed at the beginning of this section, and the values of Q, and Xo 


determined by the analysis outlined above turn out to be the following: 


x = OF = ZN < olf vit lo >, (8-19) 
-n 


Q,, = ~exP [a(aF,/dz), Z 0! = (8-20) 
where n is the same quantity that is defined in Eq. (7-3). 

With these results, Eq. (8-4) for the ground-state energy of the crystal is 
seen to agree with the result which was claimed in Sec. 7, and Eq. (8-9) for the 


ground-state wave function is seen to reduce to the following equation: 


Iv, BS ee on/2y. | [+270 states |0 °(1/H,-2)f v,} 5] lo >. (8-21) 
Z> Xo +10 
With some algebra this equation for IY, > can also be shown to give the result which 
was claimed in Sec. 7. 
Although this essentially completes the outline of the derivation, several 
comments remain to be made. As presented above, the derivation appears to be 
quite straightforward, but in actuality it is complicated mathematically by the inter- 
play of the different limiting processes. These limiting processes are the approach 
of 2 to infinity, the approach of z toa pole or cut, and the approach of t to infinity. 
When the volume 2& is large but finite, as it is for a real crystal, the dense 
sets of poles in Ee and D, (0) do not actually form continuous cuts as they would for an 
infinite crystal. In the case of finite Q, then, the limit as z approaches x + i0 must 
be taken with care. The dense set of poles can only be treated as a cut if the length of 
i0 remains large compared to the very small spacing between the poles, and this re- 
striction must be incorporated into the limits which have been used in the foregoing 
derivation. 


Furthermore, when the volume & is large but finite, t cannot actually be 
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allowed to approach infinity. If t is so large that elle varies significantly from one of 
the closely-spaced Bates in Fy or D 2 (9) to the next, then these poles will give add- 
itional contributions to B, and 5 (0). Specifically, the results for B, and D, (0) which 


have been used in the joviveten are only valid when t is in the range 


eee fee ee oan (8-22) 
where w is a characteristic frequency of vibration. This limitation naturally affects 
the physical interpretation of the wave function Ib, > and the energy Ey which have 
been derived, and this is discussed below. 

The quantity D, (0) which is involved here is the Fourier transform of the 
vacuum-to-vacuum matrix element of the resolvent. The Fourier transform of the 
resolvent itself is the operator e it(HotV) however, and D, (0) can therefore be 


written in the following way: 
D (0) =< Ole it(Ho+V) | 9 >. (8-23) 


-it(H,+V) 


To within a constant factor, the operator e which appears here is just the 


operator e tH which generates a time-dependent wave function from a time-indepen- 
dent solution of Schrodinger's equation. The parameter t in D,(0) can therefore be 
interpreted as time. 

From the fact that | 4, > in Eq. (8-21) is obtained from an approximation to 

D, (0), then, it follows that IY, > might very well behave as a stationary state of H 
ae for times t in the range (3- 21). Since the upper limit of this range is extremely 
large for a crystal of normal size, however, the wave function Ib >in Eq. (8-21) 
provides an approximation to a stationary state of H which is satisfactory for all prac- 
tical purposes. A simple formula for the wave function | p > has thus been obtained 
by abandoning the demand for an exact stationary state and accepting a practical 
substitute. 

It has been claimed by some investigators that the final results for the ground- 
state wave function Ib > and the energy E, are better than their derivation would 
indicate. It is sisi that these results catitty Schro dinger's equation exactly no 
matter what the size of the system, rather than just in the limit of an infinite system. 
Formally this seems to be true, but there are problems of convergence which are 
difficult to investigate. The only assumption of convergence which is really needed 
for applying the wave function and energy derived here is that the series in powers of 
V for E/2 and for the operator Oconverge in the limit of infinite 2. Ifthisassumption 
is satisfied, the derivation is valid, and the wave function IW, > behaves as a Station- 
ary State with an energy of Ey for reasonably long times. 

If the expressions for E,/2 and IY, > are written out for a system in which 
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Q does not approach infinity, however, the series involved are likely to be quite 
different from their assymptotic limits as 2 becomes infinite. The differences 
occur in the high-order terms. The conditions under which these series for finite 

© will converge to give rigorous stationary states and energies are not known, and 
there do not seem to be any suitable examples for which the convergence of these 
series can be fairly tested. A suitable example would have to be simple enough to 
be carried out and yet hard enough to involve all the important features which are to 
be tested. In view of the situation as it stands, then, it seems best to take a con- 
servative viewpoint at this stage and to regard the derived formulae for Ey and IY, Ps 


as just good approximations to the energy and wave function of a very large system. 


y! z'=x' tiy’' 


oZ 
Fig. 8-3 


Contour of integration for the convolution product of Eq. (8-14) 


So 7= 
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9. SCATTERING OF NEUTRONS BY A CRYSTAL IN ITS GROUND STATE: GENERAL 
DISCUSSION 


As a second example of the application of many-particle perturbation theory, 
the scattering of neutrons by a crystal in its ground state will be considered. Since 
the crystal is in its ground state, the scattering is that which would occur at O°K. 
Anharmonic forces provide only a small correction to this scattering, but they give 
rise to effects which are expected to be measurable. They give rise to additional 
effects in scattering at non-zero temperatures, but this subject will be postponed to 
a later section. The present treatment for O°K provides a useful preliminary to the 
more general treatment, and it is theoretically interesting on its own merits for the 
same reason that the calculation of the ground-state energy and wave function were of 
interest. 

It is assumed that the crystal under study contains only one kind of nucleus 
and that only single scattering is important. The differential cross-section for 


scattering in the first Born approximation is then given by the following equation: 
/2 _ al _ 
(ao ,/dade) =a ([k]/|k|)S)(k 4), (9-1) 


where 
—h te — 2 
S = } = = 
(ke) =2 | <¥l2_, exp (i K. r_) |b, > |“S(wtE,-E, ). (9-2) 


In these equations o. is the scattering cross-section, d®2 is the element of solid angle 
into which the neutron is scattered, de is the range of energy of the scattered neutron, 
a is the scattering length of the atomic nucleus, k is the wave vector or momentum 

of the scattered neutron (fi is again set equal to one), K. is the wave vector or 
momentum of the incident neutron, K is the momentum transfered from the neutron 
to the crystal, wisthe energytransfered from the neutron to the crystal, lw a is 

an excited eigenstate of the crystal, yy > is the ground state of the crystal, E is 
the energy of the eigenstate y >, and Ey is the ground-state energy. Some of 

these quantities are related to one another, and these relations are shown in the 


following equations: 
K = k\-k 
ek 2 
w= |k | /2m-|k|“/2m =E, -E. (9-3) 


where m is the mass of the neutron. 
Eqs. (9-1) and (9-2) above can be derived from the following pseudo-poten- 


tial for the scattering of a neutron by an atomic nucleus: 


Pee 


63 
ooo Go JoJo Je eH LLLLLLLLLLILLILLLLLLLLILLILILIIIILILILLLLLLLEL4444-44 


9. SCATTERING OF NEUTRONS BY A CRYSTAL IN ITS GROUND STATE: GENERAL 
DISCUSSION 


V(r) = (24a/m)6&(r). (9-4) 


The justification for the use of this potential is complicated and will not be discussed 
here. In writing the potential in Eq. (9-4) it has been assumed that the scattering 
length a is independent of the relative orientation of the spins of the neutron and 
nucleus if the nuclear spin is non-zero. This assumption is not necessary, but it 

is convenient here. It has also been assumed that a is independent of the energy of 
the incident neutron. This assumption is well justified for the low neutron energies 
which are used in scattering from solids. The derivation of Eq. (9-1) from the 
pseudo-potential V(r) requires the additional assumption that the range of V(r) is 
small compared to the smallest distance between nuclei, and this assumption is well 
justified. : 

As shown by the form of Sy(k w) in Eq. (9-2) the overall differential cross- 
section is the sum of the cross-sections for scattering processes in which the crystal 
is left in various excited states Ib, >. Because of the delta function, however, only 
those states ly, > whose energies differ from the ground state energy by w give any 
contribution. 

The problem is now to calculate the scattering function S(k« , w), taking 
into account the existence of anharmonic forces. Since the neutron does not manifest 
itself explicitly in Eq. (9-2), which defines the scattering function, the calculation 
is essentially a solid-state problem. 

The scattering function as given in Eq. (9-2) appears to depend upon the 
exact excited states of the crystal. It can actually be evaluated without knowing these 
excited states, however, as will be shown below. It is quite fortunate that exact 
expressions for excited states are not required, because it does not seem possible to 
derive such expressions that are reasonably simple when anharmonic forces are 
included. The theoretical difficulty of finding formulae for exact excited states of 
many-particle systems seems to have an experimental analogue in the difficulty of 
finding information about single excited states. Since experimental results always 
seem to involve sums over excited states, however, simple theoretical expressions 
for individual excited states do not seem to be needed. The present calculation only 
provides a case in point. 

In view of the factors just mentioned it is convenient to rewrite the scatter- 
ing function in a form which does not explicitly involve the individual excited states 
Ib, >. Such a form is shown in the following equation: 


So (k , wed Geld, 6 (wtE,-H)T, Ib > (9-5) 


in which TY is the operator for the neutron interaction and is given by 


-~59 = 
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Ty, = 25, exp (ix - ron) (9-6) 


Eq. (9-5) reduces to the original form in Eq. (9-2) when use is made of the expansion 
= > = 
TW, > = 2 rae Ie a (9-7) 


which is valid because of the completeness of the set of functions \y >. The operator 
6 (w+E -H) acting on a function I} > has an eigenvalue 6(wtE-E,), since [yp >is an 
eigenfunction of H. 

Eq. (9-5) for the scattering function can be further rewritten to involve the 
resolvent operator instead of the operator 6 (w+E -H). For this, use is made of re- 


lation 
2mid(x) = (1/x-i0) - (1/x+i0), (9-8) 


in which x is real. This relation is meant to be applied in the integrand of an inte- 


gral over x. It is obtained from the relation 


(1/x+i0) = (1/x) 


principal part * ind (x), 


which is used in distribution theory. On the basis of Eq. (9-8), the scattering function 


can be rewritten as follows: 


S( i, 0) = (1/2 xi) 2 geen [si(k)-s*«)], (9-9) 


where 
SN <0) Cat ee ee (9-10) 


and where Xo is related to E, by Eq. (8-4). 

The auxiliary function Sie can be calculated by diagram analysis in much 
the same way as the matrix elements discussed in Sec. 6. For this the eigenfunction 
lb, > in Eq. (9-10) should be replaced by use of Eqs. (7-2) and (7-4), and the resol- 
vent R, should be replaced by its expansion in products of the operators vy) and the 
operator (1/H,-z). The neutron operator T, should then be expanded in powers 
of the nuclear displacements, as the anharmonic energy V was expanded, and this is 
done in the following equation: 

T =2. exp lig . (2) Ree eel 


K sn on sn 


— 


exp[ix . (S+ Ron! 


en) ~ (U/21M WL) 31)( . a 


aon 
x[1+ilk wee Oa 


ey} 


sn 
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The dot product ne Wan appearing in this equation is given in terms of creation 


and annihilation operators as follows: 


_-_ = 3 1j2 -1/2 * 
K . ,, = of 16n'm,)/? zt log) laa) t Arg! 
KK pein). re ] exp (iq. s). (9-12) 


This is derived from Eq. (7-6) for Uo When the neutron operator T, is expanded 
as above it is given by a linear combination of products of creation and annihilation 
operators. In this form it can be treated by diagram analysis in much the same way 
as the resolvent operator was treated in earlier sections. 

When the expansions described above are made, the function S (xk) in 
Eq. (9-10) can be calculated by a form of diagram analysis. In addition to vertices 
arising from terms in the resolvent, however, each diagram has two vertices arising 
from the two neutron operators. The coefficient of a particular product of creation 
and annihilation operators for one of these neutron vertices is different than for one 
of the resolvent vertices, and different symbols must be used for the two types of 
vertices. A neutron vertex will therefore be designated by a dot with a small circle 
around it. Each neutron vertex should bear an index n, corresponding to the n which 
appears in Eq. (9-11), and an index Kk , but these will generally be omitted for con- 
venience. 

A few sample neutron vertices are illustrated in Fig. 9-1. The first of 
these (on the left) describes a first-order process in which one phonon is annihilated; 
the second describes a second-order process in which two phonons are created; and 
the third describes a second-order process in which one phonon is created and 
instantaneously annihilated. A somewhat more complicated neutron vertex is illus- 
trated in Fig. 9-2. This describes a process of order eleven, involving two incoming 
phonons, three instantaneous phonons, and three outgoing phonons. The effect of any 
of these vertices in a diagram is easy to calculate when reference is made to Eqs. 


(9-11) and (9-12). The techniques involved are the same as those described in Sec. 6. 


nk nk 


Cs) DD n,k 


Fig. 9-1 Sample neutron vertices 
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Fig. 9-2 Sample neutron vertex 





One part of the effect of a neutron vertex in a diagram must be described in 
detail for future use, however. Consider a particular v'th-order product of creation 
and annihilation operators which occurs in the expansion of T. in Eq. (9-11). Due 
to the summation over s, the coefficient of this product contains a factor A(K + ‘Q), 
where q is the sum of the wave vectors of the phonons created minus the sum of the 
wave vectors of the phonons annihilated. Because of this factor the total pseudo- 
momentum of the state following a neutron vertex (n, K ) is equal to K plus the total 
pseudo-momentum of the state preceding the vertex. Since the neutron vertex repre- 
sents an event in which a neutron is scattered from the crystal, the scattering event 
is seen to involve a form of momentum conservation. This conservation, which 
involves the real momentum of the neutron, provides the justification for calling 
the wave vector of a phonon a pSseudo-momentum. 

One simplification in the calculation of S_( K) can now be described. Con- 
sider a diagram containing a neutron vertex which has no instantaneous phonons 
connected with it. Such a vertex is shown at the left in Fig. 9-3. Also consider all 
the other diagrams which differ from the original only in that one or more instantan- 
eous phonons are connected with the particular neutron vertex which has been singled 
out. If the original diagram contains the neutron vertex which is at the left in 
Fig. 9-3, for example, consider all the other diagrams in which the original vertex 
is replaced by the other neutron vertices in Fig. 9-3 and its extension. The sum of 
the contributions from all of these diagrams is just equal to a constant times the 
contribution from the first diagram. The constant in this result turns out to be the 
well-known Debye-Waller factor for a crystal at O°K: it is given by the following 


expression: 
= ee 
exp {-(/2) < ol(K . ee) |o >}. (9-13) 


In the proof of this result the Debye-Waller factor first appears as the inet series 
exapnsion of the exponential in powers of the matrix element < 0| (Ges Cis) lo oa 
and the m'th term in this series is the contribution from the diagram which has m 


instantaneous phonons on the neutron vertex. 


Fig. 9-3 Neutron 
a vertices 
’ ; 7 
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In view of the result above it is only necessary to consider explicitly those 
diagrams in which there are no instantaneous phonons on the neutron vertices. A 
factor like that in Eq. (9-13) must then be included for each neutron vertex to account 
for the diagrams which are omitted. 

According to another theorem, it is really only necessary to consider two 
types of diagrams among those remaining; one type consists of just two connected 
components, each of which contains one of the neutron vertices, and the other type 
consists of just one component, which contains both neutron vertices. Again new 
factors must be introduced to account for the diagrams which are omitted, of course. 
The proof of this theorem is similar to the proof of Eq. ae). “twill not be pre- 
sented here, however, since the theorem is not needed in the discussion which 
follows. Only certain features of S(K ) will be investigated here and for these there 
are specialized approaches which are fairly easy and which do not require the use 
of the theorem. 

At this point it is useful to consider the nature of neutron-scattering results 
which are obtained in the harmonic approximation. This problem has been discussed 
extensively in the literature. Two of the papers are particularly appropriate to 
the present discussion, however, and these are the paper by Placzek and Van Hove 
(1954), and the paper by Sjolander (1954). In each of these papers a realistic 
phonon spectrum is used throughout the derivation. 

As usual the neutron scattering can be considered as made up of elastic and 
inelastic scattering. Elastic scattering is characterized by the identity of the 
initial and final states of the crystal and hence by the absence of energy transfer be- 
tween the neutron and the crystal. According to the harmonic theory, elastic scatter- 
ing is only possible if the initial and final neutron momenta satisfy the following re- 


quirements: 
=_ =- = = — 12 =a 2 
kK =k - k= arr, wo = (|k | = |k|-)/2me=eay (9-14) 


in which 7 is any vector of the reciprocal lattice. These are the well-known Bragg 
conditions, and they turn out to apply whether or not anharmonic forces are neglected. 
Inelastic scattering is characterized by the transfer of energy between the 
neutron and the crystal. For a particular momentum transfer K (and therefore a 
particular angle of scattering) the inelastic spectrum predicted by harmonic theory 
has the general form indicated in Fig. 9-4. This figure is not meant to be quantita- 
tive. As suggested in the figure, the predicted spectrum is characterized by a set of 


delta-function peaks over a continuous background. 
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Fig. 9-4 Spectrum of scattered neutrons in 
the harmonic approximation 


The delta-function peaks in the inelastic spectrum correspond to scattering 
in which each neutron excites a single phonon. For a given momentum transfer Kk 
this process can only occur for certain values of the energy transfer w. This follows 
from the conservation rules for energy and momentum, which take the following 
form when a phonon qi is excited: 

kK =k - = 2urtg, w= (lic }? - Ji |*)/am =o... (9-15) 
O 0 qj 
For a given K the peaks in the predicted inelastic spectrum occur at the values of w 
for which these conditions are satisfied. 

The background in the inelastic spectrum predicted by the harmonic theory 
corresponds to scattering in which each neutron excites more than one phonon ina 
Single scattering event. The slight wings on the delta-function peaks in Fig. 9-4 
belong to the background in the sense that they also are due to multiple excitations. 
In particular, they are due to two-phonon excitations in which one phonon has a very 
small pseudo-momentum. These wings are actually logarithmic infinities centered 
on the delta-function peaks. 

The delta-function peaks in the spectrum described above are particularly 
interesting because they involve single phonons and because their locations can be 
investigated experimentally. The background does not exhibit features which are of 
such direct interest from the point of view of crystal dynamics. 

The results of the harmonic theory have been presented above as a prelim- 
inary to considering the effects of anharmonic forces on neutron scattering. Since 
the anharmonic forces of a crystal are small compared to the harmonic forces, they 
only cause slight modifications of the results predicted by harmonic theory. The 
most significant of these modifications are the displacement and the broadening of 


the peaks in the inelastic spectrum. Since these peaks have no width (except for the 
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slight wings) according to the harmonic theory, their actual structure is an effect 


which is due solely to anharmonic forces. Such effects are obviously desirable as 


means of checking the predictions of many-particle perturbation theory. 
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10. PEAKS IN THE ENERGY SPECTRUM OF NEUTRONS SCATTERED AT O°K 


The problem to be considered now is that of calculating the peaks in the 
energy spectrum of neutrons scattered from a crystal at O°K. Anharmonic forces 
are to be included in the calculation. Much information about the peaks can be ob- 
tained without a calculation of the complete spectrum, and the techniques required for 
this are fairly easy. 

With the approximations introduced in the preceding section the important 
features of the desired spectrum are determined by the scattering function So K, w) 
which is defined in Eq. (9-2). If information is to be obtained about just the peaks in 
the spectrum,a formula for S(k, w) must be found that separates the contributions of 
the peaks from that of the background. The procedure for doing this in general will 
be introduced here by first discussing the case of elastic scattering. 

The straightforward method of obtaining the elastic scattering spectrum is to 
omit all terms but the v-equals-zero term in Eq. (9-2) for the scattering function 
S (kK ,w). This is equivalent to specifying that after the scattering event the crystal 
is again inits ground state IY >. The scattering function for elastic scattering 
which is obtained by this procedure is given by the following equation: 


SR) = | <¥g IT, 145 > 176 (0). (10-1) 


From this result the energy spectrum for elastic scattering at a given angle is seen 
to be a delta function centered at w equals zero, as expected. Further consequences 
of this result will be considered after presentation of an alternative derivation. 

The alternative derivation is quite artificial in view of the simple derivation 
above, but it is presented because of its connection to the more complicated problem 
of inelastic scattering. The starting point of the alternative derivation is Eq. (9-9) 
giving Ba K ,w) in terms of the auxiliary function S(«), which is defined in Eq. (9-10). 
Since the elastic spectrum is a delta function centered on w equals zero, it is necess- 
ary to investigate the function S_( K ) in the vicinity of z equals ee als S_( K ) can be 
shown to have a simple pole at for instance, the scattering function will have been 
proved to be a delta function at w equals zero, as desired. 

The auxiliary function S.( K ) can be completely calculated by diagram analy- 
Sis using the techniques which were described in Sec. 9. Only the elastic spectrum 
is sought at present, however, and it is therefore desirable to isolate those contribu- 
tions to s(« ) which alone give rise to the elastic spectrum. For this purpose Eq. 


(9-9) for Sal K ) is rewritten in the following way: 


Say) = Xs< cee {R, bet, Mb = (10-2) 


In this equation 6 designates the part of a complete diagram which comes between 


506e 
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(but does not include) the two neutron vertices. Two complete diagrams containing 
different partial diagrams 6 are illustrated in Figs. 10-1 and 10-2. There are many 
complete diagrams which contain a particular diagram 6, of course, and all of them 


must be considered in the evaluation of Eq. (10-2). 


5 


Fig. 10-1 


Partial diagram 6 of the type appearing in Eq. (10-2) 
for Sf Ky: 


oS OOOO 


eT 


5 


Fig. 10-2 
Partial diagram 6 of the type appearing in Eq. (10-2) for sof K ve 


The desired contribution to S,( K ) is obtained by limiting the summation over 


abe 
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5 in Fq. (10-2) to diagrams belonging to a certain class. That class consists of all 
the diagrams which contain the vacuum state at least once as an intermediate state. 
It includes the diagram 6 in Fig. 10-2, for instance, but not that in Fig. 10-1. The 


resulting contribution to S_( K) will be called s(°)( K ), and the corresponding contri- 
(0) 


y (K ,w), in anticipation of 


bution to the scattering function S| K,w) will be called S 
agreement with Fq. (10-1). 

Fach diagram 6 in the class described above will now be considered as made 
up of three parts (some of which may not always exist). One part is that to the right 
of the first intermediate vacuum state, a second is that to the left of the last inter- 
mediate vacuum State, and a third is that between the first and the last intermediate 
vacuum states. The restricted summation over § which gives sR ) can then be 
rewritten as three summations, one for each of the three parts separately. With 


this the formula for se ) reduces to the following equation: 


s(0) (k)=<¥/T__ [ 1+(1/H-z) 2, {v, \ J|0 > D_ (0) 
O O 


x < O[[ 1+ 5) {v, } (1/H-z) Td Ib, B, (10-3) 
O O 


Here bo designates a diagram in which the vacuum occurs only as the initial state 
and a designates a diagram in which the vacuum occurs only as a final state. The 
reasoning which leads to this equation is quite similar to that which leads to Eq. (8-2) 
for R | 0>. 

As shown in earlier sections, the quantity D, (0) in Eq. (10-3) has a simple 
pole at z equals Xo in the limit of an infinite crystal. In addition the two factors 


which multiply D, (0) in this equation are well-behaved in the vicinity 1 Z equal Xo 
0) 


in the same limit. For z in the vicinity of then, Eq. (10-3) for 5, (x) can be 
rewritten in the following way: 
Gane |<y |T lim [i+(1/H_-z) 2, 4V JJo>|*(e"/x =Z) (4) 
Z O' -K oO oe Zz 6, O 


Zo x £00 
O 
The expression used here for D, (0) near its pole is based on the results described 


in Sec. 7. In view Eq. (8-21) for the wave function Ib, >, Eq. (10-4) above can be 


further reduced to give the following simple equation: 
(0) _ >|¢ : -5 
St 1 <belT nee > [Oy ceeoh. (10-5) 


As shown by the results above, the auxiliary function 56) actually does 
have a simple pole at a Because of this, the corresponding part of the scattering 
function, 0), Kw), is given exactly by Eq. (10-1), which describes the spectrum for 


elastic scattering. The contributions to oe ( K ) which were isolated and studied 
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above are therefore exactly the ones which were desired. 

The method of isolating relevant contributions to 5°) K ) has been presented 
above because it turns out to work as well for the peaks in the inelastic spectrum as it 
does for the single peak which is the elastic spectrum. This will be discussed exten- 
sively after consideration of certain details of the elastic spectrum which follow from 
Eq. (10-1). 

The matrix element < ¥\te IY, > which occurs in Eq. (10-1) for 5) w) 
can be evaluated by diagram analysis using the techniques discussed in Sec. 9. In 
the present case each diagram has a neutron vertex as its only vertex. According 
to the discussion in Sec. 9, the contribution from each of these diagrams includes a 
factor A (x +q), where q is the total wave vector of the state following the vertex 
minus that of the state preceding the vertex. : Since IY, > has a wave vector of zero 
or 2mt, however, each of these total wave vectors q is equal to some vector énr. 
Each factor A(x +q) is therefore equivalent to a factor A(x), and the latter factor 
can be taken as occuring in all of the contributions to the desired matrix element. 


This explains the occurence of the factor A(Kk) in the following equation: 


. 5 = oo > = 
<¥olT, Ib, > = (Br /v) alk MZ, < yolexp (ik . uly, > exp (ik - RoI. 
(10-6) 
The equation itself is obtained by carrying out the diagram analysis in detail. 


On the basis of the equation given above for the matrix element of T, , 


Eq. (10-1) for the elastic scattering function takes the following form: 


SV jw) = No(Br?/v JA ( i )A (a) 


> a (10-7) 


x |Z exp (ik . Ri) <4jlexpik . u ly 


on oOo 


The two deltas in this equation yield the Bragg conditions for elastic scattering which 
were written out in Eq. (9-14). Their occurence here is proof that the Bragg condi- 
tions apply whether or not anharmonic forces are neglected. The matrix element of 
exp (ik . er) which appears in Eq. (10-7) is the Debye-Waller factor at O°K 
corrected for anharmonic effects, and the whole term in the absolute value signs 

is the structure factor at O°K corrected for anharmonic effects. In elastic scatter - 
ing, then, the anharmonic forces can only effect the scattering intensity. 

For the peaks in the inelastic scattering spectrum there is no simple method 
of treatment corresponding to the straightforward treatment of elastic scattering by 
which Eq. (10-1) was first obtained above. According to harmonic theory, the inelas- 
tic peaks are associated with excitations of the crystal from its ground state to one- 
phonon states. When anharmonic forces are included, however, the concept of a one- 


phonon state is no longer valid, and the inelastic peaks therefore cannot be obtained 
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by establishing a correspondence between the excited states ly > and one-phonon 
states. The ground state of a crystal is unique in having a meaning whether or not 
the harmonic approximation is made, and it is because of this that the straightfor- 
ward treatment of elastic scattering is possible. 

The breakdown of the concept of a one-phonon state is essentially a dissipa- 
tive effect of the type discussed in Sec. 1. If a wave packet describing a single 
phonon is constructed, it decays into many phonons through the influence of anhar- 
monic forces. In general the decay time for this process is sufficiently short that it 
affects most phonon phenomena of interest. The lack of a significant correspondence 
between one-phonon states and exact excited eigenstates is related to this effect. 

The following treatment of the peaks for inelastic scattering is analogous 
to the alternate treatment of elastic scattering given earlier. A contribution to the 
auxiliary scattering function Ss ( K ) is isolated, and this is shown to yield a part of 
the scattering function S af K , 2) which describes the =e peaks. The particular 
contribution to S, ( K ) wren is isolated will be called Ss. OQ) ¢ K ), and the part of the 
scattering ranean S il K ,w) which it yields will be called nm x K w). 

The isolated contribution s( x K ) is obtained fone Eq. (10-2) by restricting 
the summation over diagrams to acinde just diagrams which contain one or more 
one-phonon intermediate state. A sample diagram of this type is shown in Fig. 10-3. 
If it is assumed that the momentum transfer K is different from any vector 2n7, the 
vacuum cannot occur as an intermediate state in any diagram for sO) K ). This is 
because the total wave vector of any intermediate state must equal K module 2rmr. 
The two isolated contributions s (0), K ) and se x ) do not contain any common 


terms, therefore. 


S04 <i 
<n 


Fig. 10-3 
Partial diagram 6 of the type contributing to s)() 


= Ore 
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Each diagram 6 contributing to s'1)( K ) will now be regarded as made up of 
three parts. One part is that to the right of the first intermediate one-phonon state, 
a second is that to the left of the last intermediate one-phonon state, and a third is 
that between these two states. Then, on the basis of reasoning similar to that which 


led to Fq. (10-3), the following equation for sR ) is obtained: 


SON ) = Ey atggt < Hol Tg LHA/H-2) Bs, {Ve} 5, 118i > 


x <aj[Rzla'j'> <a'j|l1+2g, {v,} 5 (1/H,-2z)] ae Ib, >. (10-8) 


Here 6) designates a diagram in which the only one-phonon state is the initial state 
qi and 6) designates a diagram in which the only one-phonon state is the final state 
q'j'- 

The matrix element on the left of < qj lees [g'j' >in Eq. (10-8) can now be written 


out in the following useful form: 


<4 IT, (1H(/H,-2) {v,} 5 aie = ai 10,1 %, ere, (10m) 
where n is defined in Fq. (7-3). The factor A(q-K ) which appears here can be justi- 
fied easily by arguments which are now quite familiar. The remaining quantity 
SelK ,j) is essentially independent of the volume & in the limit of large 8 and it has 
no peaks of the type which are presently sought. 

The matrix element on the right of < qi IR, q'j' > in Fq. (10-8) is equal to the 
complex conjugate of that on the left if the indices qj and the variable z in the latter 
are changed to qa’! and z* respectively. 

The remaining matrix element in Eq. (10-8), < qj|R,|q'j'>, will now be 


written out in the following way: 
< qj[R,[a'j'> = 4(q-a')D, (4, j,3'), (10-10) 
The justification for the factor A (q-q') in this equation should be obvious. 


On the basis of Fqs. (10-8), (10-9) and (10-10), the isolated contribution 8) ) 


is given by the following equation: 
1 — 3 -n eS — 5 * = —s«ssr,, 
si r x) = (&2/8q )e Z 518 2 K,j)(0,,(« .j')] D{(¥,j, 5"). (0-11) 


The only factor in this equation which has yet to be discussed is Dik j,j'), and this 
quantity turns out to contain the peaks which are sought. 


Since Di (a j, j') is equal to a matrix element of the resolvent, to within a 


eae 
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constant, it can be calculated formally by the diagram analysis of Sec. 6. The dia- 
grams to be considered for this include both connected and disconnected diagrams. 
Consider the contribution to D(a, j,j') which is obtained by neglecting all disconnected 
diagrams. This contribution will be called C(q, j,j'), and it is defined explicitly by 
the following equation: 


=e - = conn) — =e 
C Aq, j,j') 4 (q-q') == a 740 {Rh ain. (10-12) 


With the introduction of this quantity, the following fairly simple equation for 


D, (a, j, j') itself can be obtained: 


D(a. i. i) = (i/29) ¢ D_(0)C,__ (a. g.ahdat, (10-13) 


where the contour of integration is the same as that for the convolution products in 
Sec. 8. This equation is useful because the properties of D, (0) are already well- 
known and the relevant properties of Coq, j,j') which are presently of interest are 
its singularities and near-singularities. In order to determine these by use of 
Eq. (10-13), it is only necessary to know the most singular parts of D,, (0) and 
C.(q, j,j')} This is a property of convolution products which holds true whether the 
variable of integration is real or complex. The quantity D, (0) in Eq. (10-13) can 
therefore be replaced by the function e. fee 2 which describes its pole. With this 
the following equation for D,(q, j.j') in its most singular regions is obtained: 
Delay tele eC,» j.j"), (10-14) 

where use has been made of Cauchy's residue theorem. 

On the basis of this result and Eq. (10-11), s\1) K ) is given in its most 
singular regions by the following equation: 
(10-15) 


ee ne 
O 


s(1)( K) = (2/80) at Ki 5!) Oey ane 
The quantity Co (q, j,j') appearing here is essentially independent of the volume 2 
in the limit of large 2, as is the quantity O(k, j)» The quantity s(1) K ) is therefore 
proportional to 2 in the limit of large 2, as should be expected. 
On the basis of the equation for s\1 K ) given above, the corresponding 


partial scattering function si) K , w) is given by the following equation: 


(1), = mM 5 a e s0y) * 
St), 0) = (2/8n°) 2/0, eee en 


x (ea Cle 11) ae pene (10-16) 


w-i0 


In obtaining this it is assumed that the value of a ( K ,w) is essentially the same 


L798 


ia 
Dee Qo ee Go Lee LLULLLLLLLLL LLL LLL LILA ILLLLLLLLL LL ALLEL LEAL I34-4-4 


10. PEAKS IN THE ENERGY SPECTRUM OF NEUTRONS SCATTED AT O°K 


whether z equals x tw or X twril. This assumption is valid as long as the width of 
each inelastic scattering peak is small compared to the value of w at its center. This 
condition is prerequisite to the entire discussion, however, since the scattering peak 
is not distinguishable from the background if the condition is not fulfilled. 

The problem now is to determine the most singular parts of the quantity 
c.(q, j, j'). In the case of a harmonic crystal this is easy. In this case Ro is just 


equal to lH ez, and Eq. (10-12) then predicts the following exact result: 
q, lees Cae -—~Z)e ] - 7 
Cola 3,5") = 85 5)/og5-2) (10-17) 


When this is substituted into Eq. (10-16) for si) K,w), the following equation is ob- 


tained: 


SHE, w) = (9/80) E510, 4.(* 3)" 6045-0). (10-18) 


In the case of a harmonic crystal, then, the partial scattering function s(1)( K w) does 
describe the peaks in the inelastic scattering spectrum. The remaining contributions 
to the total scattering function must then describe the smooth background. 

When anharmonic forces exist but are small, ay )( K w) is still expected to 
describe the scattering peaks, including the effects of the anharmonic forces. In this 
case the determination of the most singular parts of Coe j,j') is facilitated by the 
introduction of a new quantity, Gea, j'). This new quantity is defined by the follow- 


ing equation: 
GGA PAG =F <al{ Ve} 5 IAs > (10-19) 


where 5, designates a connected diagram which has two or more phonons in each 


2 
intermediate state. One diagram contributing to G,(q,j,j') is illustrated in Fig. 10-4. 


q! j! 


Fig. 10-4 
Sample diagram contributing to Eq. (10-19) for G, (qii') 


So 
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The original quantity Colas j,j') can be written out in terms of the new 


quantity Eng, j. j') in the following way: 
C_(qii') z 6 (1 /o,.-2) . (1/045-2)G(q}j')1./0, 541-2) 
+ (1/w .-z)Z.,,G(qjj")(1/o_.4- Gi) (1/7. a2) eee 10-20 
(1/04 5-2)% wG(Q5i")(1/0451-2)G(Qi"5" 0 /o, 1-2) ( ) 


This result is obtained by breaking each diagram for C.(qii") into parts which contain 
no intermediate states with less than two phonons. One diagram for ex, jvj') is 
illustrated in Fig. 10-5, and the three appropriate parts of this diagram are separa- 
ted by dashed lines. The term of order n in powers of G, in Eq. (10-20) is just the 
sum of all the contributions to C, (aii") which come from diagrams having n parts. 


This approach to the determination of C. (ajj') is analagous to a well-known method in 


the renormalization treatment of field theory. 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 





Fig. 10-5 


Sample diagram contributing to C_ (a, j.j') 


The series given in Eq. (10-20) is poorly convergent when z is near any 
phonon energy ean For this reason the series must be treated in its entirety. If it 
were not for the polarization indices j and j', this would be a trivial matter. When 
these indices are dropped, the series becomes simply the expansion of 1/G, (4) +O =Z 
in powers of G, (q). If the indices are retained, however, the following more complica- 


ted result is obtained: 
Chg weedy on = = 
ZC (aii MG, (ai'i") + (ogir-2) bird = B50 (10-21) 


This can be considered as a matrix equation in which the polarization indices desig- 
nate rows and columns of square matrices of order 3n.: According to Eq. (10-21), 
then, the matrix element C.(qii") is equal to the (j, j')'th element of the inverse of the 
matrix whose elements are given in the square brackets in Eq. (10-21). An element 
C. (aii') can therefore be determined quite easily if the appropriate elements G, (aii') 


are known. 


a7 ae 
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Unlike the original quantity Cuan G. (aii') can be calculated by perturba- 
tion analysis, and good convergence is guaranteed for all values of z (except on the 
positive real axis). Contributions to G, (qii') can thus be ordered with respect to 
powers of (u/a), and only the largest contributions need to be calculated. The largest 
contribution, which is of order (u/a)’, is calculated from the diagrams shown in 
Fig. 10-6. The results of this calculation will not be presented here, however. Like 
the quantity ne discussed in Sec. 8, G, (qij') contains a cut along the positive real z 


axis in the limit of an infinite crystal. 


OZ 


Fig. 10-6 


Diagrams for lowest-order contribution to G_ (a, jak) 


If the matrix G4i0 (di) is Hermitian, it must have real eigenvalues. If this 
is the case, the quantities Cee) determined from this matrix must have simple 
poles at various values of w, which is supposed to be real. Such poles lead to delta- 
function singularities in the inelastic scattering spectrum, but these singularities are 
shifted relative to those predicted in the harmonic approximation. In general, however, 
the matrix G Paci: ) includes a small antihermitian part whose sign depends on the 
sign of +i0. Because of this antihermitian part, Cos:0 (Gly! ) cannot have poles for 
real w. The poles which would occur if the antihermitian part of G 4:0 (Gii' ) were 
neglected are thus broadened into finite peaks. These finite peaks then lead to finite 
peaks in the inelastic scattering spectrum, as can be shown by use of Eq. (10-16). 

As a result of anharmonic forces, then, the inelastic scattering spectrum 
exhibits finite peaks rather than delta singularities. The widths of these peaks are 
determined primarily by the antihermitian parts of the quantities Gosi9(Ui') and the 
shifts of these peaks from those predicted in the harmonic approximation are determined 
primarily by the hermitian parts. These two effects of broadening and shifting are really 
interdependent, however. 

Before proceeding, it should be stressed that a direct perturbation analysis of 
C 2 (aii ) itself does not yield the correct scattering spectrum. Such an analysis 
Rec tively requires cutting off the series given in Eq. (10-20), and that series can be 
very poorly convergent for certain values of z, as has already been stated. The 
desired scattering spectrum can be obtained to arbitrarily high accuracy by the pro- 
cedure described above, however. 

Under some circumstances, the anti-hermitian part of G4: 0(4ii') can be ex- 


tremely small. This happens when qis very small, for instance. When it does 


ee 
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happen, it turns out to be possible to construct a perturbed one-phonon state which 
has physical meaning in that it has a very long lifetime. This was shown by Hugen- 
holz for the case of a Fermi gas. If the antihermitian part of G ie is not ex- 
tremely small, the lifetime of a perturbed one-phonon state may be much shorter than 
times of physical interest, and such a state then is not physically meaningful. Even 
when a perturbed one-phonon state can be constructed meaningfully, however, it turns 
out to be quite different from any unperturbed one-phonon state. 

The general procedure outlined above for determining the peaks in the in- 
elastic scattering spectrum has not yet been applied in an actual calculation. Such a 
calculation would be lengthy, even if performed only to the lowest order in powers of 
(u/a), but it does seem to be feasible. Furthermore, in view of recent increases in 
the accuracy of neutron scattering experiments, such a calculation and its extension 
to the case of finite temperatures is of actual interest. 

The treatment of inelastic scattering which has been given here is specifically 
designed to yield information about just the peaks in the scattering spectrum. If the 
complete spectrum is to be calculated, however, it is better to use the appropriate 
results in Sec. 9 and then to determine s_f K ) by use of Feynman rather than Gold- 
Stone diagrams. Feynman diagrams are also more convenient than Goldstone 
diagrams for calculating the quantities a ( K j), which occur in Eq. (10-18). 

For such complete calculations, however, a simpler procedure still is to employ the 
methods of Sec. 11, in which the scattering at a non-zero temperature is discussed, 
and then to obtain the ground-state results by letting the temperature approach zero. 

In some many-particle scattering problems it is possible to obtain informa- 
tion about the scattering peaks without using such complicated techniques as are used 
here. Intuitive arguments based on the exponential decay of one-particle states 
might meet with some success, for instance. Such simple techniques are complica- 
ted in the phonon case by the problem of polarization mixing, however, and, in any 
case, they can only be expected to give results which are valid to first order (in 
which the line-shift and line-broadening effects are independent). The present pro- 
cedure has the advantages that it yields a closed formula, which can be evaluated to 
arbitrarily high accuracy (at least in principle), and that it is based directly and ex- 


clusively on the Schrodinger equation. 


ane 
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The free energy of a crystal is a more interesting quantity experimentally 
than the ground-state energy, since a crystal is only in its ground state at the in- 
accessable temperature of O°K. The free energy of an anharmonic crystal can be 
calculated by techniques which are closely related to those described in Secs. 7 and 8 
for the groundstate energy, and such a calculation is outlined below. 

The free energy of a system at a temperature T is related to the partition 
function of the system at that temperature in the following way: 


F, = -(1/p)én Z(8). (11-1) 


Here F, is the free energy, Z() is the partition function, fn is the natural logarithm, 
and B is 1/kT, where k is Boltzmann's constant. The partition function itself is de- 


fined by the following equation: 
Z(B) = = exp (-BE,), (11-2) 


in which v runs over all states of the system and E., is the energy of the system in the 
state v. 

In the case of an anharmonic crystal the energies E, in Eq. (11-2) are not 
known. They are the exact eigenvalues of the Hamiltonian H which is given in Eq. 
(5-9), but, as was explained in Sec. 9, such exact eigenvalues cannot at present be 
calculated. In view of the summation over states which appears in Eq. (11-2), how- 
ever, it is not actually necessary to know the individual eigenvalues. This is shown 
below. 

Eq. (11-2) defining the partition function can be rewritten in the following 


Way: 
Z(B)= Z <b le PMly > = Sp {eP™ | (11-3) 


where Sp op } designates the spur (or trace) of the operator Op. The partition 
BH 


function is therefore equal to the spur of the operator e- in the respresentation of 
the exact eigenfunctions ly, > of the Hamiltonian H. The spur of a matrix is un- 
changed when the matrix undergoes a unitary transformation, however, and the part- 


BH 


tation of the eigenstates of the harmonic Hamiltonian. This is expressed in the 


ition function is therefore also equal to the spur of the operator e- in the represen- 


following pair of equations: 


Z(B) = exp (-Be,-Be,)Zp, (11-4) 


zp 


where 


Lae 


82 
LLLLLLLLLL LY LLL LLILLLLLL LILY LL eee Veo YoQoo Ye Ione DY Ione Doe De QarQecocQied, 


INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


Z 


: { exp [-atti+ Vv) 


= Sp 
a ae sae ot 
= = af (1/N?) 2 (j,>42)--- dy) S (y+ p+ +++ Gy) 


— Andy coe GoJo» 9,3, | exp [ -B(H,+V)] | q) Jp apie tee aa >.(11-5) 
To obtain these equations the Hamiltonian H which appears in Eq. (11-3) has been 
written out according to Eq. (5-9). 


The matrix elements in Eq. (11-5) can be calculated by making a perturba- 


tion expansion of exp [ -B(H,+V) ] in powers of V. This expansion is well known, and 
it takes the following form: 


exp [-B(H+V)] = exp [ -BH,] 


1 M8 


(-1)" 5° ap ee Pn- lag exp[ -(B-8,)H_] Vexp[-(8,-8,)H_] V...Vexp[-8_H ] 
Gory lo chee lo n©*P B) JH] Vexpl -(8) -B2)H,J V-.. Vexp[-B HJ. 


(11-6) 


n=] 


One way of obtaining this series is the following: first write exp [ -B(H+V)] as the 
Fourier transform of the resolvent (using the contours of integration which were 
described in Sec. 8), then introduce the perturbation expansion of the resolvent, 
which is given in Eqs. (6-5) and (6-6), and,finally, take the Fourier transform of 
the result. 

When the expansion of exp[ -B(H,+V)] given above is used in Eq. (11-5) for 
Z,, the latter quantity can be evaluated by a form of diagram analysis which is quite 
similar to that used earlier in the calculation of the ground-state energy. Thus a 
term in Ze which is of n'th order in V can be represented by diagrams containing n 
vertices each. The contribution to Z, from a particular diagram must be calculated 
somewhat differently than before, of course. Different operators act on the inter- 
mediate states here, and also different coefficients as well as new integrations 
(over the B's) appear. 

A sample diagram entering the calculation of Ze is illustrated in Fig. 11-1. 
This diagram contributes to a term in Ze which is of fifth order in V, and it comes 


from a matrix element 


< Godqr +: Fade 5! exp [-BCH*V)] 1 945) agd2> +++ Iglg 7 


A number v at the left or right of the diagram stands for the phonon ai: The set of 
initial phonons is seen to be identical to the set of final phonons. The right-to-left 
order of the vertices in the diagram is important. 

Two diagrams which differ from one another by interchanges of the roles 


of the phonons (the same interchanges on the right and left of the diagram) are taken 


Fee 
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9 ————_ 9 


Fig. 11-1 


Sample diagram contributing to a. 


to be different diagrams. As an example, the two diagrams in Fig. 11-2 are taken 


to be different diagrams. This convention obviously affects the calculation of a con- 


tribution to Z 8° 


Fig. 11-2 


Two different diagrams contributing to Ze 


At this point it is convenient to introduce a new definition of connectedness 
ina diagram. This new definition is justified by the simplifications to which it 
leads. A diagram such as appears in Fig. 11-1 is imagined to be rolled onto a 


cylinder in such a way that each external line at the right of the diagram Joins con- 
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tinuously onto the external line for the same phonon at the left of the diagram on the 
back of the cylinder. A component or connected part of the diagram is then defined 
aS a part which is connected on the cylinder. 

This new definition of connectedness can be illustrated by means of the 
diagram in Fig. 11-1. In this diagram phonon 1 belongs to one component, and it is 
the only phonon involved in that component. The component in this case is a single 
loop on the cylinder and has no vertices. Phonon 2 and the associated instantaneous 
phonon are the only phonons in a second component, and this component does have a 
vertex. Phonons 3, 4, and 6 together belong to a third component of the diagram, 
and this component has no vertices. Phonon 5 and the associated intermediate 
phonons are the only phonons in a fourth component. Finally phonons 7, 8, and 9 and 
an intermediate phonon together belong to a fifth component. The diagram therefore 
contains five components. A diagram containing only one component would be called 
a connected diagram. 

When the new definition of connectedness is used, it is found that 2p can be 
written out in terms of just connected diagrams. The resulting expression then 
leads to the correct 9&-dependence of the free energy. These results provide the 
justification for the new definition. The demonstration of these results is outlined 
below. 

Consider a set of diagrams which all contain the same components and 
which differ from one another only in the relative order of the vertices of the different 
components. Let the order of the vertices within a particular component be the same 
in each diagram. The sum of the contributions to Ze from all the diagrams in such a 


set can be shown to equal the following expression: 


(1/NI)Z (j,, ” in) (a,» : e+ Gey (a) <0" i exp [ -p(H tv) 5 (ayltt: >(liea 


Here 5(a) designates the a'th component in the set of components which makes up each 
diagram; the term in curly brackets represents the contribution to Eq. (11-6) from a 
component 6(a); the dots for the initial and final phonons in a matrix element repre- 
sent the indices of the phonons involved in the component 6(a); and N is the total 
number of initial or final phonons in one complete diagram. 

As an example of the application of the expression above, the appropriate 
set of diagrams which contains the diagram in Fig. 11-1 gives the following contri- 
bution to Za 


(r/R) 2 Geri Mayes qalec ti Opieaai| Ho el OP ts (2) /2 > 
re 29 9 (1) (2) 


xX < 6,4, 3] {or 5(3)13,4.6> <5] {op} 5 ¢a)!5-> 
x < 9,8, 7] {Op | 5(5)17, 8, 9 > 
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Here Op is taken to designate the operator exp [ -B(H+V)] , and the phonon indices 
qj, are designated simply as v. 

Expression (11-7) is the total contribution to Ze from the particular set of 
diagrams which was described above. Now consider another set of diagrams which 
is obtained from the original set by making a particular permutation of phonon indices 
on each of its diagrams (the same permutation on each diagram). This new set gives 
the same contribution to Z, as the original set. The sum of the contributions to Z 
from all such related sets of diagrams is just the total contribution to Z, from all the 
diagrams which can be constructed from a particular set of connected diagrams (in 
which the names of the phonons are irrelevant) used as components. This total con- 
tribution is just equal to expression (11-7) multiplied by a factor N! /m n(a): nn(p)?, 
where n(a) is the number of initial or final phonons in the component (a) and n(p) is 
the number of components in the basic set which are identical and have the form 6. 


In view of the results above the quantity Ze is given by the following equation: 


Z, = = (sets of connected diagrams) [ 1/m n(a): wn(p)! ] 
X mE (y-+edn(qy) fy: ++ Gyiqy) < Oe  - 2rd {exp [-e(H,+V)] | say erence >- 
(11-8) 

Here 6(a) designates one of the connected diagrams ina particular set, and different 
sets of connected diagrams are taken to differ by more than just the order of 
the diagrams. 

The quantity Z, can now be rewritten in simpler form by noting that the 
right side of Eq. (11-8) is the series expansion of an exponential. In view of this 


Z, is given by the following equation: 


B 


Z, = exp [Ego (1/n(6)!) = (i++ + ig(gy) L (ys ++ yy) 


< n(5),...2,1] {exp [ -(HG#V)1 | | IZ een) |. (11-9) 


Here n(6) is the number of initial or final phonons in the connected diagram 6. This 
equation exhibits the reduction to connected diagrams which was sought. 

The free energy of the crystal can be obtained from Ze by use of Eqs. (11-1) 
and (11-4). On the basis of Eq. (11-9), then, the free energy of the crystal is given 
by the following equation: 


5 Estep (1/8) ee [i/n(s)!] =(j,.. -in(s)) 
x (q,- - an) ZnO)... 2, || {exp [ -p(H+V0] | 6 1,2,...n(S)>. (11-10) 


It is thus given entirely in terms of contributions from connected diagrams. In the 
limit of large volume, 2, each of these contributions is proportional to @. The free 


energy as given in Eq. (11-10) therefore has the proper volume-dependence for the 


-8l- 


86 
LLL LLLELILLLLLLLLLLLLLI LILI LILLLLLLLAIILLLLILLI44444342433 


INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


extensive quantity that itis. In these respects the free energy is given by an equa- 
tion which is similar to Eq. (7-1) for the ground-state energy, but it should be re- 
membered that the definition of connectedness is now different than it was earlier. 

At this point it is useful to consider the application of Eq. (11-10) in the 
harmonic approximation. This application suggests further simplifications which can 
be made in the general case. The free energy of a harmonic crystal is given by 
Eq. (11-10) with V set equal to zero. The diagrams which contribute to this free 
energy therefore contain no vertices. Three of the simplest of these diagrams are 
shown in Fig. 11-3,and the contributions from these diagrams are given by the follow- 


ing expressions (in the sequence of the diagrams): 


~(1/B) 4 (0) , f, exp (-Bw,)) (rr) 
~(1/B) 4 (0) (1/2!) Zp, exp (-2Ba, 5) (11-12) 
-(1/8) 4 (0) (1/3!) Z if g exp (-36w,;) (11-13) 


The one- and two-phonon diagrams in the figure are the only such diagrams, but 
there is another three-phonon diagram. This differs from the first three-phonon 
diagram only by a permutation of the phonon indices 2 and 3, and it therefore gives the 


same contribution to the free energy as the first. 


— ‘><, ae 
ae 


Figs li-3 


Three diagrams contributing to Fe in the harmonic approximation 


As suggested by the results above, the contribution to the harmonic free 


energy from a v-phonon diagram turns out to be given by the following expression: 
-(1 A(O)(i/vi) Z.f e - .). 
(1/8) 4 (0) (1/v!) Zjf, exp (-vBo,,) 


There are (v-1)! different v-phonon diagrams, however, and each gives this same 
contribution. These different diagrams only differ by permutations of the phonon 
indices. The total contribution to the harmonic free energy from all v-phonon dia- 
grams is therefore equal tothe expressionabove multiplied by a factor (v-1)!. From 


this it is apparent that the harmonic free energy is given by the following equation: 


ep 
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F, = eae - (1/8) 4 (0) Z fle Q/y) exp (-vBo,,,)]- (11-14) 


The summation over v in this equation can be performed analytically, and the equa- 
tion then takes the following form: 


F (0) = et cpt h(2/8-) ae fn [l-exp (-pa 3] ; (11-15) 


where A(0) has been replaced by its value, 2 nae This is the familiar equation for 
the free energy of a harmonic crystal. 

The foregoing treatment of a harmonic crystal suggests that there might be 
further analytic summations which can be performed in Eq. (11-10) in the general 
case. As will be seen below, there are such summations, and they are closely re- 
lated to the summation which occurs in the harmonic case. 

In the general case the operator exp [ -B(H+V) J in Eq. (11-10) is supposed 
to be expanded in powers of V as in Eq. (11-6). The right side of the former equa- 
tion therefore contains one term which is simply the free energy of the harmonic 


crystal. To show this explicitly, Eq. (11-10) will be rewritten as follows: 
- conn, vertex ' : : 
3 = F,(0)-(1/B)2¢ (1/ng! )2(j)+ +++ Ing)? 
x f (q,- ay an(6)) <n(&),...2,1| exp [ eet Vv) \s Uleyeare crab) =, (iaiey 


where F (0) is given by Eq. (11-15) and where the notation on the summation sign is 
meant to restrict the summation to connected diagrams which contain at least one 
vertex. 

Before proceeding further it is necessary to introduce some new definitions. 
Consider a diagram which contributes to Fe in Eq. (11-16) and which, in its cylindri- 
cal form, contains no loops. A loop is a line which goes completely around the cylin- 
der (not necessarily closing on itself) without encountering a vertex. Such a diagram 
will be called a reduced diagram. A two-phonon example of a reduced diagram is 
illustrated in Fig. 11-4. A reduced diagram will be understood to be connected and 


to have at least one vertex. 


Fig. 11-4 Example of a reduced 
diagram contributing to 


2 2 Fe 


2O3- 


88 
PLL LLLILLELILLILIILILLILILLILIILILILLILILLIILAALLAILLLLLLILL ALLL LY 


INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


Now consider a connected diagram which is obtained from some reduced 
diagram by breaking one or morelines onthe back of the cylinder and reconnecting 
the ends by means of loops. Lines at the back of the cylinder will be called external 
lines, and the loops which are inserted in any external line will be said to constitute 
an external helix. To illustrate these concepts, the diagram in Fig. 11-5 is obtained 
from the reduced diagram in Fig. 11-4 by breaking the external line 2-2 and inserting 
a helix with two loops. The part of the new diagram which is called the external 
helix is enclosed in dashed lines in the figure. The helix involves three phonon in- 
dices (to be read from either side of the diagram). The number of phonon indices 
involved in a helix will be called the order of the helix. The lowest order possible 
for an external helix is therefore two, since a helix must contain at least one com- 


plete loop. 





Fig. 11-5 


Example of a diagram with an external helix of order three 


Also consider a connected diagram which is obtained from some reduced 
diagram or some diagram with external helices by breaking one or more lines be- 
tween vertices on the front of the cylinder and reconnecting the ends by means of 
helices. Lines between vertices on the front of the cylinder will be called internal 
lines, and the helices inserted in them will be called internal helices. To illustrate 
these concepts, the three diagrams in Figs. 11-6, 11-7 and 11-8 are obtained from 
the reduced diagram in Fig. 11-4 by adding internal helices in various ways. The 
helices are enclosed in dashed lines in the figures, and their orders are given in the 
figure headings. The lowest order possible for an internal helix is one. 

Together the types of diagrams considered above include all of the diagrams 
which contribute to Fe in Fq. (11-16). Furthermore, a particular diagram which has 
internal and external helices can be obtained from one and only one reduced diagram 


by the processes which have been described. 


aaa 
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Fig. 11-6 


Example of a diagram with an internal helix of order one 





Biel l= / 


Example of a diagram with an internal helix of order two 





Fig. 11-8 
Fxample of a diagram with an internal helix of order three 
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The set of diagrams which contribute to Eq. (11-16) for Be can now be 
broken into groups in such a way that each group contains one diagram with no ex- 
ternal helices and all the other diagrams which can be obtained from the first by 
adding external helices. The total contribution to the free energy from all of the 
diagrams in one such group is just equal to a factor times the contribution from the 


diagram with no external helices. The factor is given by the following expression: 
[ 1-exp(-Bw,)] ~"[ 1-exp(-6w,)) “1... [ 1-exp(-Bw_,.,)} 7! (11-17) 
1 2 eee n(6)/J > 


where n(8) is the number of initial or final phonons in the diagram with no external 
helices. 

The proof of the foregoing result depends on the following fact: diagrams 
which differ from one another only by permutations of the indices of their external 
phonons all give the same contribution to the free energy. To illustrate this, the 
two diagrams in Fig. 11-9 both give the same contribution to the free energy. wii 
given diagram 8' can be obtained from a diagram 6 which has no external helices by 
adding an external helix of order m,tl to its first external line, another of order 
m,t+1 to its second external line, and so on, then the number of diagrams which can 
be obtained from 6' by making all permutations of the indices of its external phonons 


is given by the following equation: 
Pe) = P(5)[n(5)+m ,+m,+. ad m,,(5)! 1 /nté)! (11-18) 


Here P(5) is the corresponding number for the diagram 5, and n(&) is the number of 
external phonons in 6. With this equation for P(&) the derivation of the factor (11-17) 


is a straightforward matter of performing simple analytic summations. 


3 3 


Fig. 11-9 


Example of two diagrams which give the same contribution to EG 


The analytic summations just mentioned are closely related to the summa- 


tion which occurs in the treatment of the harmonic crystal. This becomes apparent 
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when the diagrams in the harmonic case are described as being given by a simple 
loop and all the other diagrams which can be obtained from such a loop by adding 
external helices. 

On the basis of the result above, then, the summation over diagrams in 
Eq. (11-16) can be restricted to diagrams with no external helices. To account for 
the diagrams which are omitted, however, the contribution from each diagram which 
is retained must be taken to include an appropriate factor (11-17) inside the summa- 
tion over external phonons. 

The resulting equation for the free energy can be still further reduced, 
it turns out, since the set of diagrams retained above can again be broken into groups 
which yield analytic summations. Each of these new groups contains one reduced 
diagram and all of the diagrams which can be obtained from it by adding internal 
helices. The total contribution to the free energy from all of the diagrams in one of 
these groups is just equal to the contribution from the appropriate reduced diagram 
with an extra factor of [ 1-exp(-Bw, 3] eerie aorta nal phonons qj. The 
extra factors must appear inside the summations over the internal phonons, of 
course. This result follows from considerations similar to those discussed above. 

To summarize all of these results, the summation over diagrams in 
Eq. (11-16) can be restricted to just reduced diagrams if an appropriate modification 
is made to the contribution from each diagram. The modification consists of intro- 
ducing a factor [1-exp(-Bw_.)] = for each internal and external phonon in the diagram. 
For this modification each external phonon is to be counted only once, even though it 
appears on both sides of the diagram. 

The simplified version of Eq. (11-16) just described can be written out com- 
pactly in the following way: 


F = F(0) - (1/p)25 °° /m(5)!)B (5,5 


B in(6)) 


x f (Qy> +++ 4n(g)) eye .2'; 1H exp [ -B(Hg*¥g II} 511.2, .-.n(6) Spee iil-29) 


Here the operator V, replaces the operator V which occurs in Eq. (11-16). The new 
operator Ve is defined from Eqs. (5-12) poe (5-13) for V by making the ieee 
replacements: each creation operator A_.in V becomes A [ 1-exp(-Bw,,)] , and 
each annihilation operator Aaj in V becomes A _.[ 1-exp(-fw_.)] SNe eee replace- 
ments can be seen to yield the required correction factor [ 1-exp(-Bw,,)] for each 
phonon line in a diagram, because each phonon line corresponds to the product of a 
creation and an annihilation operator with the same phonon indices. To be mape 
specific, each internal phonon line in a diagram corresponds to a product A aig} 


xc 
and each external phonon line corresponds to a product A aj ai’ 


-87- 


92 
Wana Ye Yo Yn Jo JoJo oP a YoYo QunJunJa enone Qa Qa bi cQan enh eae as QuaQand anal aoa os ed a ao 


INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


The last statement above brings up a subtlety which arises in the use of 
just reduced diagrams. As a result of the exclusion of diagrams with helices, a 
diagram like that in Fig. 11-10 must be taken to represent only those terms in V or 
V, in which each annihilation A_. occurs on the right of the corresponding creation 
A‘. (qj being an external phonon), and a diagram like that in Fig. 11-1] must be taken 
to represent only those terms in V or V, in which each annihilation A j occurs on the 


* 
left of the corresponding creation Agi (qj being an internal phonon). 


Fig. 11-10 Reduced diagram contributing 


to F 
2 2 : 
= ° 
q) 
| ater = | Fig. 11-11 Reduced diagram contributing 
to Be 


The replacement of V by we in Eq. (11-16) can be given a useful physical 
interpretation, as will now be shown. For particles such as phonons which obey 
Bose Statistics, the average number of particles with an energy Seq at a temperature T 
( in the absence of interactions ) is given by the following equation: 


<n, a= 1/Lexp(Be,;)-1] 


or 
<n, > = exp(-fe,)[ 1-exp(-Bo,,)] ah 


From the second form of this number the following relation is obtained: 


[ 1-exp(-Be, .)] a <n tl > (11-20) 


Now on the basis of Eq. (5-18) an operator A Pay acting on a state with ne phonons 
and an operator ai al acting on a state with (gt) phonons both bring down the 

same factor (n_.+1). If each state in a particular diagram for Fa contained an equili- 
brium distribution of thermal phonons in addition to the phonons explicitly shown, then, 
each operator ae for an internal line and each operator aan . for an external 

line would bring downan extra factor< n_.t1 >. According to Eq. (11-20), however, 
this extra factor < n_.t+1] > is identical to the corresponding correction factor which is 


obtained by replacing V by V The replacement of V by Ve in Eq. (11-16) can there- 


8° 


-88- 


93 
Eee Og headed cf enero pec ern een he ee aD I BO a, 


11. FREE ENERGY OF AN ANHARMONIC CRYSTAL 


fore be thought of as a correction for the presence of thermal phonons. 

The physical interpretation just described should not be taken too literally, 
however. Inthe exponential operator whose matrix element appears in Eq. (11-18), 
the operator (H,+Vo) has replaced the Hamiltonian operator vit) which appeared in 
earlier versions of the equation, but this should not be taken to mean that (H,*+V,) is 
a new Hamiltonian for the system. It is only an effective Hamiltonian, and, as with 
all effective Hamiltonians, its use is only justified under very restricted conditions. 
In the present case these restricted conditions involve the use of just reduced dia- 
grams. 

With the limitation to reduced diagrams which has been achieved in 
Fq. (11-18), only a finite number of diagrams are required for a calculation of F 
to a given finite order in powers of u/a. For example, all the diagrams which con- 
tribute to the first-order term in F, are illustrated in Fig. 11-12. The diagrams in 
a given column of the figure all give the same contribution to Fe to within a numerical 
factor, however. The first diagram ina column is a vacuum diagram, and the other 
diagrams in the same column are obtained from the first by breaking various internal 
lines and making them external lines. Since there are three columns of diagrams, 
there are just three independent first-order contributions to Fe to evaluate. If the 
crystal under study has a Bravais lattice (one atom per unit cell), however, the 
middle column of diagrams in the figure gives no contribution, and there are only two 


independent contributions to evaluate. 


Fig. 11-12 


Reduced diagrams for the first-order term in Be 
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An actual calculation of F, to first order would be quite straightforward, but 
it would also be lengthy. This is due to the complicated spectra of the frequencies 
%3 which occur for real crystals. A calculation based on a Debye frequency spectrum 
would be more feasible than an exact calculation, however, and it should yield results 
of the correct order of magnitude. A calculation based on the limiting form of 
Eq. (11-18) at high temperature (small 8B) would also be reasible. 

Equations for F, in various limiting cases have been developed by other 
methods by Bloch and DeDominicis (1958). These equations are in forms which also 
may be useful for actual calculations. In addition they show that the free energy F 
approaches the Goldstone ground-state energy in the limit of zero temperature, as it 
should. It should be mentioned that Montroll and Ward have given a treatment of the 
electron gas (1958) which is quite analagous to the treatment of the phonon system 
given here. 

Altogether, the use of diagrams in quantum statistical mechanics has be- 
come fairly common in recent years. Papers by Massuraba (1955), Watson (1956), 
and Riesenfeld and Watson (1957) provide the early examples of this. Diagrams 
were also used in classical statistical mechanics, especially in the work of Mayer 


on the free energy of a classical gas. 
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As mentioned in Sec. 9, the scattering of neutrons by a crystal at an arbi- 
trary temperature involves anharmonic effects which should be susceptible to experi- 
mental study. The principle effect of this sort is the shift with temperature of the 
peaks in an inelastic scattering spectrum. Although this shift is small, it should be 
measurable, and experiments for this are already underway. 

The theoretical discussion of this scattering in the present section is only 
given in brief outline. A detailed treatment will be published in the literature. For 
the sake of simplicity the discussion here is based on the same assumptions as were 
described in Sec. 9, where the scattering at O°K was treated. 

The differential cross-section for scattering at a temperature T is given by 
the following equation: 

d*o,,/dQde = a°(lie|/ lk |)Sp(i ,»). (z=) 


This only differs from Eq. (9-1) in that the scattering function Sop ( K w) is now given 


by the following equation, which is appropriate to the temperature T: 


Sp(K,0) = Z(8)"'B, exp (-BE, ) 


& 2 222 
x = | Ss dds eee | Te E). (12-2) 


Here Z(8) is the partition function for the crystal and is defined in Eq. (11-2), we is 
an initial state of the crystal, p , is a final state, and the factor exp (BE )/Z(B) 2 
gives the statistical weight of the initial states. The states hy and ue are eigen- 
states of the Hamiltonian H which is given in Fq. (5-9), and tle corresponding 
eigenvalues are EY and E, respectively. 

For reasons explained in Sec. 9 it is desirable to rewrite Eq. (12-2) ina 
form which does not explicitly involve the excited states of the crystal. This cannot 
be done in just the same way as it was in Sec. 9, however, because both the initial 
and final states can be excited in the present case. Instead, a trick will be used here 
which has been used previously in neutron scattering problems (Van Hove, 1954a,b, 
and references there quoted). This trick makes use of the following relation: 


Sx) = (er) lim ff 2 e 
te 


co «C= t! 


ret (12-3) 


When the delta function in Eq. (12-2) is replaced by use of this relation, the equation 
takes the following form: 


Sn(k, oe | 1/2nZ(B) ] i dt a he {z, . exp | -(B+it)E ] 
=00 O O 


x <b, |T_,|b, > exp (itE,) <4 IT, IY, >|, (12-4) 
Oo Oo 
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where the limit on t' has been applied. Although it will not be verified here, the 
dummy variable t in this equation has the significance of time. 
Eq. (12-4) gives the scattering function in a useful form because the term 


in curly brackets is just the spur of the operator 
exp [-(P+tit)H] c exp (itH)T, (12-5) 


in the representation of the actual eigenstates of the crystal. The equation can there- 


fore be rewritten in the following Way: 


S.(k, w) = (1/27Z(B)] i pea Sp {exp [ -(6+it)H] T 4 &xP (itH)T, bi 4 

-6) 
Since the spur can be written out in a basis other than that of the exact eigenstates, 
Eq. (12-6) exhibits the desired property of not explicitly involving the exact excited 
eigenstates. 

For present purposes the spur in Eq. (12-6) should be written out in the 
basis of phonon states. The resulting equation can then be treated by the techniques 
described in Sec. 11, where the spur of another operator was treated. As the first 
step in this treatment, H and Z(8) in Eq. (12-6) should be replaced by use of Eqs. 
(5-9) and (11-4) respectively. Eq. (12-6) then takes the following form: 

Sr oj= (1/2nZ,) (ait eta Sp + exp [-(6+it)(H.+V) ] 
x T_.exP [it(H+V) ] De (12-7) 


As the next step the exponential operators in the curly brackets above should 
be expanded in powers of the operator V. One such expansion is given in Eq. (11-6). 
The resulting equation for Sr (Kw) can then be analyzed in terms of diagrams which 
are essentially the same as those used in the analysis of Fe in Sec. 11. In the present 
case, of course, each diagram must contain two neutron vertices in addition to the 
ordinary vertices (at least if XK is different from 2nt) but in other respects each 
diagram can be drawn like a diagram for aay The diagrams can be interpreted as 
cylinders, and the concept of connectedness which was defined for cylindrical 
diagrams can be invoked again. 

A diagram in the present problem can contain components which do not in- 
volve neutron vertices as well as components which do. Consider a diagram which 
contains only components with neutron vertices, and consider all the other diagrams 
which can be constructed from the first by adding components without neutron 
vertices. The sum of the contributions to Sn(k, w) from all of these related diagrams 
turns out to equal just the contribution of the first diagram times a factor Z,. This 


factor cancels the Zs in the denominator of Eq. (12-7), and the equation becomes: 
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S.-(kw) =z) (eomtat galte 


x= ee Sp te [-(p+it)(H+V)] ee exp | it(H + V)] Ths meic-8) 


Here the superscript on the summation sign means that the summation is restricted 
to diagrams which contain only components with neutron vertices. It is to be under- 
stood that the spur in this equation is expressed in the basis of phonon states. 

The diagrams which occur in Eq. (12-8) are of two types. The first type 
contains a single component which involves both of the neutron vertices, and the 
second type contains two components, each of which contains one of the neutron 
vertices. As it turns out, the inelastic scattering spectrum is obtained if the summa- 
tion is restricted to just the first type of diagram (one component) , and the elastic 
spectrum is obtained if the summation is restricted to just the second type of diagram 
(two components). The elastic and inelastic spectra are discussed separately below. 

As in the case of scattering at O°K, the elastic spectrum can be obtained 
in a straightforward way by requiring that the final state of the crystal, < ve | , be 
identical to the initial state, IY, >. When this is done, Eq. (12-2) for the scattering 


function takes the following form: 


0) a 


(9) (ia) = 2(8)"! Z exp (-BE,)| <¥,1T, l¥, >|76 (w). (12-9) 


In the present case of non-zero temperature, then, the straightforward procedure 
leads to a rather strange result. This result involves the canonical average at a 
temperature T of the square of a diagonal matrix element instead of the canonical 
average of a matrix element itself. 

When the elastic spectrum is investigated by means of diagram analysis 
along the lines sketched above, however, the following equation for the scattering 


function is obtained: 
(0) (Kw) = | Z(p)"'Z, exp (-BE, )< ¥ ITY, > ics (w). (12-10) 


This equation involves the more reasonable form of canonical average, and it is also 
much more suitable for calculations than Eq. (1 -9) in the case of an anharmonic 
crystal. 

In inelastic scattering, only the most singular parts of the spectrum are of 
interest. The reasons for this were given in Sec. 9. These most-singular parts can 
be obtained by themselves from Eq. (12-8) if the summation in that equation is 
further restricted to just one-component diagrams which involve at least one phonon 


line and which would become disconnected diagrams if one of the phonon lines were 
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broken. This result is essentially the same as that for the scattering at O°K. On 
examination of they types of diagrams which are involved, however, it is seen that 
there is a new feature in the present case. One of the types is illustrated schematic- 
ally in Fig. 12-1. Each shaded region in the figure represents a system of phonon 
lines and vertices, including a neutron vertex (whichis indicated). Each of these regions 
may be very complicated. A second type of diagram is illustrated schematically ina 
similar way in Fig. 12-2. The first type of diagram occurs whether the temperature 
is Zero or non-zero, as examination of Fig. 10-3 will show. The second type of 
diagram does not occur when the temperature is zero, however, and it is the new 


feature in the present case. 


/ y lf, 


Fig. 12-1 


Schematic representation of one type of diagram contributing to the most singular 
part of Sp (Rw) in the case of inelastic scattering 


Mp 


Fig. 12-2 


Schematic representation of a second type of diagram contributing to the most singular 
part of Sp (Kw) in the case of inelastic scattering 


It is quite easy to see why a new type of diagram should occur at a non-zero 
temperature. At O°K the crystal is initially in its ground state, and the neutrons can 
only excite phonons. Ata non-zero temperature, however, the crystal initially has 


a thermal distribution of phonons, and the neutrons can destroy some initial phonons 
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as well as excite new ones. The type of diagram in Fig. 12-1 corresponds to the 
creation of a phonon by a neutron, and the type in Fig. 12-2 corresponds to the 
destruction of a phonon. This interpretation is particularly apparent in the case of a 
harmonic crystal, when the types of diagrams shown in Figs. 12-1 and 12-2 reduce 
to the simple diagrams in Figs. 12-3 and 12-4 and the diagrams which differ from 


these by the insertion of helices. 


@©—__—____—_—_®) Fig. 12-3 Diagram of they type shown in 


Fig. 12-1 in the special case of 
a harmonic crystal 


a @-—__—— Fig. 12-4 Diagram of the type shown in 


Fig. 12-2 in the special case of 
a harmonic crystal 


This is as far as the discussion of neutron scattering at a non-zero temper- 
ature will be carried here. The analysis is presently being worked out in further 
detail. Since the shifts of the inelastic scattering peaks with changing temperature 
are expected to be measurable, these shifts constitute one of the main objects of the 
investigation. In view of the experimental situation, the time really seems ripe for a 
quantitative calculation of these shifts. Such a calculation is bound to be lengthy, but 
it does seem feasible. The approach described above does lead to closed formulae 
for the quantities which would have to be calculated, and the formulae only involve a 
small number of diagrams, at least in the lowest order. 

The problem considered in the present section provides a further example 
of the separation of extensive and intensive effects which was mentioned as a difficulty 
in Sec. 1. Asa result of the concept of connectedness which has been used here, a 
factor Z(B) has been extracted from the numerator of Eq. (12-2) to cancel the same 
factor in the denominator. By this means an apparent dependence of the scattering 


cross-section on the bulk properties of the crystal has been eliminated. 


-95- 


100 
LLLLLLLLLLLLL LLL LL LLL LLL L LI LLILLALLLILLILL44-44432422434 


INTERACTIONS OF ELASTIC WAVES IN SOLIDS 


13. CONCLUSION 


In the course of the treatments of the various problems in the preceding 
sections, a new perturbation theory has been presented. This perturbation theory is 
suitable for any system containing a very large number of interacting particles, and 
it therefore has applications in many problems besides those which have been treated 
here. The perturbation theory is closely related to techniques which are commonly 
used in field theory, and, in fact, it was largely inspired by those techniques. 

The new, many-particle perturbation theory can be said to reconcile pertur- 
bation theory with thermodynamics. One of the cornerstones of thermodynamics is 
the assumption that in the limit of a very large system there are certain average 
quantities of the system which have very simple behaviors. These average quantities 
are the working variables of thermodynamics. These quantities are readily calculated 
by the new, many-particle perturbation theory, whereas they are very hard to calcu- 
late by standard perturbation theory, due to the difficulty of finding formulae which 
exhibit the expected simple behaviors. 

For the system of interacting phonons which is the special topic of this 
report, the work to date has been entirely formal. In view of the present theoretical 
and experimental situations, however, quantitative calculations are highly desirable. 
In particular, a quantitative calculation of the thermal shifts of the neutron scattering 
peaks would be of real interest. Quantitative calculations have been performed in 
analogous problems in field theory, and they have led to good results. A phonon cal- 
culation is expected to be even harder than one of the field theory calculations, how- 
ever. In the phonon problem there is no Lorentz invariance to simplify the work, 
and there are the added difficulties of polarization mixing, finite space groups, and 
the like. Despite these difficulties, a significant quantitative calculation in the 


phonon problem does seem to be feasible. 
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A general discussion is given for the angular and energy distribution of neutrons inelastically scattered 
by a crystal, with special emphasis on those features of the distribution in which the dynamical properties 
of the crystal manifest themselves most immediately. The direct relationship between the energy changes 
in scattering and the dispersion law of the crystal vibrations is analyzed. While for x-rays, due to the ex- 
tremely small relativé size of these energy changes, the dispersion law has to be inferred indirectly from 
intensity measurements, it is shown that the very much larger relative magnitude of energy transfers in the 
case of slow neutrons opens the possibility of direct determination of the frequency-wave vector relationship 
and the frequency-distribution function of the crystal vibrations by energy measurements on scattered 
neutrons. The general properties of the outgoing neutron distribution in momentum space which are relevant 
for this purpose are derived by first considering the particularly instructive limiting case of neutrons initially 
at rest and subsequently generalizing the results to incident neutrons of arbitrary energy. 


I. INTRODUCTION 


HE diffraction of neutrons by crystals has been in 
recent years the object of an increasing number 
of investigations and has been recognized as a promising 
tool for crystallographic research. Considerable work 
has been done on elastic scattering, the coherent part 
of which exhibits Bragg reflections in full analogy with 
x-rays, and on transmission measurements, dealing with 
total cross sections. The influence of crystal dynamics on 
neutron scattering was discussed by various authors?" 
and quantitative calculations of total cross sections 
were carried out on the basis of a greatly simplified 
model for the crystal elastic vibrations, the familiar 
Debye model, in which the velocity of sound waves 
(phonons) is assumed independent of wavelength, direc- 
tion, and polarization. 

From its success in describing specific heats, the 
Debye model is known to be a fair approximation for 
effects which involve the average of a smooth function 
over all crystal vibrations. It gives, therefore, at least 
for cubic crystals, a reliable estimate of the Debye- 
Waller factor affecting Bragg reflections of neutrons 
and x-rays and can be expected to provide a good 
orientation as to the magnitude and energy dependence 


1For surveys see: J. M. Cassels, Progr. Nuclear Phys. 1, 
185 (1950); D. J. Hughes, Pile Neutron Research (Addison-Wesley 
Publishing Company, Cambridge, 1953); G. E. Bacon and K. 
Lonsdale, Repts. Progr. in Phys. 16, 1 (1953). 

2G. C. Wick, Physik. Z. 38, 403, 689 (1937). 

$I. Pomeranchuk, Physik. Z. Sowjetunion 13, 65 (1938). 

( ‘ Fae Hamermesh, and Johnson, Phys. Rev. 59, 981 
1941). 

5 R. Seeger and E. Teller, Phys. Rev. 62, 37 (1942). 

6 R. Weinstock, Phys. Rev. 65, 1 (1944). 

7A. Akhiezer and I. Pomeranchuk, J. Phys. (U.S.S.R.) HU, 
167 (1947). 

8 Placzek, Nijboer, and Van Hove, Phys. Rev. 82, 392 eT 

9 J. M. Cassels, Proc. Roy. Soc. (London) A208, 527 (1951). 

11D). A. Kleinman, thesis, Brown University, 1951 (unpub- 
lished) and abstracts in Phys. Rev. 81, 326 (1951); 86, 622 (1952); 
90, 355 (1953). 

J, Waller and P. O. Fréman, Arkiv. Fysik 4, 183 (1951). 

2 P, O. Fréman, Arkiv. Fysik 4, 191 (1951); 5, 53 (1952). 

18 G. Placzek, Phys. Rev. 86, 377 (1952). 

4G. L. Squires, Proc. Roy. Soc. (London) A212, 192 (1952). 

48 G. Placzek, Phys. Rev. 93, 897 (1954). 


of total inelastic neutron cross sections for the in- 
coherent!® part of the scattering. For other effects, 
however, in particular for the angular and energy 
distribution of inelastically scattered neutrons, the 
details of the vibration spectrum play a much more 
important role and the theoretical discussion has to 
take them into account. It is the aim of the present 
investigation to show how they manifest themselves in 
this distribution. 

The analogous problem for the inelastic scattering of 
x-rays has been the object of detailed theoretical and 
experimental study!*-* with the purpose of determining 
from scattering data the actual vibrational spectrum of 
the crystal, ie., the exact relation w=w,(q) between 
frequency w, wave vector q, and polarization 7 of a 
plane wave vibration (phonon). This function manifests 
itself directly in the wavelength shift of x-rays scattered 
by one-phonon processes. Because of its extremely small 
relative size, however, this shift is not readily accessible 
to measurement, and hence the function w;(q) has to be 
inferred from measurements of the scattered intensity. 

Because of the different relation between energy and 
momentum the energy balance is entirely altered in the 
case of slow neutrons. While this is generally true, it 
may be exemplified more concretely by considering the 
important particular case of coherent one-phonon 
processes. For an incident. wavelength of the order of 
the lattice constant the absolute energy changes in a 


16 Using the same terminology as Hughes, reference 1, we call 
coherent the interferent part of the slow neutron scattering, and 
incoherent the noninterferent part due to spin and isotope dis- 
order. The existence of these two types of scattering has been 
discussed first by Wick (reference 2). Both types comprise elastic 
as well as inelastic processes. 

16 J. Laval, Bull. soc. frang. minéral. 64, 1 (1941). 

17K, Lonsdale, Repts. Progr. in Phys. 9, 256 (1943). 

18 M. Born, Repts. Progr. in Phys. 9, 294 (1943). 

1% W.H. Zachariasen, Theory of X-Ray Diffraction in Crystals 
(John Wiley and Sons, Inc., New York, 1945). 

2” P, Olmer, Acta Cryst. 1, 57 (1948); Bull. soc. franc. minéral. 
71, 144 (1948). 

21H. Curien, these, Paris, 1952; Acta Cryst. 5, 393 (1952). 

% H. Cole and B. E. Warren, J. Appl. Phys. 23, 335 (1952). 

3H. Cole, J. Appl. Phys. 24, 482 (1953). 
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general direction are, for neutrons, not radically differ- 
ent from those for x-rays, being in both cases of the 
order of average phonon energies. For neutrons, how- 
ever, the energy corresponding to such an incident 
wavelength is of the same order of magnitude and the 
relative change in energy or wavelength is therefore of 
order one, which considerably reduces the difficulty of 
its direct measurement. 

As the incident wavelength increases, the contrast 
between the x-ray and neutron cases becomes even 
more pronounced. For x-rays, in the case of a Bravais 
lattice, the absolute energy change in a given scattering 
direction becomes proportional to the incident energy, 
with a relative change of the order of the ratio of sound 
velocity to light velocity. For neutrons, on the other 
hand, the absolute energy changes in a given scattering 
direction do not systematically decrease with increasing 
incident wavelength; in fact, they ultimately become 
independent of it, tending to finite values. Thus, a 
limiting case is approached for which the incident energy 
and momentum can be put equal to zero both in the con- 
servation laws which determine the energy shift, and 
in the transition probabilities. Physically, this is the 
case of a neutron initially at rest which takes up energy 
and momentum by absorbing a phonon. For finite 
incident wavelength this description will be adequate 
if the outgoing wavelength is small compared to the 
incoming one. Under this condition the transition 
probability is approximately constant, and hence the 
scattering cross section becomes proportional to the 
wavelength. The actual wavelength beyond which the 
condition is satisfied depends on the scattering direction 
and on crystal structure, but it often lies in the access- 
ible region of the subthermal neutron spectrum in which 
transmission experiments are already quite common. 
Scattering experiments in this region still present a 
certain intensity problem and may be easier at some- 
what shorter wavelengths, which, as we shall see, have 
to be used anyhow if one wishes to determine the 
function w,;(q) for all q. 

In the above remarks we have been concerned with 
coherent one-phonon scattering only. The energy dis- 
tribution of neutrons incoherently scattered by one- 
phonon processes is also of considerable interest in 
connection with crystal dynamics, especially for cubic 
crystals, for which, as will be shown later, it is directly 
connected with the frequency-distribution function of 
the crystal. For multiphonon processes, coherent as well 
as incoherent, the relation between neutron scattering 
and dynamical properties of the crystal is much more 
complicated, except for the limiting of high incident 
energies.’® For the purpose of the determination of the 
frequency spectrum of the crystal from scattering data 
these processes are therefore of less interest, and for this 
reason we shall concentrate on one-phonon processes. 

One has, however, to inquire under what conditions 


*P. Egelstaff, Nature 168, 290 (1951). 
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one-phonon scattering can be experimentally separated 
from multiphonon processes. For a single crystal, one- 
phonon coherent scattering is distinguishable from all 
other processes by its energy distribution in each out- 
going direction, which will be seen to comprise a finite 
number of discrete energy values, appearing as sharp 
peaks above the continuous background of one-phonon 
incoherent and multiphonon scattering. No such direct 
distinction is possible between neutrons scattered in 
one-phonon incoherent and multiphonon processes. 
While the contribution of the latter to the cross section 
is always decisive at high incident energies and often 
appreciable even in the limiting case of zero incident 
energy,”> it would, however, seem quite feasible to 
carry out scattering experiments under conditions 
(moderately low temperature and incident energy and 
high nuclear mass) which make multiphonon effects 
either entirely negligible or reduce them to the size 
of a manageable correction, thus allowing the isolation 
of the incoherent one-phonon processes. 

In the following sections, we discuss the angular and 
energy distribution of neutrons scattered by one-phonon 
processes, both coherent and incoherent. Sections II 
and III deal with the limiting case of infinite incident 
wavelength. Apart from its direct interest, this case 
illustrates with particular clarity the essential aspects 
of the problem. The complications arising for finite 
incident wavelength are of a purely formal nature and 
are taken care of in Sec. IV. 

Regarding the crystal structure, we consider for con- 
venience a Bravais lattice, with one nucleus per cell. 
For a lattice with more particles per cell, our discussion 
has to be supplemented by consideration of a structure 
factor and of optical branches in the frequency spec- 
trum. With minor modifications, our treatment can 
also be extended to neutron scattering by spin waves in 
ferromagnetic crystals, a problem already studied by 
Moorhouse” from a slightly different point of view. 


Il. ANGULAR AND ENERGY DISTRIBUTION FOR 
INFINITE INCIDENT WAVELENGTH 


In the limiting case of infinite incident wavelength, 
energy can only be transferred from the crystal to the 
neutron, and inelastic scattering is therefore possible 
only if the crystal is at a nonvanishing temperature. 
In one-phonon scattering, a phonon initially excited in 
the crystal is absorbed by the neutron initially at rest 
which picks up its energy. Energy conservation is 


expressed by 
k= (2m/h)w;(q), (1) 


where m and k are the mass and final wave vector of 
the neutron; q, j, and kw,;(q) are the wave vector, 
polarization index (j=1, 2, 3 for a Bravais lattice), and 
energy of the absorbed phonon. 

Equation (1) holds for both coherent and incoherent 


*5 For estimates see Squires, reference 1 
26 R. G. Moorhouse, Proc. Phys. Soc. ‘conti 64, 1097 (1951). 
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scattering. For the latter it is the only condition relating 
the phonon variables to the momentum /k transferred 
to the neutron; Eq. (1) has then only to be supple- 
mented by an intensity formula given in Sec. III. For 
coherent scattering, the interference between waves 
scattered by the various nuclei imposes a further re- 
lation 


k=q-+27r-, (2) 


where ¢ is an arbitrary vector of the reciprocal lattice.’ 
It is well known that the wave vector q of a lattice 
vibration is only defined apart from 27 times an arbi- 
trary reciprocal lattice vector +; the frequency w,(q) is 
accordingly a periodic function of q, 


w;(q+2rt)=w;(q). (3) 


To a phonon of wave vector q+27+ can be attributed 
a momentum /(q+27), and in this sense Eq. (2) is 
conventionally regarded as expressing momentum con- 
servation.?” 

The conservation laws determine the main features 
of the angular and energy distribution of scattered 
neutrons. To show this, we shall use the following 
properties of the w;(q) function, valid for any Bravais 
lattice: for each 7= 1, 2, 3, w;(q) is a continuous function 
with the periodicity (3) of the reciprocal lattice; for q 
approaching 27, it has the form 


w;(q)=c,(E/E)E; E=q—2re, (4) 


where c;(&/£), the sound velocity for long wavelengths 
in the direction £/£, can be calculated from the elastic 
constants.”8 

For incoherent scattering, the energy equation (1) 
shows that the length of k is restricted to the interval 


0 < k < Rmax= (2mwmax/h) 3, (S) 


where wmax is the maximum of w,(q) for all q and 7; the 
direction of k is unrestricted. Equation (5) defines in 
k space a sphere 2 of radius Rmax and center k=0. Any 
vector with endpoint inside or on Z is a possible value 
for the outgoing neutron wave vector. Hence, neutrons 
are scattered in all directions, with energies ranging 
continuously from 0 to Awmax. This conclusion holds for 
single crystals as well as for powders. 

The restrictions affecting k are more severe for 
coherent scattering. Combining Eqs. (1), (2), (3) one 
obtains them in the simple form 


R= (2m/h)w;(k). (6) 


For each 7, (6) defines in k space a surface S;, which 
may be composed of several disconnected parts. The 
surfaces 51, Se, S3 in general cross each other, and the 
set of all three will be called S. We suppose the origin 


27 The momentum fq thus attributed to a vibration is not to be 
confused with the momentum of the crystal considered as a 
system of particles, and Eq. (2) has nothing in common with 
momentum conservation in the sense of particle dynamics. 

28H. A. Jahn, Proc. Roy. Soc. (London) A179, 320 (1941). 


1209 


k=0 not to be counted as a point of S. For neutrons 
scattered coherently with absorption of one phonon, the 
outgoing wave vector is thus restricted to have its 
endpoint on S. 

In order to discuss the general properties of the 
surface S, let us call lattice vectors in k space the 
reciprocal lattice vectors + multiplied by 27, and let us 
speak accordingly of lattice points and cells in k space. 
We state 


(i) The surface S is entirely contained in the sphere 2. 
(ii) Each radius of the sphere 2 crosses S at least once 
and in general a finite number of times not smaller 
than 3. 

Each connected region of k space inside 2 which 
contains a lattice point 2720 and a point k,, 
where w;(K:)=wmax for some 7, is crossed by S; 
in particular, S crosses any cell of k space, centered 
at a lattice point 2770 and fully contained in 2. 


(iii) 


Property (i) is obvious. To establish (ii), we notice 
first that, S being a two-dimensional surface, if a radius 
of = crosses it at all, it will in general do so a finite 
number of times. To show that every radius crosses S, 
consider 


o3(k) =k? — (2m/h)w;(k) 


as a function of & for fixed direction of k and fixed 7: 
for small k, Eq. (4) gives 


o;(k)=#— (2m/h)c;(k/k) -k<0, 
whereas, for k= Rmax, 
(kk) = max? — (2m/h)w;(k) = (2m/h)Lomax—wj(k) ] 20. 


Since the function is continuous, it must vanish for at 
least one value &; of k, giving a point on S. For general 
directions of k, the three 2,’s will be different. Property 
(iii) is established by a similar continuity argument, 
considering y;(k) for the polarization 7 which gives 
w;(k1)=wmax, along a path in k space from 27 to ki. 

The physical meaning of property (i) is quite trivial: 
it states that the outgoing neutron energy never exceeds 
the maximum phonon energy hwmax. Property (ii) de- 
termines the main features of the angular and energy 
distribution for coherent one-phonon scattering by a 
single crystal: neutrons are scattered in every direction 
and for each direction the outgoing energy has a finite 
number of discrete values, in general three or more. 
Measurement of outgoing energy as function of direc- 
tion determines the surface S and thus yields w;(k).” 
This type of scattering is, therefore, particularly well 
fitted to give information on the crystal vibrations. 

As mentioned in the introduction, the discrete nature 
of their energy spectrum allows an experimental separa- 
tion of neutrons scattered in one-phonon coherent 
processes. It is, indeed, easily established that in 


2 In order to measure in this way w;(q) for every q and 7, one 
has to use neutrons with nonvanishing initial momentum. See 
Eqs. (17) and (18) below. 
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multiphonon coherent processes, as well as in incoherent 
inelastic scattering, the final wave vector k depends on 
three or more parameters, giving in each direction an 
outgoing energy which ranges continuously over one or 
more finite intervals. The latter type of energy distri- 
bution is also obtained for coherent one-phonon scatter- 
ing by a powder, as is shown by averaging over orienta- 
tions the energy distribution for a single crystal. In this 
respect, powders are less convenient than single crystals 
for study of the elastic vibrations by means of neutron 
scattering. 

Returning to one-phonon coherent scattering by a 
single crystal, we have still to consider the implications 
of property (iii) above. (iii) is of interest particularly 
when the sphere 2 contains a rather large number of 
lattice points of k space. It then shows that the surface 
S is distributed in 2 with a certain uniformity, since it 
passes through every cell inside Z, except possibly the 
cell centered at the origin. In every direction, the dis- 
crete values of the outgoing wave vector k will be dis- 
tributed over the interval O< k<kmax with a corre- 
sponding amount of uniformity. 

While such conclusions are bound to be rather vague, 
it is instructive to compare the size of the sphere = with 
the size of the lattice cell in k space. The ratio of their 
volumes is 


a a 


6x? 
where 2% is the volume per particle in the crystal. 

The parameter F plays an important role in deter- 
mining the general shape of the surface S. When F is 
very small compared to 1, the sphere = is entirely in 
the region where the approximation (4) applies with 
«=0. Equation (6) reduces to 


Hence, S is formed of three closed surfaces around the 
origin of k space, intersecting each other and fully con- 
tained in the lattice cell of center k=O. For slightly 
larger F, S can be expected to have the same general 
shape, but Eq. (8a) will have to be completed with 
correction terms of relative order F}, Fi, ---. For F>>1 
on the other hand, the shape of S is again simple in the 
region of k space where & is small compared to kmax- 
S is there composed of three closed surfaces around 
each lattice point 2720, of approximate equation 


=e (7) 





E= 4a r*L2me;(E/t) P+ ae (j= i. 2, 3), 
&=k—2re, (8b) 
with correction terms of relative order F-}, F-}, ---. In 


the region where & is comparable to Rmax, S behaves 
quite differently: it runs continuously from cell to cell 
in k space. 

For actual crystals F seems to be larger than one, 
but in general not large enough for (8b) to apply. 
This is thus the case intermediate between those con- 
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sidered above. Here even the general shape of S cannot 
be predicted without a fairly accurate knowledge of the 
w;(q) function. Conversely this case would appear to 
be all the more favorable for the determination of the 
w;(q) function from the measured shape of the surface S. 

The calculation of F for an actual substance requires 
the knowledge of wmax, which is accurately available 
only for a very few crystals. It is, however, only the 
order of magnitude of F which is of interest, and this is 
easily obtained by remarking that the order of magni- 
tude of wmax is given by the Debye temperature 6 


Wmaxk 26/h, 


(ke= Boltzmann constant).” The approximate value 
of F thus obtained, defined by 


Vo (2mk 56)? 


D> aa 
h® 


1 (9) 


is given in Table I for a few substances. 


Il. INTENSITY FORMULAS FOR LONG INCIDENT 
WAVELENGTH 


The discussion of Sec. II has to be supplemented by 
the consideration of the scattered intensity per unit 
angular and energy range. This intensity is simply 
expressed in terms of the differential cross section 
do/dk per unit volume in k space. 

We consider a single crystal and measure the coherent 
cross section per nucleus in units of (a),? and the inco- 
herent cross section per nucleus in units of (a?)4— (a) 7. 
a is the spin- and isotope-dependent scattering length. 
The units are, respectively, the coherent and incoherent 
scattering cross sections of the bound nucleus per unit 
solid angle. With the aid of standard methods? it is 
then found that 














doy? ‘ : V c 
ax ue) ne 
k- j 2 2s hw; 
ore 
B exp[fw;(q) ]—1 
doy 2 a acs Ck es(k)F 
a ane exp[ —((Kk-u)?)w] * a 
= hw; k 
Le 2mh—w ;(k) ] ait) 


exp[Bw;(k)J—1 


The suffix 1 in o,'™¢ and o,% refers to one-phonon 
scattering. M is the ratio of nuclear to neutron mass. 
In the Debye-Waller factor exp[—((k-u)?)w], u is the 
displacement vector of any nucleus in the crystal from 
its equilibrium position, and the average is taken over 

® For tungsten, calculations by P. C. Fine [Phys. Rev. 56, 355 


(1939)] give Awmax/ks=336°, as compared to 0=373° from the 
elastic constants and 6=310° from specific heats. 
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the therma! equilibrium distribution. e;(q) is the polar- 
ization vector of the phonon defined by / and q, is the 
reciprocal temperature multiplied by hks~!. The inte- 
gration over q in (10) extends over one cell in k space. 
The argument of the 6 function in (11) gives directly 
the Eq. (6) of the surface S discussed in the previous 
section and the functions e;(k) as well as w;(k) are 
defined for all k through the periodicity condition corre- 
sponding to (3). 

The cross sections (10) and (11) correspond to transi- 
tion probabilities for a neutron initially at rest, in con- 
formity with the limiting case discussed in the previous 
section. The incident momentum hp thus appears only 
in the factor relating transition probability to cross 
section. This limiting case applies if k>>o. For coherent 
scattering, as follows from our discussion of the sur- 


face S, k has a nonvanishing minimum, and hence (11): 


holds for all outgoing energies as soon as ko€Rmin. 
For incoherent scattering, on the other hand, there is 
no such minimum. However small ko may be, therefore, 
the limiting case will not apply in the small region of 
the outgoing energy spectrum where & is not large com- 
pared to Ro. Here (10) must be replaced by the general 
expression (15). 

Equation (10) can be considerably simplified for 
cubic crystals. As is well known, a quadratic form 
LwAaksky invariant under the operations of any of 
the cubic point groups is a multiple of 2.k,’, i.e., 
A=Abxz (52,= Kronecker symbol). For cubic crystals, 
this fact implies, firstly, 


((k- U)?)av= R100) av, 


where 2% is the component of u in an arbitrary direction. 
The Debye-Waller factor is thus independent of the 
direction of k. Secondly, 
dL k?—2mh-w;(q) | 
a f dge ;*(q)e3*(q) ——__—__—___= 
i exp[Sw;(q) ]—1 
él k?—2mh-w;(q) ] 


with 
=. eS 
fe exp [Bw ;(q) ]—1 


Introducing the frequency distribution function g(w), 
defined as the number of normal vibrations per unit 
frequency interval, divided by the total number of 
vibrations, 


1 vo 
ws) deo=— 
Be) 3 (my J 


w < wi (q) ¢ wtdw 
g(w)=0 for w>wmas; 


zy) 





dq, 


we find: 


ee 
=—— expl — R'(u0") nv 
a, ss 


wmax §(2?— 2mh—w) 
————4 (w)dw, 
xf exp (Bw) —1 i 











Vat 
TABLE I. The parameter F p. 
Substance Lattice type 10% v9 in cm? 6 in °K Fp 
Pb cu face-cent. 30.0 88 3.6 
Ww cu body-cent. 18.7 310 12 
Fe cu body-cent. ice 462 17 
Al cu face-cent. 16.5 398 19 
or 
day ine g (hk?/2m) 
= io, (2) 
dk Mmko exp (8hk?/2m) — 1 


For cubic crystals the one-phonon incoherent scattering 
has thus, for small ko, an energy distribution inde- 
pendent of direction and simply expressed in terms of 
the frequency distribution g(w) of the crystal. 

‘It has been shown elsewhere*! that the g(w) function 
of a general crystal contains a finite number of singu- 
larities resulting from the periodic structure; they are 
singular points w, in the neighborhood of which g(w) 
has one of the two forms 


A |w—we|#+O(w—w,) for w< ue 
g(w)=g(wo)+ ? 
O(w—«,) for w> we 


(13) 
or the same with w<w, and w>w, interchanged. The 
constant A can have either sign; it is usually negative 
for we<Wmax and positive for we=Wmax [wmax is in general 
a singular point of g(w) |. The symbol O(w—w,) denotes 
a rest term of order |w—we| for w—w,. The singular 
frequencies w, are simply related to the w;(q) function 
of the crystal: apart from exceptional cases, they are 
the values of w;(q) at the points where grad w;(q)=0, 
(j=1, 2, 3).%! We shall call them the singular frequencies 
of the crystal. The general shape of the energy distri- 
bution (2mk/h?) (do,'"¢/dk) (for fixed direction of k) can 
be predicted from the behavior of g(w) and a typical 
distribution is given in Fig. 1. Its singularities are of 
the same analytical type as (13), w being replaced by k 
or the energy E=h?k?/2m.? 

Apart from (10), the inelastic incoherent cross section 
contains terms due to multiphonon processes. In general 
they depend on the direction of k, but the energy dis- 
tribution in each direction can be shown to be con- 
tinuously differentiable. The energy distribution in each 
direction for inelastic incoherent scattering by a cubic 


311, Van Hove, Phys. Rev. 89, 1189 (1953); in the formulas on 
p. 1191 of this paper (v—».)# must be replaced by |y—»,|+#. The 
vector q there used is our present vector q divided by 2x. The 
frequency distribution of a simple cubic crystal has been calcu- 
lated with its correct singularities by G. F. Newell, J. Chem. Phys. 
21, 1877. See also H. B. Rosenstock and G. F. Newell, J. Chem. 
Phys. 21, 1607 (1953); H. B. Rosenstock and H. M. Rosenstock, 
ie Chem. Phys. 21, 1608 (1953). 

2 A)l our statements concerning singularities in the g(w) func- 
tion and in energy distributions of scattered neutrons hold for 
general values of the force constants of the crystal. The origin 
and nature of possible exceptions have been discussed by Van 
Hove (reference 31). 
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Fic. 1. Schematic shape of the energy distribution of scattered 
neutrons for long incident wavelength in the case of one-phonon 
incoherent scattering. Z is the outgoing neutron energy, and w, 
a singular frequency of the crystal. 


crystal has, therefore, still the shape illustrated in 
Fig. 1; its singularities in the first derivative are all due 
to one-phonon processes and are the same in all di- 
rections. 

For noncubic crystals, the one-phonon incoherent 
cross section cannot be expressed in terms of the fre- 
quency distribution g(w) of the crystal. The polarization 
terms of Eq. (10) cannot be eliminated, and the energy 
distribution of scattered neutrons varies with direction. 
In each direction, however, it has the shape illustrated 
in Fig. 1 and its singularities, unaffected by multiphonon 
processes occur, as for cubic crystals, at neutron 
energies E, independent of direction and related by 
E.= hw, to the singular frequencies of the crystal.* As 
mentioned later, the singular frequencies of the crystal 
do not show up in coherent cross sections. Incoherent 
scattering of neutrons, for crystals where it is appreci- 
able, seems to be the simplest phenomenon singling out 
these frequencies, which are important in determining 
the analytical singularities of the frequency distribution 
of the crystal. 

The foregoing discussion was concerned with single 
crystals. For inelastic scattering by a powder, according 
to (12) nothing is changed for a cubic crystal, whereas 
Eq. (10) must be averaged over orientations in the non- 
cubic cases. As we have seen, however, the singularities 
in the energy distribution occur at energies independent 
of direction and are thus retained in the averaging; 
consequently, the qualitative behavior shown in Fig. 1 
remains unchanged. 

Turning now to coherent scattering, we note that in 
one-phonon processes, the neutrons scattered in a given 
direction have a discrete energy spectrum, correspond- 
ing to outgoing wave vectors ki, Ke, ---. From (11) the 
cross section per unit solid angle for the outgoing beam 
of energy h?k?/2m is 





da \c 2 
( do ) == expl— (Chew) 0] 
: (k;-e;(k,) P 


{exp[Bw;(k;) ]—1}-|2k;—2mh-"dwo ;/dk| 
% TL. Van Hove (to be published). 


(14) 
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where 7 is the polarization index for which k? 
= 2mh—w;(k;), and the derivative of w;(k) is taken at 
k=k,, for fixed orientation of k. For a powder, Eq. (14) 
must be averaged over all crystal orientations, pro- 
ducing in each direction an outgoing energy distribution 
continuous over finite intervals. 

As mentioned before, multiphonon coherent scatter- 
ing by a single crystal gives in each direction a 
continuous energy distribution of outgoing neutrons. 
Without entering into its detailed discussion, we shall 
mention that the energy distribution contains again, in 
general, singularities of type (13), produced by two- 
phonon processes. In this case the singularities occur 
at energies unrelated to the singular frequencies of the 
crystal and varying with the outgoing direction con- 
sidered. They are thereby distinguishable from the 
singularities resulting from one-phonon incoherent scat- 
tering (which occur at the same energies in all direc- 
tions), and for a powder they disappear by directional 
averaging. 

To summarize the results obtained in the previous 
sections, we shall now briefly recall the main properties 
derived for the angular and energy distribution of 
inelastically scattered neutrons by single crystals in the 
limit of long incident wavelengths. In each outgoing 
direction the energy distribution of scattered neutrons 
contains a discrete part, resulting from one-phonon 
coherent scattering, and a continuous part produced by 
incoherent and multiphonon coherent scattering. The 
discrete part gives direct information on the crystal 
vibrations: the outgoing momentum k verifies Eq. (6) 
for some 7. The continuous part has singularities of the 
analytical type (13) (with w replaced by outgoing 
energy), the shape of which is illustrated in Fig. 1. 
Some of these singularities occur at energies E, inde- 
pendent of direction: they are produced by incoherent 
one-phonon scattering and h#, are the singular fre- 
quencies of the crystal. The other singularities, which 
occur at energies varying with direction, originate from 
two-phonon coherent scattering. 


IV. EXTENSION TO ARBITRARY INCIDENT 
WAVELENGTHS 


The previous considerations are easily extended to the 
inelastic scattering of neutrons of arbitrary initial mo- 
mentum /ko. The only important change is the occur- 
rence of scattering with energy transfer from the 
neutron to the crystal. Apart from this fact, we shall 
see that all essential features of the angular and energy 
distribution are retained. As the discussion runs entirely 
parallel to that presented in Secs. II and ITI, we shall 
make it very brief and restrict ourselves to scattering 
by a single crystal. 

Considering first one-phonon incoherent scattering, 
we find for the case of energy gain by the neutron that 
the final wave vector k has in every direction a length 
ranging from ko to (ko?-+2mh—wmax)', whereas for 
energy loss by the neutron, k ranges from k) down 
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to 0 if kerk <2mhwmax, Or to (ke —2mhwmax)?, if 
ko?>2mh—wmax. The differential cross sections are 











do,in¢ 2 Vo 
eee @t _———_—+4 (1+ »| 
|’—k@|  Lexp[Bw,;(q)]—-1 


6 — ke 2mhw;(q)]. (15) 


The upper (lower) signs correspond to scattering with 
energy gain (loss) by the neutron, i.e., to k> ko (k <p). 
The integration is extended over one cell in k space. 
hx, with x= k—ko, is the momentum transfer. 

For cubic crystals, Eq. (15) can be simplified with 
the help of the frequency distribution function g(w): 


ot td X— 
exp| — K*(u9")ay |X ————- 
Sage eee 


1 
x (—_______+ 301) 
exp (Gh| k?— ko?| /2m)—1 
X g(h| k?—ke?| /2m). 


For cubic as well as noncubic crystals, the energy dis- 
tribution in each outgoing direction has singularities of 
the type shown in Fig. 1 and Eq. (13) (w being replaced 
by the neutron energy), occurring at energies 


hk? /2m= (hk? /2m) thu, 


where the w, are the singular frequencies of the crystal. 
Multiphonon incoherent scattering produces no such 
singularities. 

For coherent scattering the situation is again similar 
to that prevailing in the limiting case of ko=0. For one- 
phonon processes with energy gain by the neutron, 
momentum and energy conservation are expressed by 
the single equation 


— k= (2m/h)w;(k—ko), j= 1, 2, 3, (17) 


the obvious generalization of Eq. (6). Equation (17) 
defines in k space a surface located between the spheres 
of radii Ry and (ke2+-2mh—wmax)?, centered at the origin. 
Each radius of the large sphere intersects the surface at 
least once, in general a finite number of times, and each 
cell of k space contained between the two spheres is 
crossed by the surface [compare properties (i), (ii), (iii) 
in Sec. II]. Some points of the surface may, however, 
correspond to a vanishing energy transfer: they give 
rise to elastic coherent scattering. If we include them, 
the main feature of the angular and energy distribution 
is, therefore, retained: neutrons are scattered in each 
direction with a discrete energy spectrum. 

The situation is slightly more complicated for one- 
phonon coherent scattering with energy loss by the 
neutron, which is governed by the equation 


ko? — k? = (2m/h)wj(k— Ko). 








dk Mmko 


(16) 


(18) 
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This equation has no solution, and the type of scattering 
considered is thus impossible when po is smaller than 
a minimum value ko"; it is only for ko larger than a 
value ko >ko™ that neutrons are scattered in every 
direction. Both for ko>ko® and ko<ko™ the scattered 
neutrons have a discrete energy spectrum in each out- 
going direction. The actual values of ko and ko” 
depend on the details of the w;(q) function. It is, how- 
ever, generally true that 


ko < a7, 


ko < (Qnh wimax) 4, 


(19) 
(20) 


where 7 is a reciprocal lattice vector of minimum 
length.*4 

The differential cross section for one-phonon coherent 
scattering is 











doy 2 [ete s(e) iF 
dk ~ Why expL—((x: u)”)av ] ~ | k?—k,?| 
1 
x|_——__—+400 | 
exp[ Sw, (x) ]—1 


oR — ke F2mhw;(%) |, (21) 
with the same use of double signs as in Eq. (15). An 
expression similar to (14) is easily deducea from 
Equi): 

There exists for one-phonon coherent scattering a 
special case deserving a discussion of its own: it is the 
case when kp approximately verifies the Bragg con- 
dition 

| ko-++ 2rt | 2 ~k-. 


Inelastic scattering with x nearly equal to 27 and with 
small energy transfer is then taking place, with a large 
differential cross section increasing proportionally to 
(k°— ky?) 2~ |x—2a2|—? when the Bragg condition is 
approached. This is seen from Eq. (21) by using 


Bh 
exp[ Bw (x) — 1] Bw;(x)=—| F’— k? | 
2m 


K—2nt 
=e ~~) |x—2re| 
| x—2re| 


The nature of the conservation laws for this special 
case was discussed by Seeger and Teller; Waller and 
Fréman!" gave a detailed treatment of the differential 
cross section.*4 


% The condition ko 270 insures the possibility of the type of 
scattering under discussion for some but not all orientations of 
the crystal. It can be written Xo< Az where Ao is the incident wave- 
length and Ag= (270)-! the Bragg cut-off wavelength. It was first 
given by Wick (reference 2). The inequality (20) applies to an 
arbitrary orientation of the crystal. 

34a Note added in proof.—See also the recent paper by R. D. 
Lowde, Proc. Roy. Soc. (London) A221, 206 (1954). 
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Regarding multiphonon coherent scattering, the gen- 
era] situation is again the same as in the case of long 
incident wavelength: in each outgoing direction the 
scattered neutrons have a continuous energy spectrum, 
with singularities resulting from two-phonon processes 
and occurring at energies which vary with direction. 

It has been the main purpose of this paper to put in 
evidence the direct relationship between the energy 
changes of neutrons scattered by a crystal and the dis- 
persion law of the crystal vibrations as expressed. by 
the w;(q) and g(w) functions. We hope to have shown 


PLACZEK AND L. 


VAN HOVE 


that energy measurements on scattered neutrons pro- 
vide a new approach to the problem of determining 
these functions from scattering data. While the few 
experimental data so far available’*536 do not as yet 
permit an analysis along these lines, the foregoing dis- 
cussion indicates that further experimental work in 
this field would be of considerable interest. 


, 35 a N. Brockhouse and D. G. Hurst, Phys. Rev. 88, 542 
1952). 

36R, D. Lowde, Proc. Phys. Soc. (London) A65, 857 (1952) 
and reference (34a). 
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A natural time-dependent generalization is given for the well-known pair distribution function g(r) of 
systems of interacting particles. The pair distribution in space and time thus defined, denoted by G(r,é), 
gives rise to a very simple and entirely general expression for the angular and energy distribution of Born 
approximation scattering by the system. This expression is the natural extension of the familiar Zernike- 
Prins formula to scattering in which the energy transfers are not negligible compared to the energy of the 
scattered particle. It is therefore of particular interest for scattering of slow neutrons by general systems of 
interacting particles: G is then the proper function in terms of which to analyze the scattering data. 

After defining the G function and expressing the Born approximation scattering formula in terms of it, 
the paper studies its general properties and indicates its role for neutron scattering. The qualitative behavior 
of G for liquids and dense gases is then described and the long-range part exhibited by the function near the 
critical point is calculated. The explicit expression of G for crystals and for ideal quantum gases is briefly 


derived and discussed. 


I. INTRODUCTION 


N two special cases, the first Born approximation for 

the scattering of x-rays or particles by a system S 

of interacting particles is known to express the differ- 

ential cross section in terms of simple density distribu- 
tion functions for the particles of S. 

(i) If S is in a pure quantum state and if this state 
does not change in the scattering process, the latter is 
elastic and the differential cross section is expressible in 
terms of the density distribution p(r) for one particle 
of the system (supposed for simplicity to be composed of 
identical particles). This applies for example to the 
elastic scattering of x-rays or electrons by the electrons 
of an atom.) . 

(ii) If the energy transfers occurring in the scattering 
process are negligible compared to the energy of the 
scattered photon or particle, the momentum transfer is 
essentially unique for each scattering angle and the dif- 
ferential cross section per unit angle is expressible in 
terms of the pair distribution function g(r) of S, which 
describes the average density distribution as.seen from 
a particle of the system. This is the so-called static ap- 
proximation which applies, for example, to the sum of 
elastic and inelastic scattering of x-rays and electrons 
by the electrons of an atom,?- as well as to that part of 
the scattering of x-rays by solids, liquids, and gases 
which leaves the atomic quantum states unchanged.*’® 

The purpose of the present paper is to show that in 
Born approximation the scattering cross section is 
always expressible in terms of a suitably generalized 
pair distribution function G(r,t) depending on a space 
vector rand a time interval ¢, and to study this function 


27. Waller, Z. Physik 51, 213 (1928). 

2N. F. Mott, Proc. Roy. Soc. (London) A127, 658 (1930). 

3], Waller and D. R. Hartree, Proc. Roy. Soc. (London) A124, 
119 (1929). 

4P. M. Morse, Physik. Z. 33, 443 (1932). 

5, Waller, dissertation, Uppsala, 1925 (unpublished). 

6 F, Zernike and J. Prins, Z. Physik 41, 184 (1927); P. Debye and 
H. Memke, Ergeb. Tech. Réntgenk. II (1931). 


in some detail for a number of systems. For scattering 
theory this would be of rather academic interest in 
connection with x-ray scattering, for which the condi- 
tions of case (ii) above are usually well fulfilled. The 
same holds for electrons, for which, however, the Born 
approximation is of much more limited applicability 
than for x-rays. For slow neutrons, on the contrary, 
(wavelength 21A) now used in a rapidly growing 
variety of scattering experiments,’ the energy transfers 
are usually comparable to or larger than the incident 
energy, whereas the first Born approximation holds 
quite well provided the neutron-nucleus interaction is 
described by means of the Fermi pseudopotential. The 
need has thus arisen for an improvement of the static 
approximation for scattering by general systems, and 
correction terms valid at relatively high neutron ener- 
gies have been calculated by Placzek and by Wick.’ We 
present here a general solution to this problem, ap- 
plicable at all neutron energies, by describing the Born 
approximation scattering in terms of the time-de- 
pendent pair-distribution function G. 

Furthermore, the fact that G has often, even for 
complicated systems, a number of qualitative properties 
which are easy to visualize, makes it in many cases a 
practical tool for the discussion of scattering experi- 
ments. Its use for the analysis and interpretation of 
experimental data has been illustrated elsewhere on 
the case of slow neutron scattering by ferromagnetic 
crystals.° 

The generalized pair-distribution function G(r,t), to 
which neutron scattering gives direct experimental 
access, turns out to be a very natural extension of the 
conventional g(r) function. Independently of its use in 
scattering theory, it is of genuine interest from the 
general standpoint of statistical mechanics. Its physical 


7See, eg., D. J. Hughes, Pile Neutron Research (Addison- 
Wesley Publishing Company, Cambridge, 1953). 

8 G. Placzek, Phys. Rev. 86, 377 (1952); G. C. Wick, Phys. Rev. 
94, 1228 (1954). 

°L. Van Hove, Phys. Rev. 93, 268 (1954). 
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meaning is particularly simple in the absence of quan- 
tum effects: G(r,t) is then, for the system under con- 
sideration, the average density distribution at a time 
t'+-t as seen from a point where a particle passed at 
time ¢’. This definition has to be slightly modified for a 
quantum system, in view of the noncommutativity of 
the operators representing particle positions at different 
times. In all cases G(r,é) describes the correlation between 
the presence of a particle in position r’-++r at time ¢’+¢ 
and the presence of a particle in position r’ at time ?’, 
averaged over r’. It essentially reduces to g(r) for t=0. 

The concept of time-dependent correlations has 
already been used in connection with neutron scattering 
by crystals in unpublished work by Glauber. 

The choice of a proper definition of the pair dis- 
tribution G(r,t) for general quantum-mechanical sys- 
tems requires some care since it deals with correlations 
between noncommuting quantities. We will be led to it 
conveniently by starting from the Born scattering 
formula and following a natural extension of the well- 
known procedure to introduce the g(r) function in the 
static approximation. This is done in the next section, 
where a number of general properties of G(r,/) are also 
derived. 

The use of the pair distribution G to describe neutron 
scattering data is indicated in Sec. ITI. This distribution 
is the proper function in terms of which to analyze the 
angular and energy distribution of neutrons scattered by 
general systems of nuclei, in exactly the same way as the 
g(r) function is the proper function with which to an- 
alyze angular distributions in x-ray scattering. In full 
analogy with the x-ray case, it is expected to be useful 
mainly for systems too complicated to allow an explicit 
calculation of either the scattering or the pair distribu- 
tion. Liquids and dense gases are clearly the principal 
examples of such systems. 

The advantage of using pair distribution functions 
for the analysis of scattering data is their simple and 
intuitively clear physical meaning, which makes their 
qualitative behavior rather easy to visualize. It is 
therefore of importance to form as complete a picture 
of this behavior as possible, and, in absence of sufficient 
experimental data, it is indicated to discuss systems for 
which the pair distribution function can be entirely or 
partly calculated. In the present paper we treat mainly 
liquids and dense gases, for which the general shape of 
G is easy to guess and its long-range part near the 
critical point can be calculated (Sec. IV). We also 
consider more briefly crystals (Sec. V) and the ideal 
quantum gases (Sec. VI). 

With the experimental data available so far, the best 
example of the usefulness of pair distributions in space 
and time for the analysis of scattering data is provided 
by the case of magnetic scattering of neutrons by ferro- 


10R. J. Glauber Grivate communication); Phys. Rev. 87, 189 
(1952); Phys. Rev. 94, 751 (1954), and forthcoming paper. 
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magnetic crystals.” A short account of the analysis has 
already been published.® The full discussion will appear 
as a Separate paper. 


Il. THE PAIR DISTRIBUTION IN SPACE AND TIME 
A. Definition 


The correct definition of G(r,t) for a general quantum- 
mechanical system is best inferred from the Born ap- 
proximation scattering formula. The nature of the 
scattered particle and the details of the scattering law 
are, of course, largely irrelevant for this purpose. We 
will assume that the scattered particle is nonrelativistic 
and interacts with the particles of the system S through 
a potential V(r) depending on distance only. For sim- 
plicity S is supposed to be composed of one single type 
of particle. The differential scattering cross section per 
unit solid angle and unit interval of outgoing energy « 
of the scattered particle is given in the first Born 


approximation by 


m3 n 12 


Dy 
“Co 


dQde 








k 
—W (x)> in De 
277h* ko (2, Pro n 





N 
[= exp (ix: r)| 





n0 
2m 
ale sa me) } (1) 


where m, ko, and k=ky—« are the mass and the initial 
and final wave vectors of the scattered particle. The 
operators r; represent the position vectors of the NV 
particles of the scattering system S, whose initial and 
final quantum states are labeled by mo, and have 
energies Eno, E,, respectively. The bracket [--- ]no” 
denotes a matrix element and pnp is the statistical 
weight of the initial state 7 (usually the Boltmann 
factor divided by the sum of states). The function W (x) 
is defined by 


w= i exp(ie-) Var 


If, besides the momentum transfer hx, we introduce 
the energy transfer 


hu = h? (Ro? — k?)/2m, 
Eq. (1) can be written 








da ’ 
F a (2) 

m k 
sperrrnide (3) 


2 








N tr 
| exp (ix: "| 


S(xw)=D pro L 


Eno— En 
ae}, @ 


1H. Palevsky and D. J. Hughes, Phys. Rev. 92, 202 (1953); 
G. L. Squires (to be published). We are indebted to these authors 
for communication of their results before publication. 
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CORRELATIONS IN. SPACE AND TIME 


where, for given momentum and energy transfers, 
$(x,w) is independent of the mass and energy of the 
scattered particle as well as of the interaction potential, 
whereas A depends only on the properties of the indi- 
vidual particles of S. This separation of two factors in 
the differential cross section is quite general; it is an 
immediate consequence of the use of momentum and 
energy transfers as independent variables. 

It is now an éasy matter to express in terms of a pair 
distribution the function $(%,w) which, in the first Born 
approximation, contains the scattering properties of the 
system SS. If it is remembered that in the static approxi- 
mation [case (ii) of the introduction] the differential 
cross section per unit solid angle, 


do da 
—_ J de, (5) 
dQ dQde 


is essentially, as a function of x, the Fourier transform 
over r of the g(r) function, it is natural to expect S(x,w) 
to be essentially the Fourier transform over r and t of 
the pair distribution in space and time G(r,t). We there- 
fore define the latter through the equivalent equations: 





$(x0) = (2m) f aie een O 
or 


G(r!) = (2m)N> i) PGi pilse@ricde. (7) 


The coefficient (27)"!N in (6) is introduced for con- 
venience. It makes G(r,/) independent of V and asymp- 
totically equal to the number density for the large 
systems of statistical mechanics, in which the limit 
N— is to be taken. From Eqs. (4) and (7) one gets, 
successively, “ 


N 
G(r,t)= (24) 3=N+ SS pu DS LS | du exp(—i«-r) 
no n l,j=1 


\ 


-Lexp(—ix: rz) ],°°- exp (iE nt/h) 
-[Lexp(ix-r;) Jno”-exp(—tEnot/h), (8) 


N 
G(r,t)=(2r)3N— Sf dw exp(—ix«-r) 
l,j=1 


‘(exp{—t: 11(0)} -exp{ix: 1j(1)}). 


The last formula contains the Heisenberg operator r;(¢), 
defined for all 7 and ¢ by 


r;(t)=exp(i#tH/h)r; exp(—iutH/h), 


where Z is the Hamiltonian of the system.” The bracket 
(.++) stands for the average of the expectation value of 


2 The introduction of a time variable to eliminate the 6 function 
in Eq. (1) and the subsequent consideration of time-dependent 
operators have become familiar in scattering theory. See, e.g., 
A. Akhiezer and I. Pomeranchuk, J. Phys. (U.S.S.R.) 11, 167 
(1947); G. C. Wick, reference 8. 


Zol 


the enclosed operator: 


= era ea) (9) 


With the help of the convolution formula for the 
Fourier transform of an (ordered) product, we obtain 
finally the expression 


N 
Gj Na 2 fa -6(r+ 1100) —r’)d(r -1(0))s 
(10) 


which defines G(r,¢) entirely in terms of space and time 
variables, with the proper ordering of the operators 
belonging to different times. 

For ¢=0, all operators commute and the integration 
can be carried out, leading to 


GLO) =NA(X B+(0)—r4(0)), 


7=1 


or 


G(r,0)=3(r) +N D (@(rtri—1s))=8(r)+g(r), (11) 


according to the familiar definition of the conventional 
pair distribution g(r). Similarly, in the scattering 
formula, if the incident energy is sufficiently large com- 
pared to the energy transfers, the momentum transfer 
for a given scattering angle is independent of the out- 
going energy, and the differential cross section per unit 
solid angle becomes 


do ds 
—= { de=hA | 8(s)do 
dQ dQde 


=hAN J exp (év-1)8()G(r,)drdt 





=[m/ (20h?) PNW (x) | +f explie-rg(nar, 


the familiar formula in the static approximation. Just as 
measurement of do/d& provides an experimental deter- 
mination of g(r) in the latter approximation, the pair 
distribution in space and time G(r,¢) is experimentally 
accessible through measurements of d?o/dQde. 


B. General Properties 


We will now discuss a few immediate properties of 
the pair distribution in space and time. G(r,t), which is 
in general complex, has the Hermitian symmetry, 


G(-1, —)={G(r)}", (12) 
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easily derived as follows: from (10), 


(G(0,)*= NS Jato —23(0)84+1100)-1)) 
=N-{S fa0G-1,0+1")80)-¥")) 


avy i dx''5(r—1;(0)+1") 
ey 


xa(n(—)-1")) 
=G(-r, —2). 


In the second step the integration variable is r’=r’—r; 
the third step uses the invariance of the expectation 
value under the unitary transformation exp(itH/h), 
whereas the last is based on the even character of the 
6 function. Property equation (12) is equivalent with 
the fact that $(x,w) is a real-valued function. 

Complex values of G(r,!) reflect quantum properties 
of the system. Indeed, under classical conditions, the 
operators in (10) reduce to commuting c numbers and 
G takes the real, positive value: 


G(r,)=N Md 6(r+11(0)—1,(2))). 


As announced in the introduction, it is seen to describe 
the average density distribution at time ¢’+¢# as seen 
from a point which was occupied by a particle at time 
t’; this distribution is independent of #’, here given the 
value 0. 

When quantum effects are present,—they are for 
any actual system in certain ranges of r and ¢ values—, 
G is complex and the simple physical interpretation 
given above cannot hold in view of the noncommu- 
tativity of particle positions at different times. How 
this noncommutativity enters into the expression of G 
can best be seen by introducing suitable density 
operators. Let us consider in space a volume element 
AV centered at point r and define the Heisenberg 
operator AP(r,t) satisfying AP(r,)y=y for all states y 
of the system for which, with probability one, at least 
one particle is in AV at time #, and AP(r,/)y=0 for all 
states such that, with probability one, no particle is in 
AV at time ¢#. One has, in the limit of infinitesimal AV, 


AP(1,t)/AV => 5(r—1;(2)), 
; 
and thus, taking identical volume elements around each 
point, 
Gin) = Nav f dr’(AP(r" 0) -AP(r’+r, 2). (13) 


For a system homogeneous in space (like a gas or a 
liquid), enclosed in a volume V=N/p, we get the very 
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simple formula: 
G(r,)=p7AV-XAP(r”,0)-AP(r"+r4,1)), (14) 


where r”’ is an arbitrary point in V. From Eq. (13) or 
(14) follows immediately that the real part of G is 
related to the average value of the symmetrized product, 


2{AP(r’’,0)-AP(r’+r, )+AP(r"-+r, t)-AP(r'’,0)}, 


and is therefore the natural extension to quantum 
systems of the classical, real-valued, pair distribution 
function in space and time, whereas the imaginary part 
reduces essentially to the average value of the com- 
mutator of AP(r”,0) and AP(r’’+r, 2). 

In the case of systems for which the symmetric or 
antisymmetric character of the wave function is of 
little importance, and which can thus be regarded as 
composed of distinguishable particles (Boltzmann 
statistics), the G function splits naturally into a part G, 
describing the correlation between positions of one and 
the same particle at different times, and a part Gg 
referring to pairs of distinct particles (the subscripts 
stand for “self” and “distinct,’’ respectively). They are 
defined as follows: 


N 
G,(r,f)=N- ¥ f ar-s(r+1,(0)—r) 
xar'—14(0)), (15) 
N 
Galns)= NK >a 


jx#l=1 


for -6(r+1r,(0)—r’) 
xa('—1(0)). (16) 


They verify separately the symmetry condition (12) 
and equations of type Eq. (13) with density operators 
AP;/AV defined for individual particles. For =0, they 


reduce to 
G,(1,0)=6(r), Ga(r,0)=g(r). (17) 


For the systems of large numbers of particles studied 
in statistical mechanics, solids, liquids, or gases, the 
pair distribution G(r,?), in the definition [Eqs. (9) and 
(10) ] of which the statistical weights pro must be given 
the Boltmann value 


puo=Z" exp(—BEn), Z=¥ exp(—AEm) (18) 


(8-!= temperature T multiplied by Boltzmann constant 
kp), has especially simple asymptotic expressions for 
large r or |¢|. For such systems, the particles in regions 
widely separated in space are statistically independent, 
and so are the properties of the system at two widely 
distant times. For sufficiently large r or large |t|, we 
can thus write asymptotically 


(56+ 1(0)= PMG) =e 


t,7=1 


MS 


Bodo Que oro Je Ye ee LILLE LLIELLILALLLALALLILLIALLLLIILLIAIIAAILAL4-4 


CORRELATYONS IN SPACE AND TIME 


where 


p(e')= (32 (r= 1i()) (19) 


is the average density at point r’, independent of the 
time ¢. Hence, from Eq. (10), we can write the asymp- 
totic formula 


G(r,)2N- J dr’-p(r’—r)p(r’), (20) 


the right-hand side of which is the often considered 
autocorrelated density." In particular, for an homo- 
geneous system, p(r’) is a constant, the number density 
p=N/V (V volume of the system), and Eq. (20) reduces 
to 


G(1,t)}—~p. (21) 


It is the difference between G and its asymptotic 
value (20) which represents the correlation between 
pairs of particles. The instantaneous part of this corre- 
lation is contained in G(r,0)=6(r)+g(r) and is well 
known from the study of the familiar g(r) function. The 
interest of G for 10 is to describe in addition its time 
dependence: if we consider a given, fixed point of 
space through which a particle passes at time 0, the 
density distribution of the system is disturbed around 
this point not only at time 0, but before and afterwards. 
The average time variation of this disturbance is repre- 
sented by the G function. As formally expressed by Eq. 
(20), the disturbance is negligible far from the fixed 
point at all times, and everywhere in the system long 
before and long after time 0. Except in the case of long- 
range order or under critical conditions, to be discussed 
later on, the size and duration of the disturbance are 
characterized by a length Ro and a time Tp of micro- 
scopic dimensions such that Eq. (20) holds for all ¢ if 
r>> Rp and for all r if |¢/>>To. Ro is the range of the pair 
correlation, TZ» its relaxation time. To establish from 
first principles the existence of Rp and To, and, a fortiori, 
to calculate G in terms of intermolecular forces, are 
difficult problems of statistical mechanics, unsolved 
except in very special cases. The relaxation time 7» in 
particular is obviously related to the irreversible return 
of a locally perturbed system to equilibrium, and thus 
depends on the ergodic properties of the system. Such 
problems will not be touched upon here. We hope to 
have shown, however, that quite apart from its interest 
for scattering theory, the pair distribution in space and 
time is an important extension of the conventional g(r) 
function from the standpoint of general statistical 
mechanics. 

The separation of G into its asymptotic value and a 


13 For large |¢|, Eq. (20) is valid also for systems with a small 
number of particles if the initial state is a pure quantum state, 
nondegenerate in energy. The asymptotic convergence for |t|— 
may then, however, hold only in the mean, as is the case for a har- 
monic oscillator. 
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correlation term G’, 


G'(n,)=G(r,) —NO i! dr’-p(r’—r)p(r), (22) 


has also a simple significance for scattering. Insertion 
in (6) gives 
2 


$(x,w) =5(w)- 





J exp(ix-r)-p(r)dr 





+ (nN f expli(e-r—wt)]-G(asdrdl. (23) 


The first term of the right-hand side represents elastic 
scattering (w=0); for an homogeneous system of large 
dimensions it reduces to Npé(w)6(«), ie., to forward 
elastic scattering, which in the first Born approximation 
is indistinguishable from the unscattered beam. The 
second term represents inelastic scattering: since G’ 
tends to zero for 7 and |t/—>~, the energy distribution 
has no peak of form 6(w) in any scattering direction, 
nor has its angular distribution any peak of form 6(«) 
in the forward direction. In some cases, however, the 
convergence of G’ to zero may be slow. This will then 
produce, through the Fourier transform in the last 
term of (23), singularities of weaker type in the angular 
and energy distribution of inelastically scattered par- 
ticles. A simple example of this situation is provided by 
slow neutron scattering in crystals and will be discussed 
in Sec. V. 

The range Rp and relaxation time To determine the 
orders of magnitude h/Ro, h/T» of average momentum 
and energy transfers in those scattering processes which 
are appreciably affected by the collective properties of 
the system S. Let us consider incident particles with 
momentum of order 4/Ro, and let us determine under 
which condition the values of G for |¢/-~7»> make an 
important contribution to the scattering. The condition 
is that the angle of scattering depends appreciably on 
both momentum and energy transfers [if it depends 
essentially on momentum transfer alone, the static 
approximation applies and the scattering depends on 
G(r,0) only]. It requires that the spread Ak in the 
length Ak of the final momentum, due to energy trans- 
fers of order h/To, is at least comparable to the mo- 
mentum transfers h/Ro. Since Ak~(vRo)—, where v is 
the velocity of the incident particle, the condition is 
¥ <Ro/To or T1=> To, where T; is the time Ro/v in which 
the incident particle travels over a correlation range. 
In the latter form, the physical meaning of the condition 
is obvious: the time variation of G affects the total 
scattering and angular distribution only for a particle 
spending at least a time of order Tp over a correlation 
length Ro. If on the contrary T1XTo, the scattering is 
not affected by the values of G for |¢}-~7o. Apart from 
the distribution of outgoing energies, it is then entirely 
determined by the value of G for |¢]<<Zo, and the 
static approximation gives a good description of the 
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effect of collective properties of S on the scattering, in 
the sense that do/dQ can be calculated by replacing 
G(r,t) by Gia(r,t)+G(r,0)—Gia(r,0), where Giz is the 
pair distribution function for an ideal gas of same 
density and temperature as S. 

For incident particles of wavelength ~Ro, the ratio 
T/T» is essentially equal to the ratio of average energy 
transfer to incident energy. A very crude estimate of Ro 
and J» for actual substances, solids or liquids at average 
temperatures, gives Ro~10-® cm, Tyo~10-" sec, and 
thus 7,/To~10*/ if the incident velocity v is measured 
in cm sec. This gives T;/To~10-* for photons of 
arbitrary wavelength, and 7;/To~1 for neutrons of 
wavelength around 1 A or somewhat larger, i.e., exactly 
of the right order Ro for which collective effects on scat- 
tering are most conveniently observed. For electrons of 
wavelength around 1 A, one finds 7,/T>~10-4. 

Before closing this section, we mention an extension 
of the G(r,t) function to systems of identical particles 
with spin, to be used later in connection with spin- 
dependent scattering. If a; is an operator depending on 
the spin of the jth particle, the same for each particle, 
a spin-dependent pair correlation is defined by 


N 
Cepj=N-C f ar-ax0)5(r+n0)-¥) 
j=l 


xa,()80—1,(0)), (24) 
in terms of the Heisenberg operators, 
a;(t)=exp(itH /h)a; exp(—itH/h). 


For a system of Boltzmann particles with spin-inde- 
pendent Hamiltonian H and for the thermal distribu- 
tion (18), there is no correlation between spins nor 
between spins and positions. Using the definitions (15) 
and (16) we then find 
(r,t) = (0”) nhs (r,t) +(@)a?Ga(r,1), (25) 
where a is any of the a,’s and (---)s denotes an average 
over the spin states of the corresponding particle. Corre- 
lations involving the spins can be produced either by 
the symmetry requirements of the wave functions 
(Bose-Einstein and Fermi-Dirac particles) or by spin 
interactions. The first case is illustrated in Sec. VI. The 
second case occurs in ferromagnetic substances and will 
be discussed in a separate paper. 
The extension of the foregoing considerations to 
systems composed of different types of particles is 
straightforward and will not be given here. 


Ill. NUCLEAR SCATTERING OF SLOW NEUTRONS 


As mentioned before, it is for the scattering of slow 
neutrons that use of the pair distributions in space and 
time is of most practical interest. We consider in the 
present section scattering due to the nuclear interaction 
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between neutroris and the nuclei of the scattering 
system S. If the true interaction is replaced by the cor- 
responding Fermi pseudopotential, 


V (r) = (2rah?/m)65(r), 


where m is the neutron mass and a the scattering length 
of the nuclei assumed all identical, the Born approxima- 
tion formula can be applied.4 Equations (2), (3), and 
(6) give then, for the cross section of S, 


d’a 
dQde 


aN k 
=——— | exp[i(x-r—wl)]-G(r,t)drdt. (26) 
2rh Ro ® 





If the nuclei of S have a nonvanishing spin, this equa- 
tion assumes @ to be spin independent. For nuclei with 
a spin-dependent scattering length, or for nuclei 
belonging to different isotopes (the mass differences 
being neglected), Eq. (26) is simply replaced by 


da 





-—— { expli(x-r—w) ]-T'(r,é)drdt, 


with the spin- or isotope-dependent scattering lengths a; 
to be used in the definition (24) of ’.4 In most cases the 
nuclei can be treated as Boltzmann particles and the 
spin or isotope disorder can be considered perfect, so 
that Eq. (25) applies, and, remembering G=G,+Gu, we 
obtain 




















Ua. Cogn @ ome 
dNde dQde dQde 
@oeon (a)wN k 
= — | exp[7(x-r—wé) ]-G(r,f)drdi, (28) 
dQde 2irh Ro 
Paine {(a)w—@w}N k 
ai exp[7(x-r—w) | 
dQde 2rh Ro 
-G,(r,1)drdi. (29) 


Equations (28) and (29) are the so-called coherent and 
incoherent scattering cross sections. 

The separation Eq. (23) of elastic and inelastic scat- 
tering applies to Eq. (28). A similar separation can be 
performed for Eq. (29) by considering the limit of G, 
for |¢]—+. In the static approximation we get, as in 
Sec. II, 


do conf d= (a) ?-N | 1+ il exp(ix-r)g(r)dr , (30) 


do ny/eu— {(@) w— (a)a?} NV. (3 1) 
The incoherent cross section no longer depends on the 
structure of S. Equation (30), identical to the Zernike- 


4 The relevant information on slow neutron scattering will be 
found, for example, in J. M. Cassels, Progr. Nuclear Phys. 1, 185 
(1950). 
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Prins formula for x-ray scattering, has often been used 
before in connection with slow neutrons.!>—% 

The physical interest of Eqs. (28) and (29) is entirely 
similar to that of the familiar Eq. (30). It mainly con- 
cerns systems for which a complete calculation of pair 
distributions in terms of elementary forces cannot be 
carried out. Indeed, whenever an explicit calculation is 
possible, it leads to the differential cross sections as 
directly as to the pair distributions. For more compli- 
cated systems, however, like liquids or dense gases, the 
pair distributions, dealing with two-particle configura- 
tions in space and time, are much easier to visualize 
than the cross sections, and a qualitative prediction of 
their behavior is almost always possible, thus providing 
great help in understanding the main features of the 
scattering. For such systems, on the other hand, the pair 
distribution is the proper quantity in terms of which to 
interpret the scattering data, and since it contains very 
important information on the local structure of the 
system, its experimental determination is desirable. 
Equations (28), (29) provide the basis for such a deter- 
mination. 

Complete measurements of d’c/dQde, i.e., of the 
angular and energy distribution of scattered neutrons, 
will provide a direct determination of G or G,; by inver- 
sion of a 4-dimensional Fourier integral (2-dimensional 
for isotropic systems). At present, for intensity reasons, 
energy distributions of scattered neutrons are still 
difficult to observe, even when they spread over wide 
ranges. Progress will, however, undoubtedly be made 
in this direction” and it is to be hoped that complete 
sets of experimental values for d’«/dQde will eventually 
become available. 

A simpler but much less direct and less satisfactory 
approach to the experimental study of G or G, can be 
made by measuring transmissions (i.e., total cross 
sections) or angular distributions in their dependence 
on the incident wavelength Ao. For angular distribu- 
tions, the contribution to the scattering of values of G 
or G, with £0 will manifest itself through the fact that 
the differential cross section 


f (ds /dde) f(de, (32) 


where f(e) is determined by the detector used, does no 
longer depend on Xo and on the scattering angle @ 
through the single combination Ao sin(@/2), as it does 
in the static approximation with f(e) constant. Since 
a quantity like Eq. (32) has a complicated functional 


15 Q, Chamberlain, Phys. Rev. 77, 305 (1950). 

16 Placzek, Nijboer, and Van Hove, Phys. Rev. 82, 392 (1951). 

17. Goldstein, Phys. Rev. 84, 466 (1951). 

18 P, C. Sharrah and G. P. Smith, J. Chem. Phys. 21, 288 (1953). 

19 Henshaw, Hurst, and Pope, Phys. Rev. 92, 1229 (1953). 

20 Crude information on energy distributions of neutrons scat- 
tered by solids has been obtained by P. Egelstaff, Nature 168, 290 
(1951); B. N. Brockhouse and D. G. Hurst, Phys. Rev. 88, 542 
(1952); R. D. Lowde, Proc. Roy. Soc. (London) A221, 206 (1954). 
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expression in G or G,, the analysis of its experimental 
values is bound to be much more difficult than it would 
be for d’a/dQde, and the choice of a detailed procedure 
would require careful consideration. 

The next sections deal with the properties of G and 
G, for special systems. Their aim is to form a more 
accurate picture of the behavior to be expected for 
these functions and to illustrate the correspondence 
between some of their properties and simple features of 
the angular and energy distributions obtained in scat- 
tering. 

IV. LIQUIDS AND DENSE GASES 


The discussion of pair distributions in space and time 
for liquids and dense gases presents the same difficulties 
as the corresponding discussion for the instantaneous 
pair distribution g(r). Although the general behavior 
of the distribution functions can easily and safely be 
guessed, no reliable method has yet been found to cal- 
culate them in terms of the intermolecular forces.77 We 
will therefore limit ourselves to a description of their 
most immediate properties. 

Except for the case of substances of light atomic mass 
taken at very low temperatures, like liquid helium for 
example, the particles in a liquid or a dense gas have a 
mean de Broglie wavelength Ap=h(2MkpT)-* small 
compared to the distance between particles or, what 
amounts to the same, to the range of interatomic forces. 
M is the mass of the particles in the system. Under 
these conditions, the distinction between G,(7,t) and 
Ga(r,t)=G—G, is possible and these functions, which 
are independent of the direction of r, verify, as already 
mentioned, 


G.(7,0)=6(r), Ga(r,0)=g(7), (33) 
lim G,(?’,t) = | lim G, (r,t) =0, (34) 
lim Ga(r’,f)= lim Ga(r,t) =p, (35) 


where p is the number density. Except in the neighbor- 
hood of the critical point, the convergence in Eqs. (34) 
and (35) takes place over'a length Ro of the order of 
intermolecular distances and a time T> of the order of 
the time needed by an average particle of the system to 
travel over a distance Ro. To is essentially identical 
with the Debye relaxation time. 

Under the same condition of a mean de Broglie wave- 
length small compared to interatomic distances 
(Asn<Ro), no quantum effects will manifest themselves 
in Ga, which deals with pairs of particles separated by 
distances of order Ro, and Ga(r,t) is thus a real-valued, 
positive function, even in ¢. The situation is slightly dif- 


2i The determination of pair distribution functions based on the 
superposition approximation of Kirkwood, J. Chem. Phys. 3, 300 
(1935), cannot be considered reliable for dense systems. It has 
been discussed for a gas of hard spheres by B. R. A. Nijboer and 
L. Van Hove, Phys. Rev. 85, 777 (1952), and by B. R. A. Nijboer 
and R. Fieschi, Physica 19, 545 (1953). 
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ferent for G,(7,t), which for very small times 
|t] ~h/RaT~(2z/Ro)To, 


is entirely concentrated in the region 7~Agz where 
quantum effects are appreciable. For small displace- 
ments of this order, however, the potential acting on a 
particle is practically constant, so that the ideal gas 
value can be adopted for G;: 


G.(r,t)—~{ at (keTt—ih)/M}>” 
Xexp{ —Mr?/[2t(keTt—ih) ]}. 


This holds for |] <Jo. For larger times, the form of G, 
is affected by the interatomic forces, but quantum 
effects become negligible, and G, thus also becomes real- 
valued positive and even in ¢. Characteristic shapes of 
G, and G, are given in Fig. 1 for three ranges of ¢ values: 
|t]|<<To (the curve for G, is to be understood as repre- 
senting the real part of the function if |t] Sh/ksT), 
lt|~To, and |t|=>To. 

For quantum liquids like liquid helium at low tem- 
perature the situation is, of course, entirely different. 
The distribution function G has complex values for all 
nonvanishing times. We will not try to make a guess at 
its theoretical shape but want to stress the interest of 
its experimental determination. 

After these general considerations, let us return to 
the case of the so-called classical liquids (As<Ro) which 
will now be studied in the neighborhood of the critical 
point. When critical conditions are approached, the 








It] >> Tp 





0 r 


Fic. 1. The dependence of G,(7,t), (---—) and Ga(r,t), G---- ) 
on ¢ for three values of ¢. The solid line corresponds to the average 
density of the system. 
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qualitative behavior of G, is not expected to be greatly 
modified. Gz, however, is known to exhibit long-range 
correlations resulting from the occurrence in the system 
of spontaneous density fluctuations of macroscopic 
size. In contrast with the short-range part of the pair 
distribution, these long-range phenomena can be ex- 
plicitly studied, at least for temperatures T slightly 
above the critical temperature T., by the methods of 
macroscopic fluctuation theory. The applicability of 
such methods is actually not restricted to the neighbor- 
hood of the critical point. They make a general study 
possible for the scattering from macroscopic density 
fluctuations, by permitting the calculation of the value 
and the time dependence of the Fourier components 


of Ga: 
fi (Gal) —p) exp(de- dr, 


for macroscopic x~!. This question, studied by Landau 
and Placzek for light scattering,” will not be treated in 
full generality in the present paper, where we limit 
ourselves to the more special case of critical fluctuations. 

The behavior of g(r) =Ga(r,0) near the critical point, 
for T>T, and for r large compared to the intermolec- 
ular distance, has been determined by Ornstein and 
Zernike.” It is given by 


Galr,0)~p+ (4ar?r)e-”, (36) 


where 7o is a length slowly varying with temperature 
and density, of the order of the range of the forces, with 
value 1 at the critical point, and xo is the reciprocal 
length 


r>ro; 


ko= 10 (pkeTxr)}, (37) 
defined in terms of the isothermal compressibility 
xr=p 1(dp/dp)r. Equation (36) holds for r>>70, in the 
temperature and density region where 7ox0<1. Its 
derivation assumes the system monophasic. Through 
its dependence on x7, the range xo"! of the pair corre- 
lation becomes infinite at the critical point, where Eq. 
(36) reduces to 
Ga(r,0)-~p+ (4are?r)}, Tr>To. (38) 
We have now to determine the time variation of Gz 
for r>>ro. The long-range part of the pair distribution 
Ga(r,t) can be identified with the average shape at 
time ¢ of the spontaneous macroscopic density fluctua- 
tions in the system, as seen from a point through which 
a particle passed at time 0. Following Onsager,” it is 


21, Landau and G. Placzek, Physik. Z. Sowjetunion 5, 172 
(1934). For a more detailed exposition, see J. Frenkel, Kinetic 
Theory of Liquids (Clarendon Press, Oxford, 1946), pp. 244 ff. 
The author is indebted to G. Placzek for illuminating discussions 
and communication of unpublished work on this subject. 

23 LS. Ornstein and F. Zernike, Proc. Acad. Sci. Amsterdam 17, 
793 (1914); Physik. Z. 19, 134 (1918). The length ro in our Eq. 
(36) is related by 6rc?=e to the length e defined in the latter 

aper. 
mn L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 
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natural to assume that macroscopic variables which 
have taken nonequilibrium values as a consequence of 
spontaneous fluctuations have on the average in their 
return to equilibrium the same time variation as if 
their initial nonequilibrium values had been produced 
by suddenly released artificial constraints. This time 
variation is given by the well-known phenomenological 
laws of irreversible processes, in our case the Navier- 
Stokes equations for viscous flow supplemented by the 
continuity equation, and the equation for energy 
transport involving heat conduction. 

Since we deal with fluctuations of small amplitude, 
all equations can be linearized and treated by Fourier 
analysis. We then find three independent plane-wave 
fluctuations of wave vector k: two corresponding to 
damped waves propagating with sound velocity in the 
directions of k and —k, and one of nonpropagating 
nature, with a time dependence given by the factor 


exp(— ZAok*t), (39) 
with 


Ao=4x (pp) = 4% (pcr)! (xs/x7). (40) 


x is the coefficient of heat conduction, c, and c, are the 
specific heats per particle, at constant pressure and 
volume, respectively, and x35 is the adiabatic compres- 
sibility 

xs=p"(0p/df) s 


(S: entropy). As expected, the fluctuations of the two 
first modes are found to be adiabatic and the third 
mode is a fluctuation.at constant pressure.”® 

When the critical point is approached, whereas 
fluctuations of the two first modes remain normal, the 
magnitude of the spontaneous fluctuations at constant 
pressure increases indefinitely. They alone thus con- 
tribute to the long-range part of the pair correlation, 
and the time dependence of Gg for r>ro and ¢>0 can 
be obtained by multiplying each Fourier component of 
Eq. (36) by the corresponding factor (39), ie., by 
calculating the convolution of Eq. (36) with the Fourier 
transform, 


1 


Om? exp (—4Aok?t) exp (zk- r)dk 
1. 


r—r’(? 
= (wAol)*” exp( =), 
Aot 


of (39). One has thus, remembering that Gz is even in f, 


Ga G =p+ (4rr¢°)7 (wAo | t | jal 2 


[r—r’|? dr’ 
x f exp| — —r 


Ao|t| “ 


25 The foregoing analysis of spontaneous fluctuations has been 
carried out by L. Landau and G. Placzek (reference 22) to account 
for the occurrence of a triplet line in the fluctuation scattering of 
light by liquids, and to calculate the line widths. 





(41) 
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Integration over the angles then gives 
Galr,t)—~et (Aaro’r) WL ko(Ao|t|)#, r(Ao|t|)-#], (42) 


where the function W of two dimensionless arguments 
is defined by 


WV (v,w) = 22! exp(—w*) 


x ii exp(—2?— x) sinh(2wx)dx. (43) 
0 


It is easily expressed in terms of the error integral: 
W (v,w) =exp(Zv?— ww) -y (fv— w) 
ae —exp(Z7°-+ vw) -(v+-w), 
Wea)=— f exp(—s*ay. 


ae 


The behavior of Ga for large ry and for large and small 
[¢| is immediately obtained from 


W (v,w)-vexp(— vw), for w>1, w>v; (44) 
W (v,w) 4-9" exp(—w), for v>1, v>w. (45) 


Equation (44) shows that the expression Eq. (42) 
reduces to Eq. (36) in the limit of t-0. Its strict validity 
is, however, restricted to values of |¢| large compared 
to the microscopic relaxation time T» considered before, 
since the phenomenological equations used in our 
derivation apply only to quantities averaged over a 
time interval large compared to the duration of micro- 
scopic fluctuations. This limitation accounts for the 
occurrence of a spurious discontinuity at ¢=0 in the 
derivative of the right-hand side of (42) with respect 
to ¢; this derivative, if calculated correctly for ¢ of 
microscopic order of magnitude, would be found con- 
tinuous and equal to zero at ¢=0. Apart from the con- 
dition |#|>>Zo, the derivation of Eq. (42) requires of 
course roxoX1 and r>>ro as for Eq. (36). It is, however, 
interesting that the latter condition can be abandoned 
for all times for which the expression (42) differs appre- 
ciably from its value (36) at t=0. Indeed, it follows 
from (41) that whenever |#|>>Ao'7o? the value of 
Ga(r,t) for all r, even of order 79, is overwhelmingly 
determined by the values of Ga(r,0) for r>>ro. If now 
|¢| is not large enough to satisfy this condition 


|¢] SA 70’, 
we get 
VSKor<1, w2Zr/n. 


Hence, for r>7o, the asymptotic form (44) of YW can be 
used, and Ga(r,t)>~Ga(r,0) for r>>ro. To present this 
conclusion differently, we can say that as |¢| increases, 
the time dependence of the long-range part of Gy sets 
in only for times”é 


| t | SA rer (xr/x s) Tyr (koro) °T o->To, 


26 The following estimate is made by using values of x, ¢,, and xs 
calculated for rarefied gases, with the help of kinetic theory for x. 
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at which the short-range part of the pair distribution 
has completely reduced to the instantaneous value of 
the local macroscopic density, the variation of which is 
correctly described by Eq. (42) for all r. It is finally 
to be remarked that Ac increases indefinitely when 
the critical point is approached, corresponding to an 
increasingly slower time variation of the macroscopic 
part of the pair correlation. 

The above discussion is valid for monophasic systems 
near the critical point, i.e., for gases at densities near 
the critical density p, and temperatures slightly 
above the critical temperature T,. The relevant con- 
dition for its applicability is that the dimensionless 
quantity, 

koto= (pkaTxr)-?, 


be small compared to one, let’s say of order 0.1 or smaller. 
A more concrete idea about the corresponding density 
and temperature ranges is obtained by using the ap- 
proximate expression for xr given by the van der Waals 
equation of state. One finds that at the critical density 
or a density differing from it by less than some 5 per- 
cent, one must have T—T, <0.005T,.* 

For temperatures approaching T. from below, the 
system is no longer monophasic at densities near p,- 
and the previous treatment is then not strictly appli- 
cable. It seems, however, likely that the long-range 
part of the pair distribution and its time variation will 
not be radically different from what we have found them 
to be for T above T-. 

Let us now indicate a few consequences of the above 
discussion for the scattering of neutrons by liquids and 
dense gases, for neutron wavelengths of the order of the 
separation between particles or larger. Away from 
critical conditions and apart from the forward elastic 
peak, which is entirely coherent, the differential cross 
section d’¢/dQde is a smooth function of outgoing energy 
and angle of scattering, corresponding to average mo- 
mentum and energy transfers or order Ro and hT¢", 
respectively. This applies to coherent and incoherent 
scattering alike, although the collective properties of 
the liquid will evidently affect the scattering to a 
greater extent in the coherent case. Qualitative shapes 
to be expected for the angular and energy distribution 
could easily be obtained from Fig. 1 by Fourier trans- 
formation. 

When critical conditions are approached, whereas no 
rapid change is expected to occur for incoherent scat- 
tering, the occurrence of a tail of increasing range in the 
pair distribution Gz reflects itself in an increasing 
amount of coherent scattering characterized by small 
momentum and energy transfers. Using for the latter 
our customary notations ix, hw, we obtain by Fourier 
transformation of Eq. (41) over space and time [the 
Fourier transform over space gives the product of Eq. 
(39) by the Fourier transform of Eq. (36); one has then 
to make a Fourier transformation over time] the fol- 
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lowing expression, 


( a Ocoh ) 4a) cei k 1 aX ok? 
crit 


See 
dQde wh = Ro ror(x?-t Ko?) Ao’k*-+ 16? oY 





for the part of the differential cross section originating 
from long-range correlations. Near the critical point 
(koro S0.1), it is the main part of the cross section in 
the region «ro. From Eq. (46) this critical scattering 
is seen to have momentum and energy transfers of 
order k~xo, w~Aoko?/4, respectively. Their relative mag- 
nitude compared to average momentum and energy 
transfers in noncritical scattering is easily estimated to 
be, very crudely,”é 


Roxo~ (pkaTxr)-}, 
4T oAoxe’~ (Roko)*~ (pkaT xr). 


The most important feature revealed by this estimate 
is that in critical scattering, the energy transfers 
decrease very much faster than the momentum transfers 
when the critical point is approached, thus restoring the 
validity of the static approximation and causing the 
scattering to be not only more abundant than under 
normal conditions but also completely different in all 
its properties. The total cross section, for example, 
which under normal conditions is proportional to the 
incident neutron wavelength 27/ko as soon as the in- 
cident energy is small compared to k/To,?” has a com- 
pletely different wavelength dependence in the immedi- 
ate neighborhood of the critical point. Its main con- 
tribution comes then from the critical scattering repre- 
sented by Eq. (46), which has to be integrated over 
outgoing energies and angles, with the result: 


1 (a) ?N 4k, 
Tooh———_ log = +1). (47) 
(roko)* Ko” 

Application of Eq. (46) at the critical point itself, 
where xo and Ao vanish, would lead to an infinite value 
for the total cross section (47). As was shown by Placzek 
for the case of light scattering,” the occurrence of this 
spurious conclusion is due to the fact that our entire 
treatment of scattering assumes the range of the pair 
correlations to be small compared to the dimensions of 
the vessel containing the system. We indeed havealways 
assumed the system large enough to make surface 
effects negligible. Application of Eqs. (46) and (47) 
therefore requires xo! to be small compared to the 
dimensions of the vessel. Practically this condition is 
violated only in a temperature interval of ~10~” degree 
around 7,, in which the scattering would depend on the 
size and shape of the vessel. 

We will not in the present paper consider the case 
of rarefied gases. The natural way of treating it is by an 


27 This dependence on incident wavelength follows directly from 
the presence of the denominator ho in Eq. (28). 
28 G. Placzek, Physik. Z. 31, 1052 (1930). 
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CORRELATIONS IN SPACE AND TIME 


expansion o: G, and Gz in powers of the density, entirely 
similar to the familiar expansion of the g(r) function. 
The ideal Bose-Einstein and Fermi-Dirac gases will be 
considered in Sec. VI. 


V. CRYSTALS 


For crystals, the harmonic nature of the forces 
permits explicit calculations of the scattering cross 
sections and pair ‘distributions. Such calculations have 
often been made for scattering. We will here briefly 
derive the expressions for the G(r,t) function, describing 
the correlations in position between any two particles 
of the crystal, and the G,(r,t) function, describing the 
correlation of a particle with itself. The calculation is 
most easily done by starting from Eq. (8), a fact 
generally valid for systems which have plane waves as 
independent modes of motion. 

We restrict ourselves to a single crystal of infinite 
extension, with Bravais lattice (one atom per cell). 
The lattice vectors are denoted by R, and the position 
vector of the particle with equilibrium position at R is 
written R+ur.® Defining for each R, including the 
origin R=0 of the lattice, the pair distribution Ge for 
particles of equilibrium positions 0 and R, we have 


G=>-rGr, Gs=Go. (48) 
From Eq. (8), 
Ga(r,t)= (2n)-* f dr-exp(— i (r—R)} 
-(exp{—7x-uo(0)}-exp{ix-ur(t)})r. (49) 


The Heisenberg operators are defined as usual. The 
subscript Z indicates that the thermal distribution 
must be used in the definition (9) of the average. 

We have first, since the commutator is a c number, 


{exp{ —ix-uo(0)}-exp{ix-ur(t)})r 
= (exp{ix:[ur(t)—uo(0) J})r. 
-exp{3Lx-uo(0), x-ur(¢) J}. 


Next, in view of the fact that 


x: {ur(t)—uo(0)} 


is a linear combination of coordinates of independent 
harmonic oscillators and has thus a Gaussian prob- 
ability distribution, the first factor in the right-hand 
side of Eq. (50) has the value 


—2{Lx: (ur()—u0(0)) P)r}. 


* A. fairly complete list of references is given in G. Placzek and 
L. Van Hove, Phys. Rev. 93, 1207 (1954). The unpublished work 
of R. J. Glauber (reference 10), which makes use of the correlations 
(52) below, must also be mentioned. 

* When in subscript, R stands for the vector R. 

41 This theorem is due to F. Bloch, Z. Physik 74, 295 (1932), 
especially footnote on p. 309. 
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Replacing the commutator in the second factor by its 
average, we get 


(exp{—ix-uo(0)} -exp{ix-un()})r 


= exp{ ~ 2 py(0,0)—May(R,t) kexy}, (51) 
where 8,y=%, y, 2 and 
Ma,(R,t)=M,(R,t) = (uP O)ur(t))r. (52) 
Inserting into (49), we get 
Gr(1,t)={N (R,t)/80*}} 
Xexp R,)}, (53) 


“4X Nev RGR) ry 


with the 3X3 matrix Ng,(R,f) defined as the inverse of 


2{Mz,(0,0) —Ms,(R,1)}, 
and with 
N(R,t) = det{N,(R,4)}. 


Equation (53) isa Gaussian distribution around the equi- 
librium position R. For 0 it has complex coefficients, 
the imaginary parts of which are of quantum origin.” 

The correlation equation (52) between displacements 
is easily calculated using the functions w;(q), e;(q) which 
express the frequency and unit vector of polarization 
of a plane-wave vibration (phonon) in terms of the 
wave vector q and the polarization index 7=1, 2, 3. 
One finds 


Mox(R) = {hivo/ (16x?) 
XE f date @eir(a)/o(a))-(1—exp(— fife (a)}> 


-{exp[—i(R -q—tw,(q)) ]4 exp —A6w;(q)] 
Xexpli(R-q—tw;(q)) J}, 


where M is the atomic mass of the crystal, v9 the volume 
of the cell, 6' the quantity kgT and where the integra- 
tion is extended over a cell of the reciprocal lattice.* As 
functions of q, w;, and e; have the periodicity of the 
reciprocal lattice. 

Equation (54) shows that M,,(R,f) approaches zero 
when R or |¢| increase indefinitely. Vg_(R,t) approaches 
then the inverse Ng, of the real matrix 2M,,(0,0). 
Hence, asymptotically, for large |¢| or for large R but 
finite {r—R|, 


Gr(r,t)~-Gr™ (r) = {N@ /8r3}3 
Xexp{—7 = Noy? (ra— Rs) (ry—Ry)}- 


(54) 


®'The above method for the calculation of scattering cross 
sections or pair distributions is applicable quite generally to 
systems with harmonic forces. Its main advantage is the very brief 
derivation of Eq. (51) based on Bloch’s theorem. Alternative 
methods found in the literature are less general or more laborious: 
they have to rederive Bloch’s theorem in disguised form. 

33 We define here the reciprocal lattice vectors as the vectors 
whose inner products with the vectors R of the crystal lattice are 
integral multiples of 27. 
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This equation expresses the asymptotic vanishing of 
correlations between particles with widely separated 
equilibrium positions, and between neighboring par- 
ticles considered at widely separated times. 

For t=- ©, the limiting values of the pair distribu- 
tions Eq. (48) are thus 


G(r,0)= Dae Gr (r), (SS) 
G,(1,0)=Go™(r). (56) 


The elastic part of coherent and incoherent neutron 
scattering follows immediately by insertion into Eqs. 
(28) and (29): 


2 Gch ( \ er) 
i= \- a | 
Xexp(—2 Moy(0,0)xsx1}5(w) dX 6(x—a), 


(Mt) [ern 


Xexp{ ~2 M,(0,0)kpx1}5(w). 











It contains the familiar Debye-Waller factor and, in 
the coherent case, the interference condition «=a, 
where a denotes the vectors of the reciprocal lattice.* 
The cross sections for inelastic scattering can be derived 
from the difference between G, G, and their asymptotic 
values (55), (56); one obtains then immediately ex- 
pressions previously derived by Glauber.” 

It is of some interest to study the nature of the con- 
vergence of G and G, toward their asymptotic limits. 
G is found to approach (55) both for |f{|—, r 
fixed and for r->, ¢ fixed, the convergence being in 
|¢|-*/2 in the former case, in 7 in the latter. G, ap- 
proaches (56) for |£|—>0, with a convergence in [t|—*?. 
The convergence is very slow in all cases. As seen from 
Eqs. (28) and (29), this fact is closely related to the 
occurrence of singularities in the angular and energy 
distribution of neutrons scattered inelastically by a 
single crystal; these singularities have been studied in 
detail elsewhere.*4 The convergence of the pair distri- 
butions for large |¢| has also another important physical 
significance: it implies that the crystal, despite its 
over-all lack of ergodicity, exhibits locally a type of 
ergodic behavior, the return toward local equilibrium 
being in [Z[23-" 

We will here restrict ourselves to establishing the law 
of asymptotic convergence of pair distributions for 
|t|->0. This law is entirely determined by certain 
special crystal vibrations, already met before in con- 
nection with the frequency distribution function of the 

4 See G. Placzek and L. Van Hove, reference 29. 

35 Properties of local ergodicity have been studied for a one- 
dimensional system of particles with harmonic interaction between 


TiGES) neighbors by G. Klein and I. Prigogine, Physica 19, 1053 
1953). 
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crystal.* Applying the result thus obtained to G,, we 
will then establish in an indirect way the existence, 
asserted before without proof,** of singularities in the 
energy distribution of incoherently scattered neutrons. 

The convergence of Gr to Gr? is determined by the 
convergence of Mg,(R,f) to 0 for |£|—+2%, which accord- 
ing to Eq. (54) is to be discussed by the method of 
stationary phases. For large |f|, the main contribution 
to the integral in (54) comes from the neighborhood of 
the points q, where for some j= 7-, 


(57) 


It has been shown that such points always exist for 
general values of the force constants of the crystal.% 
Their existence is implied by the periodicity of w;(q) 
in q. In suitable local coordinates preserving the volume 
element dq, the expansion of wj-(q) near qe can be 
written 


wie(G) =Wet ae Dy 
2,3 


gradw;(q)=0. 


estat ens q— 4c, 


with w,=wie(Qc), ¢s°=-1, a->0. Inserting in (54) and 
carrying out the integration over & one gets for 
Mz,(R,t) the asymptotic form: 


Mpy(R,)—{ hvo/ (160M | t| N}D {ei (eect (Ge)/ 
(a,4w.)} {1—exp(— hBw.)}—"{exp(— tR-q-) &-(t) 
exp (= hBw.+iR Qc) Ge* (t)} ’ 


E(t) =expLitweti(m/4) (t/|t]) die 6°]. 


&,* is the complex conjugate of 6. The sum }_. extends 
over all solutions of Eq. (57). The decrease of Mg, for 
large |t| is seen to be in |¢|—*. From (58) it is now an 
elementary matter to find the following asymptotic 
formula for Gr: 


(58) 
with 


Gr(t,t)—-Gr@ (Gp (1) | t|2? 
XLel Pelt) Se()+ Pe! (1) 6.*()}. 


P. and P,’ denote polynomials of second degree in the 
components of r. Their explicit expression is not needed 
for our purpose. The asymptotic convergence of Gr, 
and thus of G and G,, is again in |¢|~*. 

Through the Fourier transform over ¢ in Eq. (29), 
each term of the expression (59), taken for R=0, con- 
tributes a singularity to the energy distribution of 
incoherently scattered neutrons. The analytic nature of 
the singularity is best obtained by Fourier transforma- 
tion of simple functions of ¢ with asymptotic behavior 
|¢|-*6,(¢) or |¢|-3/26,*(é) for large |¢|. We take for 
example the function, 


felt) = |t|-°76.(2) 1bia/t)~”, 


where a>O and the upper (lower) sign is taken when 
éc= Dp eg°=3 or —1 (—3 or 1). It has the following 


(59) 


36 1,, Van Hove, Phys. Rev. 89, 1189 (1953). 
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Fourier transform :*” ; 
f(w—w-) for e.=3 


’ i! — f(w.—w) for e-=1 
je)= f emfodi=y* , 
res — f@w—w.) for e-=—1 
f(w-—w) for e-=—3 
with 
; " for w<0 


Ie) 4 (mw)! exp(—aw) for w>0. 


Hence, in the energy distribution of neutrons scattered 
in an arbitrary direction, the term in 6&(t) of (59) 
produces a singularity at w=w,: near w=,, the energy 
distribution has the form Af.(w)+F(w), where A is a 
constant and F(w) a continuous function, the first 
derivative of which has at most a finite discontinuity 
at w=w,. Both A and F depend on the scattering direc- 
tion. One can easily show that the scattering processes 
responsible for this singularity involve excitation by the 
neutron of one phonon of wave vector q. and polariza- 
tion 7..°8 Similarly, the term in &,*(¢) produces a singu- 
larity at w= —«,, with an energy distribution of form 
A'f.(—w)+-F'(w), where A’ and F’ have meanings 
similar to A and F. This singularity is due to anni- 
hilation by the neutron of one phonon again character- 
ized by q. and j¢. 


VI. IDEAL QUANTUM GASES 


To illustrate the effect of Bose-Einstein and Fermi- 
Dirac statistics on pair correlations we treat very briefly 
the case of ideal quantum gases. It is instructive to 
consider particles with nonvanishing spin and to study 
simultaneously the correlations imposed by the statistics 
on particle positions and on spin orientations. This is 
done by calculating the spin-dependent pair distribution 
function I defined in Eq. (24); a; is an arbitrary function 
of the jth particle spin, the same function for each 
particle. 

The expressions of I for the Fermi gas and for the 
Bose gas without condensed phase are very similar and 
their derivation, to be based on the analog of Eq. (8) 
for IT’, is quite straightforward. Only the final result will 
be given here: 


T'(r,t)=p@ wh f(7,t)& (250+ 1) nz(7,t)} 
-{n=(1,t)}*+ o(a)n’. 


The upper and lower signs refer to Bose and Fermi par- 
ticles, respectively. The averages (a*),, and (a), have 
the same meaning as in Eq. (25). so is the spin of the 
particles in units of #. The functions f and ns are 


(60) 


37 The various cases correspond to the possible signatures of 
the stationary point of wj.(q) at q-: minimum, saddle point of one 
of two types, maximum, respectively. 

38 This is shown for cubic crystals in reference 34. 


261 
defined by 
f(r) = Qn)“ i see Sy 


2 {¢| M ~} iMr 
"a 
p t 4h | t| 2ht 


ix (r,t) = (2n)-to7! il See eno) 
-{B exp(hBu,)F1}—dk. 





(61) 


M is the mass of the particles, 8B is (kaT)~, and we 
stands for hk?/2M. The constant B >4(1+1) is deter- 
mined by n+(0,0)=1. 

According to Eq. (60), the range of the pair corre- 
lations in space and time is determined by the con- 
vergence of n= to zero for r or >. This convergence 
can be discussed in all cases from Eq. (61). We consider 
here only the case B>1, for which expansion in powers 
of B™ gives 


M \i @ (+1) 
ee 
anh) i= B'(ltp—it)! 


Mr? 


xexp| -— "| (62) 

NA (ear) Me 
where tr=hB=h/(kgT) is a measure of the relevant 
relaxation time. For B not too close to one, an estimate 
of the spatial range of the pair correlations is obtained 
from the first term of the series. It gives 


r~ (h/M)* (tr? +P), 


and for ¢ <tr, reduces essentially to the mean de Broglie 
wavelength (h?8/2M)!=)x,. The expansion Eq. (62) 
becomes impractical when B is close to one, in particular 
for the Bose gas. For the latter and for 0<B—1<1 a 
more convenient expression has been obtained by 
Placzek®® for n_(r,0); it can be used for n_(r,t) by 
introducing it into the identity, 


ne(ri)=p | me(r'O) flr |, Nar, 


and shows that the correlation range becomes of order 
(B—1)-"\zg, thus increasing indefinitely as condensa- 
tion is approached. 

From Eq. (60) the difference between I and its 
asymptotic value p(a),” is seen to depend on the spin 
through (a?) only. This fact is obviously due to the 
absence of spatial correlation between particles in dif- 
ferent spin states. Applied to neutron scattering by 


% G. Placzek, Proceedings of the Second Berkeley Symposium 
on Mathematical Statistics and Probability (University of Cali- 
fornia Press, Berkeley, 1951), pp. 581-588, especially Eq. (36). 
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nuclei with spin-dependent scattering length a, it 
illustrates how little sense is made by the conventional 
terminology of calling coherent (or incoherent) the 
part of the scattering containing (a),7 (or (a?)a— (@)x2), 
as soon as some correlation exists between spins, result- 
ing either from symmetry requirements of the wave 
function or from spin interactions. It is only for systems 
of Boltzmann particles with free nuclear spins that this 
terminology is physically reasonable.” 

For a Bose gas in the condensation region, the pair 
distribution I" has the following expression: 


T(r,t) = p(@ wl { f (r,t) + (25041) (n (1,4) +10)} 
» (n(1,t)+-10)* — (250+ 1) 00? +p (a?) w— (a) 2) 
X (250+-2)-e?-+ p(a) a2. 


The function f is the same as above; ” and mp are 
defined by 


n(r,f)= (2m)-8p7! f epee 
- {exp (%#Bux) — 1}—'dk, 
no=1—n(0,0)=1—(9./p), 


where p, is the condensation density at temperature T. 
The quantity p—p.= mop, supposed to be positive, is the 
density of the condensed phase. The asymptotic be- 
havior of 7 is easily shown to be in A7/r for r>« and 
in (tr/|t|)? for to. 

In the derivation of Eq. (63), the only point which 
is not quite elementary is the calculation of the thermal 
average (V.Ng), where Na, Ng denote the number of 
particles of momentum zero in spin states a, 8 (a, B= 1, 
-++2so+1). With the help of generating functions for 
the distribution of values of the V.’s, one easily shows 
that 


(63) 





25o+1 
(NaN) = —— Na) — 


(Na); 
25o+2 


(8) 
2so+1 


(= 2 (e407) 
a De ee ee 


“ This remark holds of course also for isotope disorder. Other 
terminologies, introduced by G. C. Wick, Physik. Z. 38, 689 
(1937), and J. M. Cassels, Progr. Nuclear Phys. 1, 185 (1950), 
have the same limitation. 
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In the right-hand sides, the second terms can be 
neglected in comparison with the first ones in the limit 
of an infinite number of particles. 

In the special case t=0, a;=1, Eqs. (60) and (63) 
reduce to the instantaneous pair distributions derived 
for ideal quantum gases by London.” 


VII. CONCLUDING REMARKS 


Our aims have been to introduce the time-dependent 
generalization of the familiar pair distribution function, 
to indicate its interest from the standpoint of statistical 
mechanics, and to establish its role in scattering theory, 
showing at the same time how slow neutron scattering 
makes it experimentally accessible. 

The use of scattering experiments for the study of the 
pair distribution in space and time seems to us to be 
of real interest for systems of nontrivial and poorly 
known dynamical properties, mainly liquids and dense 
gases. It is our hope that increasingly complete and 
accurate data on such systems will become available. 
The case of liquid helium, with its marked quantum 
properties and its complex-valued pair distribution, 
undoubtedly deserves special attention.” 

From the theoretical standpoint, the determination 
of the g(r) function in terms of the intermolecular forces 
is well known to be a difficult and challenging problem 
for liquids and dense gases. Both the difficulty and the 
theoretical interest of a determination of the time- 
dependent pair distribution are likely to be greater, in 
view of the fact that the relaxation properties of the 
system are involved. On a more modest scale, approxi- 
mate discussions of the time dependence of G, based on 
suitable models, would probably be instructive and 
might provide considerable help in the analysis of scat- 
tering experiments, since for some time to come, com- 
plete angular and energy distributions will not be readily 
measurable. 

The author wishes to express his gratitude to Dr. G. 
Placzek for many stimulating discussions and sug- 
gestions on the various aspects of the present work. 
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models of liquid helium have been given by A. Akhiezer and I. 
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The pair correlation- between spins considered at different times in a ferromagnetic crystal is used to derive 
a general formula for the angular and energy distribution of magnetically scattered neutrons. The qualitative 
properties of the correlation are established for various temperature ranges and a number of characteristic 
features of the scattering and of its temperature variation are thus accounted for. From the study of the long- 


range part of the correlation an explicit expression is derived for the 


“critical magnetic scattering” produced 


in the neighborhood of the Curie point by the large spontaneous fluctuations of the magnetization. 


I. INTRODUCTION 


S was shown in an earlier paper,’ the Born ap- 

proximation scattering cross section can be simply 
expressed in terms of the four-dimensional Fourier 
transform of a pair distribution function depending on a 
space vector and a time variable. The formula thus 
obtained provides a new and physically very intuitive 
method of analyzing the properties of slow neutron 
scattering by systems of particles, in the most inter- 
esting energy region where energy transfers are of the 
order of the incident neutron energy or larger. The 
formula is the natural extension to neutron scattering of 
the classical Zernike-Prins formula? for scattering of 
x-rays. In full analogy with the latter, it is expected to 
be of most practical interest in the case of scattering 
systems of complicated dynamical and statistical struc- 
ture, like liquids or dense gases, for which a theoretical 
calculation of the scattering is not possible. 

This general method of describing slow-neutron scat- 
tering in terms of a time-dependent pair distribution 
function finds a very fruitful application in the case of 
magnetic inelastic scattering by ferromagnetic crystals. 
The total magnetic cross section of iron has been 
measured by Palevsky and Hughes for neutrons of 
wavelengths ranging from 5 to 13 A, from very low tem- 
peratures to well above the Curie point.’ Similar 
measurements were made by Squires for iron and 
nickel. As was briefly shown in an earlier paper,® 
striking features in the temperature variation of the 
total cross section are readily understood in terms of the 
general properties of the time-dependent pair distribu- 
tion (or correlation) for spin orientations. The present 
paper is devoted to the detailed derivation and discus- 
sion of these properties as well as to a more complete 
account of the predictions which can be made on their 


* Part of this work was done at Brookhaven National Labora- 
tory where it was supported by the U. S. Atomic Energy Com- 
mission. 

1 Léon Van Hove, Phys. Rev. 95, 249 (1954). This paper will be 
referred to as II, and its equations denoted by Eq. (II ---). 

2F. Zernike and J. A. Prins, Z. Physik 41, 184 (1927). 

3H. Palevsky and D. J. Hughes, Phys. Rev. 92, 202 (1953). 

4G. L. Squires (to be published). 

5 Léon Van Hove, Phys. Rev. 93, 268 (1954), henceforth re- 
ferred to as I. 


basis for the magnetic inelastic scattering of slow 
neutrons. Despite the well-known impossibility to deal 
in any exact way with the dynamical properties of a 
ferromagnetic spin system, it turns out that all the most 
important qualitative properties of the correlation, and 
thus of the scattering, can be derived by means of 
general statistical arguments completed with macro- 
scopic considerations. The success of this approach 
must be ascribed to the simple and direct physical 
meaning of the correlation as a function of space and 
time variables. It therefore illustrates in a striking way 
the practical usefulness of the concepts introduced and 
studied in II in more abstract terms. 

The general formula expressing the magnetic scat- 
tering cross section in terms of the pair correlation be- 
tween spins is derived and discussed in the next section. 
Section III deals with the correlation calculated by spin 
wave theory for temperatures very low compared to the 
Curie temperature. The qualitative properties of the 
correlation and of the magnetic inelastic scattering are 
discussed in Sec. IV for general temperatures, neither 
too small nor too close to the Curie point. The long 
range part of the correlation present at temperatures 
close to the Curie point and resulting from the occur- 
rence of large spontaneous fluctuations in the mag- 
netization is studied in the following section, where it is 
also used to derive the characteristic features of the 
“critical magnetic scattering” produced by those fluctu- 
ations. The experimental evidence confirming the ex- 
istence of the critical magnetic scattering is mentioned. 
The final section is devoted to a few concluding remarks. 


Il. SCATTERING FORMULA 


For the description of ferromagnetic crystals we adopt 
the atomic (Heisenberg) model of ferromagnetism which 
attributes to each atom a spin of fixed length so. Apart 
from assuming not too large overlap integrals, this 
model can be a fair approximation only when the 
magneton number » per atom is close to an integer. 
This is the case for iron (vo=2.2), for which sy must be 
given the value 1. For nickel (v»=0.6) the model does 
not hold. 

Although there is no difficulty in writing down 
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formulas taking polarization effects into account,®”? we 
limit ourselves to scattering of unpolarized neutrons by 
a ferromagnetic crystal and leave the polarization of the 
scattered beam out of consideration. The differential 
cross section d’¢/dQde per unit solid angle and unit 
interval of outgoing neutron energy e« is then the sum of 
a term entirely due to the nuclear interaction of the 
neutron with the nuclei of the crystal, and a term 
@Omagn/@Qde resulting from the magnetic interaction of 
the neutron with the magnetic electrons of the crystal.® 
Following Halpern and Johnson,°® the magnetic cross 
section is 
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where e and my are the electron charge and mass, g= 1.91 
is the neutron magnetic moment in nuclear magnetons, c 
is the velocity of light, ky and k=ky—~x are the initial 
and final wave vectors of the neutron, whereas 
w=h(ko’—k?)/2m, m being the neutron mass. The 
indices a, B=x, y, 2 refer to rectangular coordinates in 
space. The function F(x) is the form factor of the 
magnetic electrons normalized to F(0)=1. The atoms in 
the crystal have their equilibrium positions R at the 
sites of a lattice which we assume to be of Bravais type 
(one particle per cell). We denote their actual position 
vectors by rre= R+uz, and the resultant spin vector of 
their electron cloud by Spr.” The initial and final 
quantum states of the crystal (including the spin sys- 
tem) are labeled by mo, 7; their energies are Eno, En; the 
bracket [-- -_],”° denotes a matrix element and pny is the 
Boltzmann factor, 


pro= i= exp(— Eno/kaT), Dy pro= 1, 


n0 


containing the temperature 7 and Boltzmann’s con- 
stant kp. 


6 F, Bloch, Phys. Rev. 50, 259 (1936). 

7J. Schwinger, Phys. Rev. 51, 544 (1937). 

§ The weak neutron-electron interaction of nonmagnetic nature 
is neglected. 

°O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 

10 R stands for R when in suffix. We make the assumption that 
the orbital motion of the electrons does not contribute to the 
magnetic moment of the atom. 
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By the method of II, Eq. (2) is transformed into 
Sea (tio) = (2m) f exp[7(x-r—wt) ]-Tas(r,t)drdt, (3) 


where WV is the number of atoms in the crystal. The pair 
distribution I'ag is defined by 


Paa(ts) = E =¢ f dr’ -S»/(0)-8(r-+-rp-(0)—r') 


XSe°(0)-8(r'—ra(0)) , (4) 


where, for each operator A, one writes 
A (t)=exp(itH /h)- A -exp(—1tH/h) (5) 


in terms of the Hamiltonian H of the crystal (including 
spins), and also 


(A)r=X pnoL A ee 


no 


All atoms being identical, the sum over R’ in Eq. (4) 
may be restricted to R’=0 and the factor V— dropped. 

It is a good approximation to assume that there is no 
coupling between atomic positions rp and atomic spins 
Sr. The correlation (4) then becomes 


Taa(r,t) = DR vr (t)Gr (r,t). (6) 
yr74(t) is the time-dependent correlation between pairs 
of spins, 

yr79(t) =(So7(0)Sr8(2))r. (7) 


It is complex-valued and satisfies the hermiticity 
condition, 
ye?) =(yen (ee 


The function Gp, already introduced and calculated in 
II, describes the pair distribution in space and time of 
two atoms with equilibrium positions separated by R: 


Galt) { ar'o(r+19(0)—1)6(0'—r0(0)) . 


The theoretical discussion of the magnetic scattering 
reduces thus to the study of the time-dependent correla- 
tion (7) between pairs of spins. It could be carried out in 
full detail if an actual calculation of this correlation 
were possible. Except for temperatures small compared 
to the Curie temperature, where spin wave theory is 
applicable,'! such a calculation presents great difficulties, 
comparable to the difficulties involved in the theoretical 
determination of pair distribution functions in liquids 
(see II). As in the case of liquids one has to proceed by 
deriving, rigorously when possible and qualitatively 

11The discussion of magnetic scattering of neutrons by spin 


wave theory has been given by R. G. Moorhouse, Proc. Phys. Soc. 
(London) A64, 1097 (1951). 
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otherwise, as many general properties of the correlation 
+r**(t) as can be found. On the basis of these one could 
further select approximate methods to obtain more 
quantitative results. Our present aim is to deal with the 
first problem and to derive from its solution the main 
qualitative properties of the magnetic scattering of slow 
neutrons. 

By far the main part of the interaction between 
atomic spins is of the exchange type, so that the main 
term in the Hamiltonian H> of the spin system is of form 


Hy=— > Jr_-r Ser: Spr, (9) 


RR’ 


where —2/ pr is the negative exchange energy of two 
atoms separated by a lattice vector R, negligible for all 
but the shortest lattice vectors. Additional terms in the 
Hamiltonian, like the dipole-dipole interaction between 
spins, are very much smaller. If they are neglected, the 
cross-section formula (1) greatly simplifies for scattering 
by a polycrystal: averaging over crystal orientations 
gives 





OO micn -(= 2ge" 


=) <= -|FO|*8(0H), 0) 
dQde 


Moc? 


where 8, the trace of the 3X3 matrix Sag, is the 4- 
dimensional Fourier transform of I, trace of Tag: 


86) = (2n)-a f exp[i(x-r—wt) ]-T'(r,Adrdt. (11) 


Equations (6) and (7) reduce to 
T(1,t) =r vyr()Gr(r,2), (12) 
yr(t)=(So(0)-Ser(d))r. (13) 


As was discussed in II, the separation between elastic 
and inelastic scattering can be obtained by separating 
the pair distribution I'ag(r,/) into its asymptotic value 
for {=-t © and a term converging to zero when |t|—>=. 
It will be seen in Sec. IV that (for large V) 


yr (t)= NUS) Sr +7 k(t), 
jim y'r*(t)=0, (14) 


with S=)>- ze Se the total spin of the system.!? Similarly 
Gr(t,t)=Gr (1) +Gr'(1,)), 2 Gr'(r,t)=0, (15) 


Gr™ has been calculated in II. Insertion of (14) into (6) 
gives 


Pap (r,t) = N-XS*)1(S*)7G (4,1) 


+r re? OGr(r,), (16) 


2 In the ferromagnetic case, where (S)z ~0, our considerations 
apply to scattering by one ferromagnetic domain. Except for very 
small angle effects (angles of the order of a few minutes), the 
scattering of various domains adds up incoherently. 


where 


G(r,t)= Doe Gr(1,!) (17) 


is the pair distribution function of the crystal which 
determines the coherent nuclear scattering (see II). 

The part d’o,/dQde of the magnetic scattering origi- 
nating from the first term in the right-hand side of Eq. 
(16) will thus be very similar to the coherent nuclear 
scattering.* The main difference results from the mag- 
netic form factor F(x) occurring in Eq. (1), which will 
strongly depress all scattering processes with x—! of the 
order of atomic dimensions or smaller, and from the 
factor N-%(S*)7(S*)r in (16) obviously related to the 
magnetization of the system. This scattering is elastic as 
far as the spin system is concerned. As far as the crystal 
vibrations are concerned it subdivides into an elastic 
and an inelastic subpart, obtained respectively by re- 
placing G by >) er Ge™ and >) r Gr’. The former subpart, 
1.e., the truly elastic magnetic scattering, is readily 
calculated to be 


( 1 / 2ge2\? 
=— F(x) |*((S:S)—x«-2(S- x)?)7 
(= i ~(—) Fearn )—6-2(S +) 








x a) exp (ix: r)Ge@ (r)dr. 


Inserting the explicit expression of Ge“ found in II, one 
gets 


Caren Sm /2ce \*7 
= Fe2 
( dQ ) = eal 0) 
-((S-S)—«?(S-«)?)z 
Xexp{—((«-u)’)r}2, 6(x—+), (18) 


where % is the volume of the crystal cell, u is the dis- 
placement vector of any atom, and the +’s are the 
reciprocal lattice vectors.1* The exponential is the 
familiar Debye-Waller factor. 

Whereas the total spin, 1.e., the total magnetization, is 
the only magnetic property affecting the part d2a,/dQde 
of the cross section, the rest of the magnetic scattering, 
the cross section of which will be denoted by d’a2/dQde, 
involves the last term in Eq. (16) and depends through 

’2*8(t) on the full space and time variation of the 
correlation (7). Only this part, which is inelastic in the 
spin system and will hereafter be called magnetic 
inelastic scattering, requires therefore a further analysis. 
We are at present interested in its main qualitative 
properties and for this purpose we can neglect the atomic 
displacements, thus replacing Ge(r,f) by 6(r—R). One 








13 For a discussion of nuclear scattering by crystals and for a list 
of earlier papers devoted to it, see G. Placzek and L. Van Hove, 
Phys. Rev. 93, 1207 (1954). 

14 We define them as the vectors ¢ for which (27)~!(¢-R) is an 
integer for each lattice vector R. In suffix 7 stands for ¢. 
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doo 2ge" 2) Nk Kakg 
- (=) — = Ferd (=) 

dQde moc?/ 2h ko a,B kK? 


a Ht dt expli(x-R—wt)y’n®(), (19) 


and, for a polycrystal, 


doo 296? NAN ak 
=i ) Sa Ole 
dQde moc? 3rh Ro 








XE fat explieR-e) Ire’), 20) 
R 

with 

ye )=rrO—N>|(S)r/?. (21) 
At first sight it would seem that the atomic displace- 
ments could be approximately taken into account 
by simple insertion of the Debye-Waller factor 
exp{—((x-u)?)r} into Eqs. (19) and (20). This would 
amount to the replacement of Ga(r,t) by its asymptotic 
value Gr) (r) in the last term of Eq. (16). The im- 
provement obtained in this way is however in general 
illusory, since the differences, 

Gr’ =Gr—Gr™, Gr@—d(r—R), 

are of the same order of magnitude. It is only with the 
exact expression of Gr(r,t), Eq. (II 53), that the effect of 
atomic vibrations can be calculated properly. Such a 
calculation is completely unwarranted at present in 
view of our poor knowledge of the magnetic correlation 
function yr74(¢), with the exception of the low-tempera- 
ture region where spin wave theory applies!! and of the 
critical magnetic scattering occurring near the Curie 
point (Sec. V). 

We now begin the discussion of the spin correlation 
function and of the effect of its properties on magnetic 
scattering. Only for temperatures small compared to the 
Curie temperature 7, is a complete calculation possible. 
It is briefly outlined in the next section. A general, 
qualitative discussion is then given for higher tempera- 
tures, comparable to T, but not too close to it. The 
special long-range effects occurring near the Curie point 
are studied separately. 


Ill. SPIN WAVE THEORY OF CORRELATION 
FUNCTION 


For temperatures T small compared to 7., in a 
ferromagnetic domain magnetized in the z direction, the 
spin operators Sz can be approximately represented 
by'6 


16 T, Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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Sr7= (s0/2.V)* D0, exp (iq: R) (a,*+a_¢) 
Sr¥= ($0/2.N)*% D0, exp (iq: R)- (a.*—a_¢) 
Sr*=50—-N “LD, exp(iq: R)a,*] 

XX, exp(—tq: R)a,] 


We assume the domain to have NV} cells along each of the 
three lattice axes. The vector q!® runs then over the 
values 


(22) 


q— N-(nyey+ Nowo+N3t3), 


where 71, t2, t3 are basic vectors of the reciprocal lattice, 
and 7, 2, #3 take all integral values in the interval 
—3Ni<n:<3$N}. The only nonvanishing commutators 
of the operators d,, a,* are 


Agdg*— a a7= Le 


Equations (22) are valid apart from terms of third and 
higher order in the a, and a,*. In the same approxima- 
tion the Hamiltonian (9) of the spin system reduces to 


Ho= —Nso?(Qin Jr) +h Dig Wg q*Aq; (23) 
hwg= 250 Yr Jr{1—cos(q- R) ]. (24) 


The operators a,* and a, respectively create and 
annihilate an excitation of wave vector q and frequency 
w q- Following Bloch! such excitations are called spin 
waves. In the present approximation there is no 
interaction between spin waves. 

On the basis of Eqs. (22) and (23) the calculation of 
the time-dependent correlation (7) is straightforward. It 
leads to the following result, valid in the limit of large V: 


with 


O=7 == i dq-{1—exp(—h8w,)}-? 
*2(t)}=ye244(t) =— -{1—exp(—hBw,)}— 
YR YR lox? q p 


X {exp[—i(R-q—tw,) ] 
+exp(—hBw,)-exp[i(R-q—tw,) j}, 


VoSot 
yat()=—1a""=— | da-(1—exp(—hBo,))~ 
1673 


X {exp[—7(R-q—t,) | 
—exp(—/Bw.)-expli(R-q—to,) ]}, 

yr*(t)=N-XS,)'r=N-|(S)r|? 
VoSo 


= 5¢—— 
4x3 


exp ce hBw » 


a ee 
1— —hBug) 
yr?) =yr"()=0. exp(—hBw 


B is the reciprocal of ke7T and the integration extends 
over one cell of the reciprocal lattice. The vector S is the 
total spin }-r Sp. 


16 g stands for q when in suffix. 
17 F, Bloch, Z. Physik 61, 206 (1930). 
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TABLE I. Magnetic inelastic cross section from spin wave theory. 


T in °K 0 100 200 300 400 500 600 


o2/Xo 0 0.4 1.7 3:5 5.5 8 10 
in mb perA 


{- From these formulas a closed expression of the mag- 
netic scattering cross section d?a2/dQde at low tempera- 
ture is obtained by insertion into (19). The result is of 
course equivalent with what follows from a direct spin 
wave treatment of the scattering problem, as given by 
Moorhouse.'! We refer to this author for a detailed 
discussion. It will be enough to mention here, for 
comparison with the transmission measurements of 
Palevsky and Hughes? and of Squires,’ the numerical 
values of the total cross section, 


ox | (o2/ddde)ddde, 


in the long wavelength region (Ap=2a/ko>>2A) where 
it is proportional to the incident wavelength Ao. They 
have been calculated for iron, with the value so=1 for 
the atomic spin and the value J=205°K for the ex- 
change interaction between nearest neighbors.'* Table I 
gives the values of o2/Xo in millibarns per angstrom for 
various temperatures 7. A comparison with the ob- 
servations of Palevsky and Hughes is shown in the 
figure of I. It gives a crude idea of the domain of 
validity of spin wave theory for the magnetic cross 
section a2. It is certainly limited to the low-temperature 
region (7<300°) where a2 is quite small compared to 
the nuclear scattering cross section, and where the 
magnetic scattering could thus better be separated by 
its peculiar angular and energy distribution, as dis- 
cussed by Moorhouse." 

As far as our present aims are concerned, the main 
interest of spin wave theory is to provide us with an 
explicit expression for the correlation 7 r%*(#) for at least 
one temperature region, however restricted it may be. 
One can, for example, discuss the convergence of the 
correlation toward its asymptotic value N~*(S%)7(.S5)r 
when R or |t|—>©. It is determined by the convergence 
to zero of yr77(t) and yr7¥(t) as expressed in the 
formulas above. At any nonvanishing temperature and 
for R- , the convergence is in R~, as a consequence of 
the singularity of {1—exp(—/8w,)}— at q=0, 


{1—exp(— hw) } 1 (Bag) = 7. 


For || +0 the convergence is in |¢|~?; this last result is 
best obtained by the method of stationary phases 
already used in the section of II devoted to crystals. The 
slow convergence, especially in R, is characteristic of the 
low-temperature region. As the temperature goes up, the 


18 This value is determined from the low-temperature variation 
of the magnetization. See C. Kittel, Revs. Modern Phys. 21, 541 
(1949), especially Eq. (2.1.17). 
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number of spin waves excited increases rapidly and their 
interactions start playing a predominant role. The main 
effect of these interactions on the correlation is to make 
it converge much more rapidly toward its asymptotic 
value. The energy distribution of magnetically scattered 
neutrons, highly singular at low temperature, becomes 
correspondingly smoother. 

Another interesting point concerns the time-de- 
pendent correlation at absolute zero. It has the following 
expression : 


YRr**(t)=yR"*() = — tyr?" (1) =tyr"7(t) 


VoSo 


= f expl-iR-a-to,) Ida, (25) 





yr? (t)=50, vr? (t)=ver!?(t) =0. 


Although the convergence of the first four components 
toward zero is again in |¢|—? for large times, the con- 
vergence in & for finite ¢ is quite different from what it is 
at positive temperatures: from the expression (24) of 
the spin wave frequency one can show it to be expo- 
nential with a range of order of a few interatomic 
distances for all times not very large compared to h/J, 
where J is the exchange interaction for nearest neigh- 
bors. In this case, however, despite the rapid con- 
vergence of the correlation for R>«, the angular and 
energy distribution of scattered neutrons is still highly 
singular. This is possible only in view of the very special 
functional form of ,the right-hand side in Eq. (25). 


IV. THE CORRELATION FUNCTION AT GENERAL 
TEMPERATURES 


At temperatures too high for the application of spin 
wave theory, no explicit calculation is possible for 
either the inelastic scattering cross section d?a2/dQde or 
the time-dependent correlation yr%*(t). It is in such a 
situation that the description of the scattering in terms 
of the correlation is actually useful, since the properties 
of the correlation, with their more direct significance in 
space and time, are easier to discuss on an approximate 
basis than those of the scattering. We limit ourselves in 
the present paper to the most qualitative features of the 
correlation and to their consequences for the tempera- 
ture dependence of the magnetic inelastic scattering. 

The first point to discuss is the limiting value of 


ye (t) =(S0%(0)S2°(0))r 


for R or |t|->0. Under the assumption that the spin 
system is large (V large), as is usually the case in 
statistical mechanics, the two factors in the right-hand 
side of Eq. (26) will be statistically independent as soon 
as they refer to locations sufficiently distant in space or 
instants sufficiently distant in time. We thus have, for 
large R or |t|, 


ye ()~(S07(0))7(Sn*(t))r, 


(26) 
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and, since (Sr4(t))r is independent of R and 1, 


¥R% (QeN-(S2)7(S5) 7= Sp%s7F, (27) 
where S=)}/ pr Sris the total spin and sp= N-\S)z is the 
average spin vector per atom. Above the Curie point 
sr=0. Below the Curie point, the foregoing argument 
and equations apply to a single ferromagnetic domain, 
in which the magnetization has a definite orientation, so 
that s7~0. 

Equation (27) requires a further comment. It is 
possible to derive an apparently different asymptotic 
formula for the correlation, namely, 

yr? (t)~NXS2(0)S8(t))r. (28) 
For ¢ finite and Ro, it follows from the fact that if 
yr79(t) has a limit, the latter can be written for large V 
in the form N—! >° zr yr*4(t), leading readily to (28). For 
R fixed and |t/—>«, Eq. (28) is also found to hold if one 
makes the assumption that the Hamiltonian is invariant 
for simultaneous rotations of all spins, as in Eq. (9). 
Actually, of course, Eqs. (27) and (28) are equivalent in 
the limit of large systems, N—o. The total spin, 
although of order V, has then a mean square fluctuation 
of the same order, so that the average of the product in 
Eq. (28) can be replaced by the product of the averages, 
the error in the equation being of order V—! and thus 
negligible. 

The consequences of the asymptotic formula (27) for 
scattering have been discussed in Sec. II. The asymptotic 
value of the correlation was shown to determine the part 
d*o,/dQde of the scattering which is elastic in the spin 
system. 

We consider next the range ro and relaxation time to of 
the correlation (26), i.e., the distance and time interval 
such that Eq. (27) holds for R>>ro, ¢ arbitrary and for 
|] >>¢o, R arbitrary. They have meaning only when the 
convergence of the correlation toward the asymptotic 
value (27) is rapid, a condition which is expected to be 
always verified except at very low temperature (see 
foregoing section) and near the Curie point, where long- 
range and slowly varying spontaneous fluctuations of 
the magnetization affect the correlation (see Sec. V).! 


19 Even away from these exceptional temperatures, the con- 
vergence of the correlation for |¢|—> © is not strictly short ranged. 
The actual situation is very likely to be the following. For suffi- 
ciently small |¢|, the R dependence of yr%4(t) extends only over R 
values of microscopic dimension of which 7o gives a measure and 
which do not exceed a few interatomic distances. This microscopic 
R dependence of the correlation is completely damped after a 
certain time interval, namely for |#|>>¢o, thus giving a slightly 
more precise definition of the relaxation time fo. For |¢|>>to, yr74(t) 
reduces to a small macroscopic function, practically constant over 
microscopic distances, decreasing with time as |¢|~} and having a 
macroscopic range in space which increases as |¢|#. This macro- 
scopic part of the correlation, which is entirely due to macroscopic 
fluctuations, plays no appreciable role in neutron scattering. 
Although it was not mentioned in II, a similar long-range part 
should exist for the pair distribution function G(r,t) in liquids and 
dense gases. Although again unimportant for neutrons in the 
presently available wavelength range, it affects light scattering, 
the properties of which were deduced directly from macroscopic 
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Unless one solves first the difficult theoretical problem 
of finding reliable approximate methods for the calcula- 
tion of the time-dependent correlation, it is not possible, 
outside the exceptional temperature regions mentioned 
above, to determine the actual dependence of yp4(é) or 
R and #, nor even to give an accurate theoretical defini- 
tion of the range 7» and the relaxation time ép. All that 
can be done is to predict their orders of magnitude. 
Whereas 7» must be of order of a few interatomic dis- 
tances, é) is presumably of order of a somewhat larger 
multiple of the period k/J associated with the interac- 
tion J between spins. These estimates, which are known 
to be correct for liquids (J being replaced by the 
intermolecular interaction) and can be sharpened on the 
basis of the experimental data (see below), must hold 
for temperatures both below and above the Curie point. 
One would also expect that 7» and f do not vary too 
rapidly with the temperature T as long as it does not 
approach absolute zero or the Curie temperature T.. It 
is clear however that, quantitatively, there must be a 
definite variation with T and a definite difference be- 
tween the regions 7<7, and T>T,. 

Beyond asymptotic value, range and relaxation time, 
another very important aspect of the time-dependent 
correlation about which one would like to have at least 
some qualitative information is its decomposition into 
real and imaginary parts. In the low-temperature region 
where spin wave theory applies, the situation is quite 
simple. As seen immediately from the expressions given 
in Sec. III, only the real part of the correlation varies 
with temperature, the imaginary part retaining always 
the value it has at absolute zero. Although so simple a 
behavior cannot rigorously prevail at higher tempera- 
tures, it is probably always true that the imaginary part 
Imyr**(t), which is due to the noncommutativity of 
So*(0) and Sr°(¢), has a much weaker temperature de- 
pendence than the real part. Definite support for this 
prediction is obtained by considering the asymptotic 
value of Imyr*4(¢) for R or |¢|—>0 and the range over 
which it converges toward this value for R-o. As 
follows from Eq. (27), the asymptotic value is zero for 
all temperatures. From what was said in Sec. III on the 
correlation at absolute zero and from the discussion of ro 
in the present section, one concludes that the range of 
Imyr*(t) for R- © is of microscopic magnitude at low 
as well as at general temperatures. This remains true 
even in the neighborhood of the Curie point since the 
long-range part which is then present in the correlation 
originates from macroscopic fluctuations and is there- 
fore real (see Sec. V). Both the asymptotic value of 
Imyr**(t) and the order of magnitude of its convergence 
range are thus independent of temperature. 

Returning now to magnetic scattering of neutrons, 
we want to extract from the admittedly very crude and 


incomplete considerations just developed some equally 


fluctuation theory by L. Landau and G. Placzek, Physik Z. 
Sowjetunion, 5, 172 (1934). A detailed exposition and discussion of 
the above remarks will be left to another publication. 
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crude consequences concerning the temperature de- 
pendence of the magnetic inelastic scattering (total 
cross section ¢2 in the notation of Sec. II). We restrict 
ourselves to polycrystals. We have thus to consider only 
the scalar correlation yr(¢) defined in Eq. (13), and the 
difference yr’(f) defined in Eq. (21). As far as these 
functions are concerned, the results of our discussion can 
be summarized as follows: 


(i) For R or |t/->0, yr(é) converges to sr? and 
vr’ (t) converges to zero. 

(ii) yo(0)=so(sot+1) and yo (0) =s0+50’—s7’. 

(iii) The convergence in (i) takes place over distances 
and time intervals which do not change rapidly with 
temperature, the low-temperature region and the 
neighborhood of the Curie point 7. being excepted. 

(iv) The common imaginary part of yr(/) and yr’ (2) 
depends much less on temperature than the real parts of 
these functions. 


These qualitative facts indicate that, if the tempera- 
ture is increased from the upper limit of validity of spin 
wave theory (around 200°K or 300°K at most for iron) 
up to a temperature close to the Curie point 7. (some 
100°K below T.=1043°K for iron), the main variation 
in the function yr’ (é) affects its real part, and, without 
radical change in its range of convergence toward zero, 
its value yo’ (0) at R=/=0 increases from a number very 
close to so to a number close to so+s5o?. Such a rapid 
variation of magnitude is on the contrary absent in the 
temperature range starting somewhat above 7, (around 
T .+100°K for iron). As a consequence, in view of Eq. 
(20), one expects a marked increase of the magnetic 
inelastic scattering (cross section 72) when the tempera- 
ture varies from low values up to the neighborhood of 
the Curie point, whereas the temperature variation 
should be less pronounced beyond the neighborhood of 
the Curie point. The rapid increase of the cross section 
o2 with temperature below 7, must be particularly 
striking when the incident neutrons are very slow, so 
that practically no magnetic scattering takes place at 
low temperature. One expects then an increase roughly 
proportional to 


vo (0) —[vo (0) |r-0= so’— sr’, 


ie., proportional to 1—(Jr/Jo)*, where Ir is the in- 
tensity of magnetization of the magnetic domains at 
temperature JT and J» the same quantity at absolute 
zero. Qualitatively, as shown in I, this expectation is in 
agreement with the temperature variations of o2 for 
iron, measured by Palevsky and Hughes? for neutrons of 
wavelength ranging from 5 to 13 A, and by Squires? for 
neutrons of 7 A. 

No quantitative agreement can of course be hoped for 
since the actual shape of yr(é) must unavoidably change 
to a certain extent with temperature. A measurement of 
the angular and energy distribution of scattered neu- 
trons would indeed reveal a much more complicated 


(29) 
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temperature dependence than the simple proportionality 
factor (29). All we can say at present about this 
distribution concerns a rough order of magnitude for 
average momentum and energy transfers in magnetic 
scattering. From the Fourier transformations in Eqs. 
(19) and (20) the transfers have to be of order h/ro and 
h/to, respectively, for all incident neutron wavelengths 
Xo for which the collective properties of the spin system 
appreciably affect the scattering (Ao2 1 A). 

As already mentioned, in order to go beyond the 
quite crude considerations of this section, in particular 
to obtain more theoretical information on the angular 
and energy distribution of scattered neutrons, one has to 
develop proper approximate methods for the quanti- 
tative determination of the correlation. Although this 
problem falls outside the scope of the present paper, we 
would like to stress its importance and its interest from 
the standpoint of general statistical mechanics. Re- 
garding the absolute magnitude of the total cross 
section, although its accurate calculation would also 
require a complete determination of the correlation, it is 
possible to check the consistency of the observed values 
with the expected orders of magnitude of correlation 
range ro and relaxation time ¢) by choosing some 
reasonable analytical form for the R and ¢ dependence of 
vr(t). This has been done by C. E. Porter for the case of 
iron, using the experimental data of Palevsky and 
Hughes’ and of Squires.* Consistency is obtained for 
1o~2.3v9' (v9 volume per particle) and f&~23h/J, and 
the requirement that reasonable values be obtained for 
both 79 and ¢ turns out to determine the two quantities 
within surprisingly narrow limits, especially ¢ (within 
some 50 percent). The fact that the microscopic re- 
laxation time é can be determined with fair accuracy 
from a total scattering cross section measurement is 
noteworthy and illustrates strikingly the close relation- 
ship between inelastic scattering and time-dependence 
of the correlation between spin orientations. 

To the main qualitative feature encountered for the 
temperature dependence of the magnetic inelastic scat- 
tering, namely, a rapid increase with temperature below 
the Curie point, roughly governed by the decrease of the 
magnetization, and a less pronounced temperature 
variation above T,, one has, of course, to superimpose 
the very sudden and sharp increase in scattering when 
the Curie point is approached from below and from 
above. This additional scattering, the study of which is 
the object of the next section, is responsible for the 
sharp peaks observed at the Curie point by Palevsky 
and Hughes as well as by Squires in the a2 versus 
temperature curve for iron. 


V. THE NEIGHBORHOOD OF THE CURIE POINT 


From the fact that the susceptibility of a ferromagnet 
increases without limit as the Curie point is approached, 
there results an unbounded increase in magnitude for 
the spontaneous fluctuations of the magnetization. 
These fluctuations in turn scatter neutrons with in- 
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creasing intensity. Since the fluctuations extend over 
distances large compared to interatomic distances and 
decay over times long compared to the microscopic 
relaxation time ¢o considered above, they produce mag- 
netic scattering with an angular and energy distribution 
radically different from what is expected at general 
temperatures. At the same time, from the theoretical 
standpoint, the applicability of macroscopic methods 
makes a more complete discussion possible, at least for 
temperatures above 7... 

Basically the phenomenon under study is very similar 
to the abnormally abundant scattering occurring in a 
liquid or a dense gas near critical conditions. In this 
case, as the critical point is approached, the spontaneous 
density fluctuations at constant pressure increase in- 
definitely in magnitude and produce an increasing 
amount of scattering both for electromagnetic waves 
(x-rays or light; for light the phenomenon is known as 
critical opalescence) and for neutrons. In the case of 
electromagnetic waves it is a very good approximation 
to neglect the energy transferred by scattering in com- 
parison to the incident energy. The scattering depends 
then only on the average instantaneous shape of the 
density distribution as seen from a particle. This shape, 
expressed by the familiar pair distribution g(r), has been 
calculated near critical conditions, for T above the 
critical temperature and r macroscopic, by Ornstein and 
Zernike, who thus were able to derive the properties of 
critical scattering in the electromagnetic case.” The 
extension of this theory to neutrons, for which the ratio 
of energy transfers to incident energy is much larger, 
requires a knowledge of the time variation of the 
average density distribution as seen from a point where 
a particle passed at some initial time..The proper 
description is given by the time-dependent pair distri- 
bution G(r,) introduced in II, and its calculation near 
critical conditions, for macroscopic distances and arbi- 
trary times, is carried out in Sec. IV of that paper on the 
basis of the phenomenological equation for heat con- 
duction. 

An entirely analogous procedure can be followed to 
deal with the present problem of what we might call 
critical magnetic scattering, at temperatures above the 
Curie point and close to it. One has to calculate the 
correlation yr*9(t) for R large compared to interatomic 
distances by determining first, from statistical con- 
siderations analogous to those of Ornstein and Zernike, 
the instantaneous correlation yr*4(0), and by then 
deriving the time dependence from the phenomenological 
theory of macroscopic irreversible processes. These two 
steps will now be carried out under the simplifying 
assumption that the properties of the spin system are 
invariant with respect to simultaneous relations of all 
spins. The correlation yr%4(¢) is then of the form 
30agyr(t), at least in the absence of external magnetic 


*L. S. Ornstein and F. Zernike, Proc. Am. Acad. Arts. Sci. 17, 
793 (1914). 
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field, and the calculation can be restricted to the scalar 
correlation yr(2). 

Following the Ornstein-Zernike method in the im- 
proved form given to it by Klein and Tisza,?! we imagine 
the crystal to be divided into a cubic array of identical 
cells, of macroscopic size but small compared to the 
total dimensions of the crystal. We denote by M; the 
magnetic moment of the jth cell. Since the temperature 
T is assumed larger than 7, M; fluctuates around a 
vanishing mean value. In view of the macroscopic size 
of the cells the joined probability distribution of the 
vectors M; is Gaussian: 


prob= A exp{—3a0 2) M;-Mj+a; © M;-M}}, 


where the first sum extends over all cells and the second 
over all pairs of adjacent cells. a) and a, are positive 
constants depending on the temperature. A is a nor- 
malization constant. Consider now the correlation 
(M;-M,)r between the magnetic moments of two cells. 
It depends only on the relative position of the cells 7 and 
l dnd verifies the equation, 


aoM;-Mi)r—a1 2M; -M))r= 361, (30) 
7j! 


with the sum extending over the cells adjacent to }. 
This equation results from the Gaussian character of the 
probability distribution. It gives immediately for the 
fluctuation of the total magnetic moment M=)_; M,, 


(M- M)r=32(a@o—2a;)", 


where # and z are the number of cells in the crystal and 
the number of cells adjacent to a given cell. The same 
fluctuation is obtained independently from thermo- 
dynamical fluctuation theory, 


(M-M)r=3VksTY, 


V being the volume of the crystal and x the magnetic 
susceptibility. From the two last equations, 


(31) 


(@o—20)1=vkpTx, 


with v the cell volume. 

As the Curie point is approached x increases indefi- 
nitely ; aa— 2a is thus seen to approach zero, so that the 
correlation occurring in Eq. (30) must have a longer and 
longer range for the equation to be satisfied. When this 
range is long compared to the cell dimension v!, the 
correlation between cells separated by a distance R>>vt 
can be identified with the instantaneous correlation 
r(0) according to the equation 


(M;-M21)r(260/0)*7 2 (0), 


where 8 = he/2moc is the Bohr magneton. In this case the 
long-range part of yr(0) can thus be obtained from the 
solution of Eq. (30), itself easily derived by Fourier 


21M. J. Klein and L. Tisza, Phys. Rev. 76, 1861 (1949). 
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analysis.22 Taking the asymptotic expression of the 
solution for small values of v!/R and of ao—2a, (T near 
T.), and using further Eq. (31), one finds 


vr (0) (427 2R)—v950(So+ 1) -exp(— KR) 


in terms of two lengths 7; and x}, related by the 
formula 


(32) 


(kar1)?= x1/x;, (33) 


where xi is the value which the susceptibility would 
have at temperature 7 if there were no exchange 
interaction between the spins (paramagnetic suscepti- 
bility), 

X1=46?50(sot+1)/(3ksT v0). 


In contrast with the product «ir; the length 7 is 
unavoidably obtained in terms of the cell size and of the 
constant a, 


(34) 


1 
ry = tRpT x 1200", 


although its occurrence in Eqs. (32) and (33) clearly 
establishes its independence of the cell system. Equation 
(34) shows that 7, does not vary rapidly with tempera- 
ture even in the neighborhood of the Curie point. Its 
order of magnitude is easily obtained from the following 
remark. For T rising to values substantially larger than 
T., the ratio x/x: decreases rapidly to values of order 
one, and, from Eq. (33), the range x,:~! decreases toward 
values of order r;. We know, on the other hand, that the 
range has to decrease to microscopic size, so that 7, must 
certainly be of microscopic dimension, probably of the 
same order as the correlation range 7» for temperatures 
outside the neighborhood of the Curie point (Sec. IV). 
Whereas 7; is thus seen to be a microscopic length 
changing little with temperature, x; behaves, of course, 
quite differently. Indeed, for T decreasing toward T., 
the right-hand side of (33) approaches zero and the 
range x1! of yr(0) grows beyond any limit until the 
Curie point is reached and the correlation becomes 


vr (0) (4a72R)—v950(So+ 1). 


Our derivation of Eq. (32) holds only when R and the 
range x,! are large compared to the cell size. Since the 
cell size can be chosen at will with the only restriction 
that it be macroscopic, the essential limits of validity of 
Hg.(32) are 


R>»)}, k1Vo'= (v9!/71) (x1/x) <1, 


or, more quantitatively, 


R>= 100}, Ky? S 0.1. (35) 
The last condition defines the upper limit 7; of the 
temperature interval T.<7ST71 to which the con- 


siderations of the present section apply. Its actual 


* For this solution see Klein and Tisza (reference 21), also F. 
Zernike, Physica 7, 565 (1940) where a similar equation is studied 
in connection with the order-disorder problem. 
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determination is, however, difficult, even with full 
knowledge of the susceptibility x, because of the un- 
certainty concerning the actual magnitude of 7. The 
best procedure at present would probably be to consider 
r, aS a parameter and to determine its value from 
neutron scattering data. 

Before turning to the time variation of the correlation 
we want still to draw attention to the complete simi- 
larity between Eqs. (32), (33) and the analogous Eqs. 
(II 36), (II 37) derived in II for the long-range pair dis- 
tribution function in gases near critical conditions. In 
particular, the part played there by the isothermal 
compressibility xr is taken here by the magnetic sus- 
ceptibility x and the isothermal compressibility in 
absence of forces (pks7T)~! (ideal gas) is here replaced by 
the paramagnetic susceptibility x1. 

The time dependence of the correlation yr(t) must 
now be derived for macroscopic R. For the reasons ex- 
plained in II in the case of gases near critical conditions, 
the time dependence is given by the average decay in 
time of fluctuations of the magnetization, itself de- 
scribed by the phenomenological equations for irre- 
versible processes in the spin system. A formal deriva- 
tion of the latter from the conservation equations and 
the equation for entropy production can be obtained by 
the methods of the thermodynamics of irreversible 
processes in a way entirely similar to the derivation of 
the Navier-Stokes equations.” The situation is here 
particularly simple above the Curie point if, with a good 
approximation, the system is invariant for simultaneous 
rotations of all spins. For reasons of invariance the 
phenomenological equations contain then no coupling 
between the magnetization and any other macroscopic 
variable. The equation for the density of magnetization 
M (r,t) is of the diffusion type 


AM/dt= (A/x) AM, (36) 


where A is the Laplacian in r and \ a phenomenological 


constant related by 
r OMe 2 
EG.) 
Tx?™ 8 \ Ax 


to the amount 7(.S) of entropy produced per unit volume 
and unit time by the dissipative processes occurring 
when the system returns to equilibrium from a state 
characterized by an inhomogeneous distribution of 
magnetization of small magnitude. The constant A in 
Eqs. (36) and (37) is so chosen that the entropy pro- 
duction 7(.S) does no longer contain the susceptibility x 
when (37) is expressed in terms of the intensive variable 
conjugate to Mt in the sense of thermodynamics. This 
variable (the magnetic field which would produce the: 





(37) 


23 For the phenomenological theory of irreversible processes, see 
I. Prigogine, Etude Thermod-ynamique des Phénoménes Irréversibles 
(Editions Desoer, Litge, 1947), and S. R. de Groot, Thermody- 
namics of Irreversible Processes (North-Holland Publishihg Com- 
pany, Amsterdam and Interscience Publishers, New York, 1951). 
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magnetization) retains spontaneous fluctuations of nor- 
mal size even when 7 approaches 7,, so that \ remains 
finite in the neighborhood of the Curie point.” It would 
clearly be desirable to get some insight into the actual 
mechanism of the dissipative processes here involved 
and to obtain in this way for Eq. (36) and for the 
finiteness of \ a more reliable justification than the 
highly formal derivation sketched above. Oné would 
then get also a theoretical estimate of the order of 
magnitude of \. No attempt will be made to answer 
these questions here. 

Accepting the validity of Eq. (36) we conclude im- 
mediately that the decay in time of a plane wave 
fluctuation of the magnetization is given by the factor 
exp(—A,k%) for ¢>0, with k the wave vector and 
Ai=/x.”> Proceeding as in IT, one obtains 


yr (t= (4a 2) v950(S0+1) (42Ay | t |)-3 


| R—R’|? dR’ 

x f esp] <a -—, (38) 
4A,/t| R’ 

or 


Ya()> (4a ?R)~vo50(Sot+ 1) [kr (4Ai | e[)#,R(4Ar | e{)-2], 


in terms of the function W defined in ITI, Eq. (II 43). 
These equations hold in the R and T ranges defined by 
Eqs. (35), for all macroscopic times. 

The cross section for critical magnetic scattering can 
now be obtained by replacing yr’*4(t) in Eq. (19) by 
35asyr(t) as given by Eq. (38). The calculation is 
straightforward and gives for a single crystal 


d’a 296 \ 2 2 k 
) -( ' ) —So(sot1)—| F(x) |? 
AQde/ crit \moc?/ 3xh Ro 








A|x—-]? 


x: ——_—__.. (39) 
r rP{|x—-2[?+x 12} A?|x—-2|4+? 

This formula, which is applicable only in the tempera- 
ture interval 7.< 77; here defined by the condition 
k100'S0.1, must be understood as describing a special 
type of scattering which appears in addition to 
the general scattering described in the last section when 
the Curie point is approached. Since both A; and x, tend 
to zero when 7->T,,, this scattering is characterized by 
small energy transfers and by momentum transfers hx 
with « close to some reciprocal lattice vector + 


|x—2|Krg?, huo<J, (40) 


where J gives the order of magnitude of energy transfers 
in noncritical scattering. The conditions (40) give at the 
same time the limits of applicability of Eq. (39). It is 


* The situation is here analogous to the case of a gas or liquid 
near the critical point, where the coefficient of heat conduction 
remains finite. 

*6 Ai corresponds to one-fourth of the constant Ao defined in II, 
Eq. (II 40). 


seen in particular that in the sum over reciprocal lattice 
vectors only one term can be significant for each 
scattering, namely, the term belonging to the vector + 
for which the first condition (40) holds. 

Equation (19), and thus Eq. (39), neglect the atomic 
vibrations. In the case of the critical scattering, in view 
of the slow variation of the long-range correlation (38) 
with R and 4, it is consistent to take the atomic vibra- 
tions partly into account by replacing 6(r—R) by 
Gr (r) in the derivation of Eq. (19). The improvement 
thus obtained in Eq. (39) is the multiplication of the cross 
section by the Debye-Waller factor exp{— ((«-u)*)r}, It 
does not affect the very special distribution of mo- 
mentum and energy transfers described by the condi- 
tions (40). In view of the first of these, the cross section 
can be written” 


dg 2ge?\? 2N k 
(—) =(=) Sater niet 
dQde crit moc? 3th ks 
exp{—((t-u))r} Aa] x—-]? 
o rP{|x—2|2+x,2} A?| x—2]4+o2 








(41) 


The experimental conditions under which critical 
magnetic scattering is observable are immediately de- 
termined by its distribution (40) of momentum and 
energy transfers. To the term with «=O in the cross 
section corresponds scattering with Kv}, ie., small 
angle scattering whenever the incident wavelength is 
not too large compared to the interatomic spacing 2}. In 
our approximations this scattering is independent of 
crystal orientation. It occurs in single crystals or 
polycrystals alike. Critical scattering corresponding toa 
term with +0 can only be observed if the form factor 
F(x) is not too small at x= and if it is possible to satisfy 
simultaneously both conditions (40). The latter re- 
quirement can only be fulfilled for incident wavelengths 
close to or shorter than the Bragg cut-off wavelength, 
and, for a single crystal, near Bragg position. In the case 
of a polycrystal the critical scattering for 70 is greatly 
weakened by the averaging process over orientations 
and its observation is further hampered by its proximity 
to the intense Deybe-Scherrer rings. 

Whereas we had noticed, as far as correlations are 
concerned, an almost perfect analogy between the 
considerations of the present section and the discussion 
of gases near the critical point presented in II, we have 
met with an important difference regarding the scat- 
tering, namely the occurrence in the cross section (41) of 
the terms with +0, evidently absent in the gas case. 
These terms reflect, of course, the fact that, despite the 


**°To take the effect of atomic vibrations completely into 
account one would still have to add to Eq. (41) a small amount of 
critical scattering coming formally from the difference between 
Ga(r,t) and Gr (r). This scattering, in contrast with the scat- 
tering described by (41), is inelastic in the lattice vibrations and, 
apart from being much smaller, it has an entirely different 
distribution of momentum and energy transfers. It is of more 
restricted experimental interest. 
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intense disorderly fluctuations of the magnetization, the 
spin system retains the regular arrangement of positions 
in space imposed by the lattice structure of the under- 
lying crystal. Their occurrence is of considerable 
practical interest by permitting the observation of 
critical scattering in absence of any elastic peak for a 
single crystal rotated slightly from Bragg position. 

Our theoretical discussion has dealt with a ferro- 
magnetic spin system at temperatures higher than the 
Curie point. The situation for T<T, is complicated by 
the presence of permanent magnetization and would 
therefore require a special discussion. It is, however, to 
be expected that the properties of the critical magnetic 
scattering derived above hold true without essential 
modifications for 7<T,, T being again in the vicinity of 
T., since the magnetization has there also abnormally 
large fluctuations. 

Both in transmission (total cross section) and in 
differential measurements there is clear evidence that 
the critical magnetic scattering has been experimentally 
observed. The peak at the Curie point obtained by 
Palevsky and Hughes? as well as by Squires‘ in the 
transmission versus temperature curve for iron is un- 
doubtedly to be ascribed to critical scattering. It comes 
from the contribution of the term +=0 of (41) to the 
total cross section. As the Curie point is approached, 
this contribution, unlike that of the other terms, would 
increase indefinitely in the ideal case of a perfect 
geometry. The greater height and sharpness of the peak 
obtained by Squires is a consequence of a better temper- 
ature control than in the experiment of Palevsky and 
Hughes. 

The occurrence of abundant small angle scattering of 
0.9-A neutrons in polycrystalline iron for temperatures 
in the vicinity of T, has been observed by Wilkinson and 
Shull,?? with a pronounced maximum in the amount of 
scattering at the Curie point itself. McReynolds and 
Riste,”’ investigating the magnetic structure of a single 
crystal of Fe;0, with 1.3-A neutrons, have established 
the existence, around the Bragg directions, of diffuse 
magnetic peaks of rapidly increasing intensity as the 
Curie point is approached from either side. The results 
of both experiments are in good agreement with the 
theoretical predictions presented above. They tend to 
indicate that, at least for Fe and Fe3Qu,, critical scat- 
tering takes place over a rather wide neighborhood of 
the Curie point, extending roughly to some 100° below 
and above 7... 


27 M. K. Wilkinson and C. G. Shull, Phys. Rev. 95, 1439 (1954), 
and private communication. 
28 A. W. McReynolds and T. Riste (to be published). 


LEON VAN HOVE 


VI. CONCLUDING REMARKS 


Our discussion of the time-dependent correlation be- 
tween spins and of magnetic neutron scattering in 
ferromagnetic crystals has dealt only with the points of 
greatest importance for the qualitative understanding of 
the phenomena. Several questions have been raised 
without any attempt being made at their solution. Some 
of them, although difficult, are of considerable interest 
from the standpoint of general statistical mechanics, 
and further experimentation is likely to make their 
study desirable also from a more practical standpoint. 

The present paper is entirely based on the atomic 
(Heisenberg) model of ferromagnetism, ascribing a spin 
of fixed length to each atom. The general method, 
however, consisting in the use of time-dependent corre- 
lations between pairs of spins and founded on Eqs. (1), 
(3), and (4), is, of course, applicable to magnetic 
scattering by the spins of an arbitrary system of 
electrons. The spin vectors in Eq. (4) have only to be 
taken as belonging to the individual electrons.” One 
could thus attempt to carry out our whole discussion for 
the collective (electron band) theory of ferromagnetism. 
No deep alteration of our main qualitative conclusions 
is probably to be expected. Some support for this view 
is given by the case of nickel which, having an average 
of 0.6 electron spin per atom, clearly requires a collective 
treatment. The results of transmission experiments of 
Squires‘ with 7-A neutrons seem to be in rough agree- 
ment with the main qualitative predictions one would 
obtain from our methods: the transmission versus 
temperature curve has a peak at the Curie point, and 
the magnitude of the magnetic cross section, although 
very uncertain as a consequence of its small size, is 
compatible with what would be obtained from the 
observed magnitude in iron by correcting for the smaller 
average atomic spin. 

Another problem deserving attention concerns the 
case of antiferromagnetic crystals. The dynamics of such 
systems is certainly less well understood than is the case 
for ferromagnets, and instructive information would 
undoubtedly be revealed by inelastic neutron scattering 
experiments. The extension of our theoretical discussion 
to antiferromagnets raises also a number of questions 
which might be worth investigating. 

We would finally like to express our appreciation to 
D. J. Hughes, H. Palevsky, G. L. Squires, C. G. Shull, 
and A. W. McReynolds for making their experimental 
results available before publication and for many 
stimulating discussions, to G. Placzek for various useful 
comments, and to C. E. Porter for communicating the 
results of unpublished calculations. 


2 The vectorial indices R, R’ must be replaced by numerical 
indices labeling the electrons. 
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ENERGY CORRECTIONS AND PERSISTENT 
PERTURBATION EFFECTS IN CONTINUOUS SPECTRA 


by LEON VAN HOVE 


Instituut voor theoretische Natuurkunde der Rijksuniversiteit, Utrecht, Nederland 


Synopsis 

The quantum-mechanical perturbation theory of continuous energy spectra is 
investigated for a special class of perturbations possessing some of the formal properties 
of the familiar interaction energies of field theory. These formal properties entail the 
inapplicability of the familiar perturbation theory of continuous spectra. The latter, 
which implies that the perturbation causes transitions between unperturbed stationary 
states, with conservation of the unperturbed energy, is valid for scattering and reaction 
processes. The perturbations here considered are found to produce transitions between 
“asymptotically stationary states’ differing from the unperturbed stationary states 
both by the admixture of other states and by correction of the energy value. This is in 
agreement with the situation intuitively expected but not explicitly verified in field 
theory (due to divergence and computational difficulties), according to which the 
interaction between fields causes, besides scattering, creation or annihilation processes, 
the persistent occurrence around each real particle of a cloud of virtual particles 
(photon cloud around an electron, meson cloud around a nucleon, etc.), with an 
accompanying self-energy effect. 


1. Introduction. The quantum-mechanical perturbation theory of systems 
with a continuous energy spectrum has been studied by many authors for 
the situations encountered in scattering and reaction processes. Typically 
the perturbation term of the hamiltonian would for example be the inter- 
action potential between two particles and would then produce scattering. 
It may also be the interaction energy between particles, one or both of 
which are composite (like a nucleus, an atom or a molecule), and it produces 
then reaction processes whereby the identity of the particles can be changed. 
For all such cases the theory has been worked out to arbitrary order in the 
perturbation, leading to the following conclusions). For general (non- 
monoenergetic) wave packets the motion reduces asymptotically, in the 
distant past and in the distant future, to the unperturbed motion, and the 
essential effect of the perturbation consists in causing transitions between 
the unperturbed stationary states. These transitions conserve the unper- 
turbed energy and are described by a unitary matrix, the well-known 
S-matrix. 

There are however two important classes of quantum systems with 


— 901 — 
57* 
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continuous spectra to which this general theory does not apply, despite the 
fact that one term in their hamiltonian obviously plays the role of a per- 
turbation and is regarded as such in all the (essentially incomplete and often 
unsatisfactory) treatments proposed so far for these systems. The two 
classes are best characterized by considering typical examples. 

Characteristic of the first class is a non-conducting crystal, where the 
potential energy is the sum of a main term quadratic in the displacements 
of the atoms and a small anharmonic term containing third and higher 
powers of the displacements. The latter term is the perturbation. Under its 
neglection, and for the physically most important limiting case of a crystal 
with a very large number of particles, the system is harmonic and its 
stationary states are characterized by the presence of non interacting plane 
wave vibrations (phonons). Each phonon has a wave vector and an energy. 
In the limit of an infinite crystal, the former can take any of a continuum of 
possible values, whereas the latter is a continuous function of the former. 
The unperturbed energy spectrum can therefore indeed be regarded as 
continuous. Still, the effects of the perturbation consisting of the anharmonic 
terms are by no means of the sort occurring in scattering and reaction 
processes. The most striking difference is the presence of dissipative effects 
of which heat conduction is the most familiar manifestation: such effects 
take place for a wave packet irrespective of the relative phases of its plane 
wave components and consequently a S-matrix formalism is unable to 
describe them. Other examples of perturbations with similar effects of 
dissipative type are the interaction between spin waves in an (infinitely 

- large) ferromagnetic crystal, the interaction between an electron and lattice 
vibrations in an (infinitely large) conducting crystal, etc. 

The perturbations of the second class referred to above, — this class will 
form the main object of the present paper —, are encountered most common- 
ly in quantum field theory as the interactions between quantized fields. 
Consider the electromagnetic interaction between the electron-positron 
field and the photon field, or any of the familiar interactions between a 
nucleon field and a meson field. Taking e.g. the latter case, we assume, 
because Lorentz invariance is of no concern for our present discussion 
and we do not want to deal with divergence difficulties, that a form factor 
has been introduced smearing out the nucleons in space. The unperturbed 
system is composed of the non-interacting nucleon and meson fields. The 
interaction between these fields is a perturbation, the effects of which are 
certainly not describable by an S-matrix theory of the standard type. 
Although it is true that the perturbation produces transitions between 
certain states stationary for large times, just like in scattering and reaction 
processes, these states are not the stationary states of the unperturbed 
hamiltonian, composed of free nucleons and mesons. They are rather states 
where each nucleon is surrounded by a meson cloud, each meson by a cloud 
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of nucleon pairs, etc., and where these clouds contribute non vanishing 
corrections to the total energy. These cloud effects affect the motion at all 
times, whereas scattering, creation and annihilation processes are, for 
general wave packets, of transient nature. The cloud effects are responsible 
for the necessity to renormalize the primitive constants of the fields, — re- 
normalization is necessary even in a convergent theory —, but it is clear 
that renormalization alone is not able to describe them completely: full 
knowledge of the meson cloud around a nucleon clearly requires an infinite 
number of parameters. 

The two classes of perturbations just considered, characterized by the 
occurrence of dissipative effects and cloud effects respectively, have im- 
portant features in common. The perturbations act upon systems of very 
large (in the limit, infinitely large) spatial extension, with, as a consequence, 
a continuous unperturbed energy spectrum *). The perturbations themselves 
extend over the whole system: the anharmonic term in the potential energy 
of a crystal is a lattice sum over the whole crystal; similarly the interaction 
between a nucleon field and a meson field is an integral over all space. This 
large spatial extension of the perturbations is the decisive property by which 
they differ from the simpler types of perturbation encountered in scattering 
and reaction processes. It is responsible for the inapplicability of the 
familiar methods as well as for the occurrence of novel physical effects, 
dissipation or cloud effects. It manifests itself mathematically as follows. 
Take for the eigenstates of the unperturbed system the most natural set of 
quantum numbers, i.e. the number, wave vectors and polarizations of the 
free quanta (phonons, nucleons and mesons, etc.). Denote this set by a, 
and by |a> the unperturbed eigenstate of quantum numbers a. Some of the 
quantum numbers are continuous, some are discrete; we denote by d(a — @’) 
the product of 6-functions for all continuous quantum numbers and Kro- 
necker symbols for all discrete ones and adopt the normalization 


Cal a> = 0 — a 
Consider an operator 

VA, VAD eee (1.1) 
where V is the perturbation and A,, ... A, are arbitrary operators diagonal 
in the | a >-representation 

<a|A,| a’> = A,{a) d(a — a). 

The large (in the limit, infinite) spatial extension of the perturbation 
energy V implies that for many choices of n, A,, ... A, the matrix element 
<a|VA,V... A, Vja’> has a 6(a — a’)-singularity, i.e. that the operator 
(1.1) has a non-vanishing part diagonal in the |a>-representation, although 
the same does not hold for V itself. 








*) In most cases the number of degrees of freedom of the system is also very large. This is however 
not necessary, as shown by the simplified model of meson theory recently proposed by Lee). 
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The diagonal parts of the type just described, which never occur in the 
familiar cases of perturbations producing scattering or reaction processes 
only, are mathematically responsible for the novel features, dissipation or 
cloud effects, described above. How to decide whether a given perturbation 
produces dissipative or cloud effects is the first aim of the present paper. 
The answer is given in Section 4 and is based on rather extensive mathe- 
matical preparations to be found in Sections 2 and 3. The rest of the paper is 
devoted to the case of cloud effects, of interest for field theory, and studies 
it to general order in the perturbation. The asymptotic motion of wave 
packets for large times is investigated in Section 5 and is shown to be 
expressible as a superposition of asymptotically stationary states differing 
from the unperturbed stationary states by the admixture of other states as 
well as by a correction to the unperturbed energy. Section 6 deals with the 
motion of wave packets for finite times, i.e. with the transient effects of the 
perturbation. It establishes that this motion consists of transitions between 
the asymptotically stationary states, with conservation of the corrected 
energy. The results obtained are thus in agreement with the situation 
intuitively expected from the field theoretical examples. 

The case of dissipative effects is not handled here. It has been considered | 
in a previous paper where it was treated in the lowest non vanishing order °). | 
Its study to general order has not yet been carried out. 


2. Diagonal parts of operators. The hamiltonian H + AV to be studied 
contains a time-independent unperturbed part H and a time-independent 
perturbation term AV. We assume H to have a continuous spectrum, with 
eigenstates |a)> characterized by a number of parameters (quantum 
numbers) which we denote by the single symbol a, and eigenvalues eé(a): 


Hata sea) |e. (251) 


It is essential that at least some of the parameters a are continuous variables 
and that «(a) is a continuous function of them; other parameters may be 
discrete. Our notation will be adapted to continuous parameters but could 
of course easily be completed in order to take explicit account of some 
discrete ones. We write the normalization as in (1.1) 


<ala’> = d(a — a’) (2,2) 


The coefficient 4 in front of the perturbation is a dimensionless quantity 
characterizing its size. The perturbation operator V is assumed to have a 
matrix element <a|V|a’> without 6[e(a) — e(a’)]-singularity; any such 
singularity could be incorporated into the unperturbed hamiltonian and 
thus eliminated. On the contrary 6-singularities are allowed in the matrix 
elements of product operators VA,VA,...VA,,V, where the A; are diagonal 
in the |a >-representation 

A, |a> = A,{a) |@>. (2.3) 
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These matrix elements are assumed to have the form 
<a|VA,V...A,V |a’> = O(a — a’) F(a) + F(a, a’), (2.4) 


F(a, a’) possessing no d[e(a) — e(a’)]-singularity. The function F,(a) may 
of course vanish for certain values of ” or certain choices of the A, *). We 
are however interested in the cases where f',(a) is not always zero, and it is 
precisely our object to investigate the influence of 6(a — a’)-singularities as 
appear in (2.4) on the motion of the system. 

The situation where the singular term in (2.4) never occurs is also much 
more familiar and has been throroughly investigated in the general theory 
of scattering and reaction processes +). It is worth mentioning again, for later 
comparison, the main result of this theory. Any solution y(t) of the Schro- 
dinger equation (we put /: = 1) 


iap/at = (H + AV) (2.5) 


approaches asymptotically for ¢--oo solutions of the unperturbed 
equation 


109,/et = H gq; (2.6) 

in formulae: 
p(t) = [\a> exp[— ite(a)]e(a)da for ¢t + — 0, (oe) 
p(t) ~ f\a> exp[— ite(a)]c(a)da for t > + ©. (2.8) 


The connection between the initial and final amplitudes c(a) and ¢(a) has 
furthermore the following type 


c(a) = [<a |S| a’>c(a’)da’ (2.9) 


S is a unitary matrix, the so-called S-matrix. Its matrix element <a |S] a’> 
contains a factor é[e(a) — e(a’)] ensuring conservation of the unperturbed 
energy. The asymptotic validity of (2.7) and (2.8) shows that for each wave 
packet the action of the perturbation is concentrated within a finite time 
interval and produces transitions between unperturbed stationary states; 
the perturbation has thus exclusively a transient action. The results of this 
paper will show that perturbations for which the 6-singularity of (2.4) does 
occur produce, besides transient effects described by a S-matrix, also very 
important persistent effects affecting the asymptotic behaviour of g(t) for 
t —+ + oo. 

The actual systems for which our discussion will be of interest are 
quantized fields. The energy H belongs then to the free fields and their 
interaction plays the role of perturbation. That the singular term of (2.4) 
is not identically zero in the case of interacting fields, and what its value is, 
can be found out by the usual method of quantizing the free fields in a 
cubic box of large volume 2, with periodic boundary conditions. The states 








*) In the conventional field theories, it always vanishes for even n. 
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|a>, characterized by the presence of a number of free field quanta in plane 
wave states, are then still discrete. They become continuous as 2 - oo. 
In the matrix element (2.4) certain types of transitions, impossible when 
a ~ a’, may become possible when a = a’. They are the so-called self-energy 
transitions where virtual particles are first created with arbitrary values 
of their momentum and then reabsorbed. Their contribution to the matrix 
element is larger than the contribution of other transitions by a factor 2. 
It gives rise in the limit 2 — co to the term (a — a’) F’;(a) of (2.4). One can 
thus say that the perturbations of interest to us are essentially those which 
produce self-energy effects in the continuous spectrum. The fact that in 
relativistically invariant field theories the self-energies are found to diverge 
will be of no concern to us: we restrict ourselves from the outset to cases 
where all integrations over intermediate states are convergent. We will even 
assume the function ¢(a) to be bounded. 

The preceding remarks make it immediately clear that the perturbations 
to be studied will produce persistent effects: a self-energy effect is indeed in 
essence of persistent nature. We will find however that the energy corrections 
are necessarily accompanied by other persistent effects of the perturbation, 
resulting in the fact that the validity of the asymptotic formulae (2.7) and 
(2.8) is not restored even after introducing the corrected energies in the 
exponentials. These further effects correspond in field theory, in electro- 
dynamics for example, to the presence of a photon cloud persistently 
attached to the electron even when no other charge is interacting with it. 
That field theory must imply such cloud effects has long been intuitively 
clear. Little progress has however been made toward their precise theoretical 
description as separated from all transient effects of the interaction. Our 
analysis will provide this description. We should mention at this point an 
attempt by Pirenne‘) toconstruct a perturbation theory of continuous 
spectra including self-energy effects. This attempt must be regarded as 
incomplete. As shown by his equation (5), Pirenne has left out of 
consideration the cloud effects just discussed, overlooking that they are 
inseparably related to the self-energy effects. 

We give now a closer analysis of the singular terms in the matrix elements 
(2.4). We call diagonal part of the matrix VA,V...A,V and denote by 
{VA,V...A,V}, the diagonal *) operator with matrix elements 


<al (VAV...A,V}q la’> = 6(a — a’) F,(a) (2. 10) 


where F(a) is the same function as in (2.4). Considering the explicit value of 
the matrix element (2.4) 


call Anes, AyVale> = fia Waita, > Anlanixa, || a>... 
wap can | a’ > de,... da,, (2.11) 








*) By diagonal we always mean diagonal in the ja > -representation. 
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we notice that some of the partial products VA,V...A,V, (1 <j <k <n; 
k —}] <n —1) may have themselves a 6(a;_, — o,,,)-singularity in their 
matrix element <a,_; |VA,;V...A,V |a,,,>, producing a contraction between 
the integration variables a,;_, and a,,, in (2.11) *). Assume now such 
contributions to be excluded in (2.11) by the convention that each of the 
variables a,, ... a, is kept outside some infinitesimal neighbourhood of each 
other as well as of a and a’. Consider again, in the result thus obtained for 


the integral (2.11) regarded as function of a and a’, the separation 
(a — a’) F(a) + Fafa, a’) 


similar to (2.4). We call tvreducible diagonal part of VA,V...A,V and denote 
by {(VA,V...A,V},, the diagonal operator defined by 
<a| {VA,V...A,V}iq |a’> = 6(a — a’) F (a). 

It is that portion of the diagonal part {(VA,V...A,V}, which is obtained 
when the intermediate states |ap>, ...|a,> are kept different from each 
other and from the initial and final states |a’>, |a>. 

The definitions of diagonal and irreducible diagonal parts are immediately 
extended to operators of the form A,)V A,...A,V A, agewith Ape 
diagonal, by the formulae 


{AVA ... AVA sila = AGVAV ... AV} Anat: 
{AVA ... AgVAnaiha = AV AV . oe ee 


We extend them also by mere additivity to sums of such operators. 

We make now the assumption, always verified in the practical situations, 
that in calculating the non-irreducible part of (2.10), when one has two 
contractions between the intermediate states of (2.11), let say one 
between a;_, and a,,, and one between a,_, and a,,,, one has never 
p<q <k<R' nor 7’ <j<k'<k. As a consequence of the assumption 
just made one can systematically determine the d.p. (diagonal part) of 
any product P=VA,V ... A,V by a succession of operations consisting 
each of taking the 1.d.p. (irreducible diagonal part) of a number of similar 
products. Each operation, to be called a diagonalization process, proceeds 
as follows: 

1) One selects in P one or more subproducts 


VA, VA; 41V..-Ajpay¥, VALV...Ape Ve...) V Apes 
(I< <i<h<p<- <i, <n + I), 
and one replaces each of them by its i.d.p. 


il) These i.d.p. are considered as diagonal operators. Remembering that 
a product of diagonal operators is a diagonal operator, one finds for P 








*) If7 = 1, replace a;_; by a; if k = n, replace agi, by a’. 
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after step i) either a diagonal operator, in which case the operation Is 
ended, or a product AjVA\V ... Aj, VAj,4, with Ag, Aj... Avi, di- 
agonal and n’ < n. 

iii) In the latter case, step i) is applied to VA,V ... A,,V selecting this 
time only subproducts which were not already present in the same form 
before the previous application of step i). This process is continued, 
until after a total number » of applications of step i) the operation 
ends through obtention of a diagonal operator. 

The number » is called the order of the d. pr. (diagonalization process) and 

the diagonal operator obtained at its end is called its contribution. It is 

clear that for given P many different d.pr. can be carried out, since each 
application of step i) requires a choice of subproducts: two d.pr. are different 
as soon as they do not make identical choices of subproducts in all appli- 
cations of step i). The important point is now that the d.p. of P= VA,V ... 
A,V is the sum of the contributions of all different d-pr. which can be 
carried out on P. 
A diagonalization process 4 for a sum 


5, AYVAOV ... APVAD, | 


is by definition a combination of d.pr. 4; of the type defined above, one 


for each product 
VAMV ... A®Y, 


Let B; be the contribution and »; the order of 4,; the contribution and order 
of the d.pr. A are respectively defined by 


3. Separation of diagonal parts in the resolvent. We are now prepared to 
investigate the diagonal part of an operator which will play an important 
role in the sequel, the so-called resolvent operator, defined by 


ae Eee) (3.1) 


for each complex number / with non vanishing imaginary part. The con- 
nection of the resolvent with the unitary operator of the motion is well 
known and will be used later on. The resolvent can be expanded in powers of 
the perturbation 


po imap + epev poy pe — ... 


with D!° — (H —1)~', and this expansion, about which the assumption 
of convergence is made once and for all, will enable us to calculate the d.p. 


{R}, = DO + BDV DEV — AVDEVDOV + ...}.D). (3.2) 
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We shall consider successively the contributions of d.pr. of increasing 
orders. 
Define first the diagonal operator 


Gi) = {(VDOV — AwDPVDV + ...h0 (318) 
As can be easily established, the sum mw) of the contributions to 
{VDOV —AV BOV DOV sme.) (3.4) 


of all d.pr. of order 1 has the value 
Ef) = GY + 2GPDPGM + AGMDPGMDPGM + ... 
It can be summed explicitly, with the result 
BP = GML — AGP! = SPDIY/DP (3.5) 
where the diagonal operator D}!) is defined by 
Df!) = ((D)-! — PGi! = [HF Pg. (3.6) 


The total contribution 4?) to (3.4) of all d.pr. of orders 1 and 2 is calcu- 
lated next and found to be 


LP) = GP? + PGPDMG? + MGPDYGYDNG?.+ -.. (3.7) 
where G!?) is defined by 
GP = {VDP + 2 DP Bi DP) V — 
— AV (DO + 2D SO DNV (DO + 12") ee 
We notice that, from (3.5) and (3.6), 
DP + BDP Z} DP) = D1 + RDG!) = Df. 
‘Thus 
G4 = {VD V — AVDIPVD)V + .. ba 
and we obtain for 2/2), by summation of (3.7), 
EP) = GPL — PGPDPN-! = GPDPIDP 
where 
DP = [H —1— PGP". 
This procedure can be continued indefinitely, with the result that the 
total contribution =!” to (3.4) of all d-pr. of orders 1, 2, ... y is given by 
x) = GD) D>”, (3.8) 


where the diagonal operators G!” and Dj)” are defined by the recurrence 
relations 


G” — {VDP-YV — AVDP-V DPV + .. ha (3.9) 
D” — fH —1— PGP)". (3.10) 
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Assuming convergence, we go to the limit » ~ co and define the diagonal 


operators 
oo nee), 2, — lime os pe (oe U) 


Equation (3.10) becomes in the limit 
D,={(H —1—#7G]", [oel2) 
whereas (3.9) gives the identity 
G, = {VDV —AaVDVDV + .. «ha (als) 


.e. essentially an implicit equation verified by G,. One will observe that the 

operators G!”, Gi, ... GM”, ... are simply obtained by solving (3.13) by 
successive approximations starting from Gj) = 0. Going to the limit in 
(3.8) one finds 


{VDPV — AVDPVDPV + ...}.= GDIDP 


and, with the help of (3.2), 
{Rita = D,. (3.14) 


With this result one can also rewrite the resolvent itself as 
ie = IDS a AD,V D, — PDIVDV eet AVD V DV — oo Sb aD 1, (Sel) 


where the notation {...},,, meaning non-diagonal part, is defined for a 
product VA,V ... A,V, (A;, ... A, diagonal) by restricting in (2.11) all 
states |a>, |a>, ... |a,> and |a’> to be outside infinitesimal neighbourhoods of 
each other *), and is extended by additivity to a sum of such products. 

We will describe now some properties of the diagonal operators G, and D, 
which may be expected to hold barring exceptional analytic complications. 
Denote by Jm/(l) the imaginary part of J. From the hermiticity of H + AV 
it follows, as is well known, that the resolvent R, is holomorphic in / for 
Im(l) 40. From (3.14) and the definition of the diagonal part we may 
conclude that D, is also holomorphic in / for Im(/) #4 0. Equation (3.12) 
implies then the same property for G). Similarly, denoting by the star the 
complex conjugate of a number and the hermitian conjugate of an operator, 
we have 

eee 


and thus Dy. ae DS, Gj. = Ge (oul) 


From (3.14) and (3.13), and from the fact that the spectrum of H is bounded, 
we can conclude further 


lim) ; |-+0 iD» = GC} Vion ame G, — O. 


*) The value of <a |{VA,V...A,V},ql @ > is then to be taken as the limit of <a|{VA\V... 
AnV}yqla’ > for a’ > a witha’ #a. 
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The definition (3.1) of R, implies on the other hand 
R, — R, = (UU —1)R;R,; (Sal7) 
and thus D, — D, = (l’ — 1){R, R)\,. 
Using (3.12) and (3.15) one transforms this relation into 
Gr—Gi=( — EV — AV DV + .. Yaa DryD{V —AVDV + .. Jnafa (3-18) 


where {V},, must of course be understood as equal to V. Put now /’ = /*, 
Since D, = D*, the diagonal part in the right hand side becomes non 
negative and we conclude that 7(G,. — G,) is semi-definite positive when 
Im(l) > 0, or 

Im[G)(a)] > 0 for Im(l) > 0, (3719) 


where G,(a) is the eigenvalue of G, for the state |a>. The inequality can be 
improved a little by noting that for given a 


Im[{G,(a)] > 0 for Im(l) > 0, 


unless G,(a) = O for all /, because the function Im[G, (a)| is harmonic in the 
upper half of the /-plane and can thus only attain its minimum on the 
boundary. Finally, from (3.19) and from the form taken by (3.13) when the 
right hand side is written in terms of the matrix elements <a |V| a>, with 
integrals over intermediate states, one may conclude, always barring 
exceptional complications, that G, converges to a finite limit for] = E + 1m, 
E real, y > 0, n +0. We write for this limit 


lin Guy aKa eye (3.20) 


where K, and J, are diagonal operators, with real eigenvalues K,(a), 
J,(a). Furthermore, from (3.16), 


limp <n+0 Ge—in = Ke — Jy (3.21) 
and from (3.19), for all ja>, 


J (a) > 0. (3.22) 


4. The case of vanishing line width. A fundamental distinction must now 
be introduced according to whether the operator D, remains bounded or 
becomes unbounded when / approaches the real axis from either side. It 
will correspond physically to the distinction between the two classes of 
perturbations described in the introduction, producing dissipative effects 
and cloud effects respectively. For each state |a>, consider the equation 
(E real) 

e(a) — E — A*K,(a) = 0. (4.1) 


Under our assumptions it has at least one root E = F(a), and we shall 
suppose that it has only one. 
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If one has for each a the inequality 
J (a) #O when E = E(a) (4.2) 


the operator D, remains bounded in the neighbourhood of the real axis and 
has a finite discontinuity when passing accross it. Under these circumstances 
one must expect that the perturbation produces for the system a motion of 
dissipative type, like in absorption or diffusion processes. This is indeed the 
type of motion found in a previous paper %) where the effects of the pertur-_ 
bation were studied in lowest order in 4 under the assumption (4.2), also | | 
taken in lowest order *). The quantity J,(a) for E = E(a) was there found | 
to play the role of a line width, its inverse being essentially the decay time 
or relaxation time of the state |a> in the dissipative process. 

We want to study here the complementary case where /;(a) vanishes 
when E verifies (4.1). We assume a little more, namely that for each state 
ja> the function G,(a) ts holomorphic in the point | = E(a) of the real axis. It 
then follows of course that J,(a) vanishes for FE real around E£(a), so that 
D,(a) becomes singular when / approaches the real value F(a). 

The assumption just made has far reaching consequences. Clearly, the 
identity (3.13) requires that if G,(a) is holomorphic in / on a given portion of 
the real axis for some |a>, the function D,;(a,) must also be holomorphic on 
the same portion of the real axis for all the states |a,> which intervene as 
intermediate states when the products of operators in (3.13) are written out 
as integrals in terms of the matrix elements of V. Indeed, quite remarkable 
cancellations of singularities in the right hand side of (3.13) would otherwise 
be needed, and we may safely exclude such a situation as highly exceptional. 

Let us formulate the above statement more precisely. We need therefore 
an important definition. Consider the matrix element 


<a|VDV —AaVDVDV + ... |a’> = f<a |V| ap D,(a;) <a, [Via da, 
—Af<a|V| a> ee |V|a,> D,(ao) <az |V| a’>da,da, + ... (4.3) 


According to (3.13) we can obtain from this expression the value of {,(a) 
by keeping in the right hand side a, # a), ... in the terms of order 1, 2, ... 
in A and separating the part of the expression obtained which has a 6(a—a’)- 
singularity. The coefficient of this singularity is G,(a). Call x, the smallest 
family of states |a”> such that the correct value of G,(a) would be obtained 
if at the start of the above operations on (4.3) the integrations over |a,>, 
jay» ... were restricted to x,. This family is well defined if we require it to 
be continuous in those parameters a which are continuously varying. We 
can now reformulate our statement in the form of a lemma: If for some |\a> 
the function Ga) is holomorphic in 1 for l on a portion 6 of the real axts, the 


*) The inequality (4.2) taken in lowest order reduces to the condition W(Ea’ ; Ea) #0 of 
Reference °). 
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function D,{a,) and therefore the function Ga,) have the same property for all 
states |a,> belonging to x,. 

The family of states x, will play an important role in the sequel. Let us 
comment a little more on its properties. In general x, will change with a, 
and would also have to be replaced by another domain of integration in 
order to calculate (4.3) for a ~ a’. Barring again exceptional cancellations, 
one may however admit that, given the perturbation V, x, is completely 
determined by |a> and does not depend for example on the special value of / 
in (4.3). More generally, x, would be the same if it had been defined for 
operators VA,V + VA,VA3V + ..., (Ay, Ao, ... arbitrary diagonal oper- 
ators), instead of the special operator in (4.3). As an example let us consider 
quantum electrodynamics. If |a> is a state characterized by the presence of 
one electron of momentum q, x, contains all states with one electron and 
one photon, one electron and two photons, ..., for which the total m. 
(momentum) is q. If |a> is the state with one electron of m. q and one 
photon of m. — q, x, contains e.g. states with one electron of m. q — q’ 
and two photons of m. — q and q’ but does not contain states with one 
electron of m. q’ 4 q and one photon of m. — q’, neither states with one 
electron of m. — q,; — q, and two photons of m. q, 4 — qand q, ~ — q. 
If |a> is the state with two electrons of m. q and — q, x, contains no other 
states with two electrons only, and involves only those states with one 
photon and two electrons in which one electron has m. q or — q. 

We notice now that our lemma can be easily extended to a family of 
states larger than x,. For each a, call x‘) the family of states |a’> such that 
either |a’> is-in x, or |a’> is in the family x,. for some |a”> in %,, call (for 
n = 2,3, ...)x) the family of states |a’> such that either |a’> is in x\"—") 
or it is in the family x, for some |a”> in x"—"), and call finally y, the family 
of states |a’> such that |a’> is in x” for some n. From this definition, 
the family y, contains the family y, corresponding to each of its ele- 
ments |a’>. 

By induction we conclude now from the lemma: if for some state |a> the 
function G,(a) is holomorphic in / for / on a portion 6 of the real axis, the 
functions D,(a,) and G,(a,) have the same property for all states |a,;> belonging 
to y,. From the form of D,(a,;) this implies that 


J g(a) = 0, e(a,) — B — 1°K , (a) #0 (4.4) 


for E on 6 and |a,> in y,. We have assumed above G,(a) to be holomorphic 
tor / around E(a). We may thus conclude that for each state |a> there 1s an 
energy interval 6, around E(a) such that (4.4) holds whenever E 1s on 6, and 
|a;> in y,. In particular |a> is not contained in y,. These conclusions will play 
a central role in the following. 

A remark must still be included on the significance of the family of states 
vy, For given |a> the family x, is the collection of states which intervene as 

58 


Joe Qe Jo Ye LLL LLLLELLLEIPLELILLILLLLILLLILLAILLILLLALLLIL34 


914 LEON VAN HOVE 


intermediate states when one calculates the eigenvalue for |a> of operators 
of the form {VA,V + VA,VA3,V + ...},, with arbitrary diagonal A,, 
A,, ... Similarly the family y, is the collection of states intervening in 
addition to |a> as intermediate states when the eigenvalue for |a> is calcu- 
lated for operators {(VA,V + VA,VA,V + ...}, with diagonal A,, Ag, .... 
Remembering how y, was defined in terms of x, one verifies this property 
immediately by means of the fact that any diagonal part can be obtained 


: 


by successive calculation of a number of irreducible diagonal parts. For 
each |a> let us now define the diagonal projection operator Y, by 


la, dor™a,> in y,; 


malcom O otherwise. 


(4.5) 


The above property of y, can then be expressed by the identity 
{[VA,VAV eee AV |a> = {VA,V suena) Aaa AV noc AV} |a> 
a {VA\V iets A,;_VYA{VAjaV miler A,V}, |a> (4.6) 


for arbitrary diagonal A,, A,, ... A,, (1 <7 <2). Use is made of this 
identity in the next section where the physical significance of the family of 
states y, will be established: y, contains the states persistently attached to 
the state |a> when it moves under the influence of the perturbation, 1.e. the 
states present in the ‘‘cloud”’ surrounding |a>. 





5. The asymptotic motion of wave packets. The mathematical properties of 
the hamiltonian H + AV and its resolvent R,; have now been sufficiently 
investigated to permit a discussion of the motion of the system. We study in 
the present section the asymptotic motion of a general wave packet, i.e. the 
time variation for t + + oo of a general non-monochromatic solution g(t) 
of the Schrédinger equation 


idp/at = (H + AV) (5.1) 


This asymptotic motion has been described in Section 2, Equations (2.7) and 
(2.8), for the case of a “normal”’ perturbation producing no diagonal parts, 
i.e., no 6-term in the matrix elements of type (2.4). In this case the asymp- 
totic motion is unaffected by the perturbation, being a superposition of 
unperturbed stationary states |a> with time-dependent phase factors 
exp[— tte(a)], corresponding to the unperturbed energy value e(a). We 
can thus say that in the presence of a normal perturbation the states |a>, 
although not stationary, are asymptotically stationary with energy «(a). 
Our first concern will be to show that for the perturbations here studied 
the states |a> are no longer asymptotically stationary, not even with an 
energy value different from e(a). Let us assume them to be asymptotically 
stationary with energy values e’(a). Putting for each fy 


(to) = f |a> expl— tige’(a)Jo(a)da (5.2) 


a = 
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and assuming the coefficients c(a) to be smooth functions of a, we would 
then have for finite ¢, in the hmit 4, ~ + oo, 


exp[— (H + aV)] (to) = plo + 4), 
and therefore 
Lim, , yoo “plo + 2) lexpl— ##(H + AV)]| vlt.)> =f le(a)Pda (5.3) 
Introduce the resolvent by means of 
exp[— it(H + AV)] = (2x)7't f, exp(— it)R, di. (5.4) 


y is a contour in the complex plane encircling a sufficiently large portion 
of the real axis and is to be described counterclockwise. From the definition 
of the diagonal part of an operator one gets 


Ln eee <W(lo + t) [Ri] vllo)> = <plto + 2) Rial p(lo)> 
= fexp[ite’(a)] . D,(a) . |c(a)|? . da (Dro) 

We are thus led to calculate the expression 

(2x)~'4 f, exp(— it)D,(a)dl = 7,{a) . exp[— itE(a)]. (5.6) 
From the results of Sections 3 and 4 one finds 

exp[it(E(a) — E)] . Je(a) . dE 

[e(a) — E — #?K,(a))? + a*(Je(a))° 
with [N(a)]7! =I1+ 4[8G,(a)/2L],_ g(a): (5.8) 


In (5.7) the integration is restricted to the values of E for which J,(a) 4 0; 
the denominator does not vanish for these values. Notice that 7,(a) reduces 
to leer f=) 


r(a) = N(a) + 2-12? f (5.7) 


—co 


y(a)i=i(2n)5 2 ff Dale’ — aly 
because 


(Qn)—'¢ f, D, dl = (2x)~' i f, {R}, dl = {(Qn)—' af, R, di}, = {l}, = 1. 
Therefrom two inequalities follow, the second for ¢ 4 0, 
ONG). < | (See) 
epee) taal (5.10) 


unless the function J,(a) is identically zero for all EZ, a circumstance which 
under our assumptions would imply 


G,(a) = 0, D(a) = cee 1}-! (5.11) 


for all J, just as for a normal perturbation. Using (5.4), (5.5) and (5.6) we 
now determine the left-hand side of (5.3). It is 


fexp[it(e’(a) — E(a))].7,(a) . |c(a)|?.da. 
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From (5.10) it is seen to be less than the right hand side of (5.3) except in 
the “normal case’’ where (5.11) holds for all 7 and a. 

The question is now whether the replacement in Equation (5.2) of the 
states |a> by others would restore the asymptotic validity of the formula. 
This will be shown to be the case if the new states are chosen to be 


la>a, = [N(a)]}. } + Ue, es ain la>, (5.12) 


and the corresponding energy values E(a). The numbers F(a) and N(a), the 
symbol {...},, and the diagonal operators Y,, K, have all been defined 
before. Ky.) is the operator K, for E = E(a). Notice that in (SlZ the 
denominator never vanishes: because of the presence of Y, its eigenvalues 
occur only for states |a,> belonging to the family y,, so that (4.4) can be 
applied for E = E(a). As a further consequence of (4.4) we can use in (5.12) 


the equality 


Y 
—______“—__.____ = lim, — YD, eke 


The property we have to establish is the following. Put for smoothly 
varying c(a) | 
P(to) = S |@>as EXP[— MoE (a) |c(a)da. (5.14) 


Then one has, for finite ¢ and in the limit 4) ~ + oo, 
exp[— 1(H + AV) ]p(bo) = p(t + h). 


Since the operator on the left-hand side is unitary, it is sufficient to prove 
in the limit 4 > + co 


Cpt + fo) | exp[— (H+ AV)] | v(h)> = 
<H(to) | p(to)> = <Hlt + bo) | PE + b)>- Gi) 


Calculate first 


<V(to) | p(éo)> = S[N(a) N(a')]* . exp[tto(E(a) — E(a’))). 
fo) 1 , 
cal[1 +3 ( oapeeteg — 2) I 


De, si 
[sea geticw") LI 
[ al E(a’) ={ JOT wa) ca H nd we 


c*(a) c(a’)dada’ (5.16) 


In the limit f) > + co only the diagonal part of the operator under the 
integral sign gives a non vanishing contribution, so that 


lim, . x00 <P(to) | plo)» = f N(a) . Bla) . |e(a)|? . da (5.17) 
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if B(a) is the eigenvalue of this diagonal part for the state |a>. Using (5.13) 
we can write 


B(a) |a> = limy, xa {11 + 2p. = fl AV ale 
[1 + 271 ((— AY DV)" yualha la>- (5.18) 
By application of (4.6) we may drop in the right hand side all factors Y, 
and notice then from (3.15) that we may also write 
B(a) |a> = limp, ga) [Dy]! (Rr Rr}a [Dy] “* |a>. (5.19) 
This is further simplified by means of the identity 
Ray Res, 
a limiting case of (3.17). One gets 
{Ry Ry}a = AR, fal a’ = oD,’ = [D,}*.[1 a 0G,/ ol"). 
The expression for B(a) reduces then finally to 
B(a) a> = limy., 2) [1 + 220G,/2"] |a> = [N(a)}“ lay, 
where the definition (5.8) of N(a) has been used. Insertion into (5.17) gives 
Lim,» sco Plt) lp(te)> = / lela)? da. (5.20) 


It is obvious that the same limit would be obtained for <(t + to)|p(¢+%)>. 

The left hand side of (5.15) must now be calculated and its value must be 
found equal to (5.20). We determine first the limit of the expression 
<p(t + to) |R,| v(fo)> for tp + oo. Proceeding in the same manner as for 
(5.17) and (5.18) we find 


lim, +0 <P(E + bo) [Ril Pleo) = /{ N(a).exp[ttE(a)].B’(a). \c(a) |? dae a2) 
with B’(a) defined by 
B'(a) |a=limy, p(@){l1 + 2p (-AVD,Y.)" baal RL + Er at(-AY DV)" Sad) jal 
a limy., x(a) [D,}~' {Ry R, Ry}a [D,\~' |a>. (5.22) 
Further R, R, Ry = (’ — 17! (R, — R)R;y 
= (l' —1)~' (OR, al’) + U —1)* (Ri — Ry) 
and’ {R, Rpky}, = (' —1)~". (aeaiee 22€G,/al’] + ’ — 1)? (D, — Dy). 
Consequently, remembering that 
limy., g(a) [D,]~" |a> = 0, 
one gets for B’(a) the simple expression 
B'(a) =[E(a) —J)~' . [N(a@)]7?. (5.23) 
Insertion into (5.21) and application of (5.4) give the desired result 
lim, , p00 (P(E + fo) lexpl— iH + AV)I| plte)> = flea)? . da. 
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This completes our proof: (5.14) describes correctly the asymptotic motion 
of wave packets. From (5.12) it follows that (barring exceptional compli- 
cations) the states |a>,, are linearly independent and every state is expressible 
as linear combination of them. Consequently we can conclude that the 
|a>,, form a complete set of asymptotically stationary states, with the E(a) as 
corresponding energy values. 

Some comments are in order on the significance to be attached to the 
asymptotically stationary states |a>,,. It is a priori obvious that the concept 
of asymptotically stationary state, in contrast to that of stationary state in 
the ordinary sense of the word, is not unambiguously defined. All kinds of 
terms could be added to the states (5.12) without affecting the validity of 
the formula (5.14) for the asymptotic motion of wave packets; one could for 
example take for (5.12) the true stationary states of the system. The 
concept of asymptotically stationary state must rather be considered with | | 
respect to the a priori given separation of the hamiltonian in an unperturbed : 
term H and a perturbation AV. The situation is quite simple in the case of | 
what we have called before a ‘“‘normal’’ perturbation: the eigenstates of H, 
although no longer truly stationary in presence of the perturbation, retain 
at least the property of asymptotic stationarity and are thus observable as 
monochromatic components of wave packets which no longer (or not yet) 
undergo scattering and reaction processes. 

For the perturbations here studied, as a consequence of the diagonal 
effects incorporated in the operator G,, the unperturbed eigenstates |a> 
are deprived not only of their stationarity but even of their asymptotic 
stationarity, and the state |a>,, given by (5.12) may now be regarded as 
obtained from |a> by a minimal amount of admixture of other unperturbed 
states sufficient to restore the property of asymptotic stationarity. Although 
we have not proved rigorously that the admixing contained in (5.12) 1s 
strictly minimal, we consider this statement to be justified by the following 
consideration. The expression (5.12) of |a>,, differs in two respects from the 
expression obtained for a perturbed stationary state in the usual pertur- 
bation calculus of discrete spectra: the corrections to the energy levels are 
incorporated in the denominators E(a) + #°K,,,, — H, and the states 
admixed to |a> are restricted by the presence of the operators Y, to the 
family y,, i.e. to the smallest family of states giving their true value to the 
diagonal parts of operators appearing in (5.22) and needed for establishing 
the asymptotic stationarity. It is the presence of Y, which makes the 
admixing minimal. 

This question of giving a strictly unambiguous definition for the asymp- 
totically stationary states is clearly a very delicate one and will not be studied 
further in the present paper. We shall content ourselves with having in 
(5.12) a self contained and tractable expression for a complete set of asymp- 
totically stationary states, i.e. essentially a formal description for the 
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“cloud”’ effects so often talked about in qualitative terms in field theory. To 
appreciate the utility of (5.12) one must realize how very much simpler and 
more tractable this expression is than the complete expression for the true 
stationary states of the system (here not written down). This relative 
simplicity is possible because the states |a>,, incorporate only the per- 
sistent effects caused by the perturbation. They have however the merit of 
incorporating all the persistent effects and will enable us to write down, in 
the following section, a S-matrix formula for the other effects of the pertur- 
bation, which are of transient nature and consist of transitions between 
asymptotically stationary states. 

One should remark that the states |a>,, do not form an orthonormal set, 
because the scalar product ,,<ala’>,, (where ,,<a| is the conjugate of |a,,) 
differs from 6(a — a’) by some smooth function of a and a’. This is to be 
expected from the field-theoretical examples: if one considers a state |a> 
composed of two electrons with momenta q and — q, and a state |a’> 
composed of two electrons with momenta q’ 4 + q and — q’, the clouds 
around |a> and |a’> have in common, among others, states with two electrons 

| and one photon, and are therefore non-orthogonal; this non-orthogonality is 
essential because it is respoftsible for the interaction between the two 
electrons. In the asymptotic limit of large times, however, the states |a),, 
may be treated as orthonormal. Consider indeed the waves (5.14) and 


P (to) oe : exp[— tty (a) | : c’'(a)da’. 
A derivation identical to that of (5.20) gives 
limy, ., +00 <¥(fo) | (4o)> = J 6*(a)c'(a)da. 


We may thus say that the states |a>,, are asymptotically orthonormal. 


6. The S-matrix. The problem to be treated now concerns the connection 
between the asymptotic motion of a wave packet before and after all 
transient effects take place. More precisely, let us consider a general solution 
g(t) of the Schrodinger equation 


— idp/et = (H + AV)¢. (6.1) 


From the results of the foreguing section it follows that g(t) has in the 
limits of f > + co the two asymptotic forms 


p(t) =~ fla>., exp[— 1tE(a)].c(a)da for ¢ + — oo, (6.2) 
p(t) & f lade, exp[— it E(a)].c(a)da for t > + oo. (6.3) 


~ 


The problem is to find the relation between the coefficients c(a) and c(a). 
As will be established hereunder this relation is given by 


~~ 


e(a)e= [<@ |S| a> ofa jdt (6.4) 
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with the following expression for the S-matrix 
<a |S| a’> = 6(a — a’) — 2n1d6[E(a) — E(a’)]. 
[N(a)N (a) . <al V — AV Repay 0 dua (2). (6.5) 
The symbol Rz,;9, here to be taken for E = E(a), is defined by 
ee, ory — | 17, 7 - O, q —> 0, (6.6) 
Rar DamsiSiewioie(d/ Rip}... uieanset VaD,V — 1V Dy ;Vaact oa. hag 


To prove the assertion it is sufficient to show that for all smooth functions 
c(a) and c,(a) 


Py eses i> + co <9, (2) | ll a(t — t) (H an AV) | lp(t)> 
ic, (a ) <a |S| a’> c(a’)dada’, (6.7) 


where g(t) is defined by (5.14) in terms of c(a) and similarly 
p(t) = [la>g, . exp[— #E(a)]c,(a)da 
Firstly, since ¢ — ¢ > 0, we may write 


exp[— i(f — t) (H + AV)] = (2n)7' 1 f exp[— 2(é — H1)R,d! 
(2ni)~' f[@, exp[— if — NE]Ry 4 49 AE. 


Consequently 
<p, (2) ea i(f — t) (H + AV)]|p(t)> = (2xi)~" fcF(a)[N(a)}#da 
[c(a’) [N(a’)]}?da’ /&,, exp[ti(E(a’) — E) — it(E(a) — E)\dE 
Y. : 
so lL , 


Aon i 
Rete) 1422{( 533 —— v) Jie 
E(a’\+-2?Kyey—H | Sua | 


We need the asymptotic value of this expression for t + — oo, t > + oo. 
It originates from the terms which are singular for E(a’) = FE and E(a) = E, 
all other terms giving zero contribution in the limit. These singular terms in 
the matrix element in (6.8) are obtained in two ways: 

1) by considering the diagonal part of the whole operator in the matrix 
element; 

li) by putting one of the intermediate states intervening in Rg, jo, let 
us call it ja, identical to |a>, and another intermediate state |a,> inter- 
vening in R;,, ;9 (more to the right than |a,>) identical to |a’>. The operator 
products comprised between |a> and |a,> must be replaced by their 
diagonal part, as well as those between |a;> and |a’>. 
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Case i) requires the calculation of the eigenvalue for |a> of the operator 


{Lee {(a7 FOE E) I | 


ae 


This eigenvalue can be immediately gotten from the quantity B’(a) intro- 
duced in the preceding section, Equation (5.22), and there calculated, Equa- 
biemneaZ oe Lees 


[N(a)]=? lig +0 (E(a) — E — i)! = [N(a)]~ . [E(a) — E — 0)". 
The contribution of the diagonal part (6.9) to (6.8) is thus simply found to be 
(2nt)—' fcf(a)c(a)da f%, exp[e(? — t) (E(a) — E)] dE/(E(a) — B — 20) 

and reduces to the integral 
fct(a)c(a)da (6.10) 


originating when the 6(a — a’)-term of <a |S| a’> is considered alone in the 
right hand side of (6.7). 

When case ii) is taken for all possible choices of the intermediate states 
la;> and |a;> among the intermediate states intervening in the explicit 
expression of R,z., 9 one sees easily that the total expression obtained for 
the matrix element in (6.8) is the following 


Y n 
=a oo 2 Reunre |\V-ALV ieee 
A<a| tf +3, ("x +: ee I | e+of [ {(VResioV nal X 


et eee 
aes ee E(a') #4? Kaen— nd - . 


The two diagonal parts appearing in (6.11) are again handled by the method 
used in Section 5, and one finds for their eigenvalues 

[E(a) — E — i0}~! and [E(a’') — E —10]~', so that the matrix element 
(6.11) rediices to 


— 1G) TE — 10)" Pe 0 are MV Reig jae (ae 
We now remark that 


exp[— i#(E(a) — E)| 


Bo Eo = 2nid[E(a) — E] 


bint ee 


and similarly 


exp[tt(E(a’') — £)] 


6) = ene Qnid(E(a’) — E]. 
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Consequently the contribution of case ii) to the right hand side of (6.8) is, 
in the limit ¢ + — co, ti > + oo, equal to 


— nid f c¥(a) [N(a)]? da f c(a’) [N(a’)}* da’ 
f—. 0 E(a) — E)].d[E(a’) — E\dE .<a |V — AV Rey iV} na |a>. 


Carrying out the integration over E£, and adding the contribution (6.10) 
of case 1), one finds exactly the right hand side of (6.7). This completes the 
proof of the S-matrix formulae (6.4), (6.5). 

One notices how conservation of energy in transient processes is ensured 
by the occurrence of the 6[E(a) — E(a’)|-factor in the S-matrix (6.5). As is 
indeed required for the consistency of the theory, the energies conserved 
are the true energies F(a) of the asymptotically stationary states, and not 
the original uncorrected energies e(a). Another point which deserves verifi- 
cation is the unitarity of the S-matrix. In view of the asymptotic ortho- 
normality of the states |a>,,, the unitary character of S is simply expressed 
by the identity 


[a |S*| a> da, <a, |S| a> = 6(a — a’) (6.12) 


The verification of (6.12), although rather lengthy, involves no essential 
difficulty. We restrict ourselves here to mentioning three formulae which 
have successively to be relied upon in the course of the derivation. They 
are (7 > 0) 


Res io aa ReE_i0 = lenin 5 (Re _in os Re_in) = 21 lim,_.o Rein Peery: 
lim, ,o | Re_ in Resin = TR ¢_ 50 O(Hf a gn Comme (6.13) 
6(H — E — 4’K,) |a> = O[E(a) — E].N(a).|a. 


Only equation (6.13) is not immediate; the central point in its proof is the 
relation 


lim, .9 7 De_in ADe+in |O = N(a)d(H — E — #?K;)A |a> 


valid for A diagonal, whereas the limit would be zero if the operator A 
has no diagonal part, i.e. has no 6(a — a’)-singularity in its matrix element 
<a |A| a’>. 


7. Remarks. Many questions can still be raised in connection with the 
ubove contribution to the perturbation theory of continuous spectra, and 
the present paper does not claim to have touched upon all points deserving 
clarification. Our object has been to define and study, within the frame- 
work of standard quantum mechanics, a class of perturbations characterized 
by certain formal properties which are exhibited in particular by the con- 
ventional field-theoretical interactions, and to derive in detail how these 
formal properties imply the physical effects (self-energy and cloud effects) 
which, from our field-theoretical experience, we intuitively expect them to 
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produce. Two additional remarks will still be made in order to delimit more 
clearly the scope of our results. 

Firstly, our whole discussion and the results arrived at have meaning 
only with respect to a given separation of the hamiltonian in an unperturbed 
part H and a perturbation AV, and with respect to a given representation 

ja. Neither the separation H + AV of the hamiltonian nor the special 
representation of basic states |a> can be given in general an absolute physical 
significance, although this may very well turn out to be possible for the 
special systems encountered in field theory. However this may be, the 
standpoint adopted here was to consider both the separation H + AV and 
the basic set Ja> as given a priori without enquiring into their origin. Still 
one might observe that, once the separation H + AV of the hamiltonian is 
known, the states ja) may be uniquely defined as the simultaneous eigen- 
vectors of H and of the operators D, for all /. The operator D, itself can be 
defined in terms of H alone by noticing that its matrix element in any 
representation |8> diagonalizing H is the part of the matrix element 
<B |R,| B’> of the resolvent R, which has a 6[e’(8) — e'(6’)]-singularity, «'() 
being the eigenvalue of H for |f>. 

Our second remark concerns the relation existing between the separation 
of diagonal parts of operators systematically used in the present paper and 
the well known renormalization technique of quantum field theory, as 
developed by Fe ynman and Dyson) in the perturbation expansion 
by means of graphs. The separation of diagonal parts of operators would 
essentially correspond in the field-theoretical cases with what Dyson 
calls the elimination of the self-energy parts of graphs. The only difference 
is that we consider here states of the system as a whole whereas Dyson 
deals with particle states. Consequently our procedure would lead in field 
theory to the determination of the complete propagation functions. It does 
not lead to the complete vertex functions. It would thus permit, in electro- 
dynamics for example, to renormalize the mass of the electron but not its 
charge. 


Received 17-9-55. 
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Il. THE PERTURBED STATIONARY STATES 
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Instituut voor theoretische natuurkunde der Rijksuniversiteit, Utrecht, Nederland 


Synopsis 


The paper continues the systematic investigation undertaken earlier *) of a class of 
perturbations of continuous energy spectra producing, in addition to scattering and 
reaction processes, self-energy and cloud effects which affect at all times the motion of 
wave packets and which are of the type occurring in the quantum theory of interacting 
fields. The main result presented here is the explicit determination of the perturbed 
stationary states. The formula obtained is used to express the motion of wave packets 
and to connect it with its asymptotic properties for large times as established earlier. 
A special example is treated as illustration of the general method and a crude prelimina- 
ry discussion is given of the aspect under which the renormalization program will 
present itself in the present formalism 


1. Introduction. In a previous paper 4), to be referred to hereafter as I, we 
have introduced and analyzed a class of quantum-mechanical perturbations 
of continuous energy spectra characterized by the most important formal 
properties through which the interaction energies encountered in the quantum 
theory of fields differ from the interactions studied in conventional collision 
theory (theory of scattering and reaction processes, S-matrix theory). We 
have established in I that the perturbations there considered give rise, in line 
with the physical situation expected to occur for interacting fields and in 
contrast with the case of ordinary collisions, not only to scattering and re- 
action processes but also to permanent effects modifying the motion of arbi- | 
trary wave packets at all times. These effects consist of energy corrections in 
the continuous spectrum (self-energy effects in the terminology of field 
theory) and of what may be called cloud effects, i.e. the persistent admixture 
to each unperturbed stationary state of a ‘‘cloud” of other unperturbed 
stationary states, even in the asymptotic motion of wave packets long before 
or after all scattering and reaction processes have taken place. These self- 
energy and cloud effects have been derived to general order in the pertur- 
bation by a method more suitable for this purpose than the usual methods 
of field theory. They are contained in the perturbed energy E(«) and the 
“asymptotically stationary” state |«>,, associated in I to each unperturbed 


Sa 
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stationary state |«>. Their defining equations are (1.4.1.)*) for F(a), -E=E(«) 
is the root of this equation —, and (1.5.12) for the state |x>,,. A further result 
derived in I is the S-matrix formulae (1.6.4), (I.6.5.) expressing the con- 
nection between the asymptotic motions of wave packets before and after all 
transient (i.e. scattering and reaction) processes have taken place. 

The main object of the present paper is to derive for the perturbations 
considered in I an explicit expression to general order for the perturbed 
stationary states. This is achieved in the next section. As an application of 
this result we then consider the exact expression for the time evolution of a 
wave packet under the perturbation and derive from it the asymptotic 
motion for large times, thus obtaining in another way the results established 
in I without knowledge of the explicit solution of the Schrédinger equation. 
Such is the contents of Section 3. Two more or less complementary examples 
of the general formalism are then considered. The first one (Section 4), only 
mentioned very briefly, is the case of perturbations producing transient 
effects only, no self-energy or cloud effects; the general equations then 
reduce to the well known results of collision theory. The second example 
(Section 5), dealt with in more detail, is a type of perturbation producing non- 
vanishing self-energy and cloud effects, but sufficiently simple to be calcul- 
lated in closed form, and thus particularly well suited as illustration of the 
developments forming the main contribution of I and of the present paper. 
Finally, in the last section, some indications without aim at completeness are 
given on the aspect taken in the present formalism by the well known re- 
normalization program of quantum field theory, and a few comparative 
remarks are made on a very recent paper by De Witt?) devoted toa 
subject closely related to ours. 

The definitions, notations and results of I will be used throughout. In this 
paper as in I we adopt a notation adapted to the assumption that all 
quantum numbers defining the unperturbed states |x> are continuous. This 
excludes the consideration of polarization indices, spin indices, etc. The 
extension of the formalism to include such discrete quantum numbers would 
present no essential difficulty. The main difference with the case considered 
here and in I would be that the diagonal part of a product VA,V ... A,V 
(V is the perturbation and A,, ... A, are operators diagonal in the |«>- 
representation) should be defined by (1.2.4) with the 6-function referring to 
the continuous quantum numbers alone, F, being consequently a finite 
matrix in the polarization indices. Similarly the quantities G,(«) and D,(«) 
are finite matrices which can be diagonalized for each /, a step necessary for 
the definition of the perturbed energies E(«) and of the asymptotically 
stationary states |a>,, as well as for the definition of the true stationary 
states by the method of the next section. Except for this short remark we 


*) By Equation (I.4.1) we mean Equation (4.1) of paper I. 
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leave out of consideration as we did in I the complications connected with 
polarization indices. Another point which is assumed here as it was in I is 
the convergence of all expansions in powers of the perturbation which are 
used in the course of our derivations. This assumption excludes for example 
the possibility of bound states. 


2. The perturbed stationary states. The resolvent operator K, extensively 
used in I is also a convenient tool for determining the stationary states of the 
perturbed hamiltonian H + AV. From its definition (1.3.1) one obtains for 
the spectral resolution of H + AV the equation 


Ay ee Ped BD, 


where 
Pg = (2ni) lim,» (Rev — Ry—n)s 0 > 0. (2.1) 
The identity (1.3.17) gives on the other hand 
Re+in a -_ 7 2nt Rysin Rexin (2.2) 


Here and in subsequent equations upper (lower) signs must be taken 
together. The limiting value of the right hand side of (2.2) for 7 — 0 is de- 
termined by means of the following identities, which are quite easy to 
establish. If the matrix element <«|B|«’> considered as function of « and ~’ 
has no 6(a — «’) — singularity, one has 


lim, 07 Drs BDuxin = 0. (2.3) 


If on the contrary B is diagonal in the |«>-representation this equation is 
replaced by *) 


hime, DO, —a NB — E — i*Ke),n > 9, (2.4) 
where N is the diagonal operator defined in terms of (1.5.8) by 
N |a> = N(a) |o>. 
By separating in (2.2) the diagonal parts occurring in the product of two 
resolvents and by taking (2.3) and (2.4) into account one obtains 
Re oeteh =, oo MN Ks, Deg Od — E — A*Kp) cy oa 
or, with the familiar notation A, = lim,» Ag4;, for 7 > 9, 
Pr= [1 + 291 {(— A Dg ioV) nal. 
Oe Ae). Sees (— WDy= 10)” }nal- (2.6) 


+) The last equation of I and equation (1.6.13) contain misprints whose correction is found 
hereunder in (2.4) and (2.5). 
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We now define 
lo, = [N(a)}*.[1 a ei AD ya) +40 Py} nal 1 (2.7) 


and denote by ,<«| the hermitian conjugate state vector of |a>_. 
An easy transformation of (2.6) gives 


Pr = |, UE — Ei(o)| dere (2.8) 
and consequently for the spectral resolution 
H+ aV =f \o>.. E(a) da ,<a| (29) 


As will now be established, these relations readily imply that the states 
|a>, (the states |x>_) form a complete orthonormal set of eigenstates of the 
hamiltonian H + AV; in formulae 


’ 


(H+ AV) lads. = Ela) lod, «<a luo, == Ole =o | (2.10) 


where as always upper (lower) signs have to be taken together. The proof runs 
as follows. A well known property of spectral resolutions is expressed by the 
identity 

Pr. Pp = OE — E’) Pa. 


Multiplying this equation on the left by the operator 
N* [i + =P (SD a ate 
and on the right by 
[1 + 29° {(— AVD yx 40)" }nal Net 
one obtains by means of (2.8) 
J \ap OTE — E(o)| doy a>, do o/b — Fig aie 
= 6(E — E') [ |e d/E — E(a)] do <a. 


This is further reduced through multiplication on the left by <a,| and on 
the right by |«,>: 


O[E — E(ay)] d[E’ — E(ay)] <a loy>y = 0(E — E’) o[E — E(ay)] 6(ay — 04). 
Integration over all values of E and E’ for fixed «, and «, and application of 


(2.9) gives then (2.10). 


3. The asymptotic motion of wave packets. The two complete sets of eigen- 
states obtained in the foregoing section provide us with two representations 


p(t) =f \a>s, exp [— it E(a)] ¢,,(a) de (3.1) 
for an arbitrary solution of the time-dependent Schrodinger equation 


i Op/ot = (H + AV)o. 
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We have put # = 1. The present section gives the connection between these 
representations and the results of I (Sections 5 and 6) on the asymptotic 
motion of wave packets. The following equations will be established 


Lim, , ¢00 [P(€)—S loan exp [— ## E(@)] 0a) dee] = 0 
lim, , 400 [9(t)— f | as exp [— 14 E(a)] da <ajS]a c, (a’) da”] = 0 (2x2) 
lim, , oo [P(é)— J | as exp [— tt E(a)] da <a|S*la> c_(a’) da’]= 0 


The limits are taken with the meaning that a state vector approaches zero 
when its norm (length) does. We note from (3.2) that |«>, corresponds to the 
situation where all scattering and reaction events produced by V contribute 
only to the outgoing wave components of the stationary state, while in |«>_ 
they contribute to the incoming waves alone. 
If two vectors g(t), y(t) have norms approaching one for ¢t + + oo, the 

equation 

lim,, 400 [P(4) — yf] = 0 
is equivalent to 

Lim, 40 <y(é) | elt) = I. 


To establish (3.2) we are thus led to calculate for t + + oo the limiting 
value of a scalar product <y(t) | y(t)> with y(t) of the form (3.1) and (?) of the 
form 


v(t) = S |®as exp [— tt E(«)] y(a) da (3.3) 


We carry out this calculation considering the upper sign in (3.1). The case 
of the lower sign is completely analogous. According to the respective 
definitions (I.5.12) and (2.7) of |a>,, and Jx>, we have 


<v(t) | (8)> = SIN (a) N(a’)}* exp [it (E(a) — E(@'))) 
Ci nal i AV XG D yay 4:10)" }nal : 
sgt ie ra (— AD ya) +10 Vet) |o"> y* (a) c,(a’) da da’. (3.4) 
In the product Y, Dyya)+i0 the choice of sign is irrelevant (I, Section 4). The 
limiting value of (3.4) for £ > -— co originates from the terms in the integrand 


which are singular at E(«) = E(«’). They are of two types. Firstly the di- 
agonal part of the whole operator comprised in the matrix element gives 


Glee > — fio) ofa — «) (22) 


as was established in I, Equations (1.5.18) and following. Its contribution to 
(3.4) is time-independent. Secondly there are the further diagonal parts to be 
separated in the matrix element. Since Y, Dj,q) 449 is non singular, the only 
singularities which can occur originate from terms where 


[1 a ae 1 ce VY, D y1a)4.10) "} nal 
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appears as a whole within the diagonal part. One obtains by summing over 
all separations satisfying this condition the expression 


<a = ae ee D ya) 440) a 
eee i= AD yea") + 40 Vi)" alta D ya) + 50 
[— AV + AV Raye +i0 Veaal |e > = 
= — A[N(«)} Dayar +iol%) <a] V— AV Raga +i0oV na |e'>- (3.8) 
The singular factor is 

D ya’) + 10 (&) —= (ea) — Ela 10 ae G x(a") +-20(%) ] = 
= [E(«) — E(a’) — 10]-! N(a) + regularterms, (3.7) 
where N(«) occurs through (1.5.8.). Its contribution for large times follows 


from 


ee 
E\a) — E(x’) — 20 


Gathering the results (3.5) to (3.8) one finds 
lim, 2. <p) | p()> = Sy* (a) c4(a) dex, (3.9) 
and, in view of the expression (1.6.5) of the S-matrix, 
ims, 00 <p(t) | pE)> = Sy* (a) 64(a) da — 2nt A f[N(a) N(a’)}* 
6 [E(a) — E(a’)} <alV — A{VRyyeysio V}na |a’> 7* (a) 6,(a") dex der’ = 


exp [it (E(a) — E(«’))) (22 LE a Ee ee 


O for ¢ —- — co. 


= fy") da calla > da ciaee (3.10) 

One would find similarly by taking the lower sign in (3.1) 
lim... <p(t) | @(é)> == fy*(a) da <a|S*|a’> da” c(a’), (3.11) 
limy., + 00 <¥(E) | p(t)> = Sy* (a) c_(a) da. (3.12) 


We may incidentally remark that comparison of (3.9) and (3.11) for 
arbitrary y(a«) gives 


Cla) — (<a S” la > Gee claw (ome) 
whereas (3.10) and (3.12) provide the inverse relation 
c.(o) = /<oles |x > daccnien: (3.14) 


Since the function c,(«) or the function c_(«) may be arbitrarily chosen the 
two last equations imply the unitarity of the S-matrix, a property which was 
not explicitly established in I. 

It is now an easy matter to complete the proof of Equations (3.2). One 
assumes g(¢) normalized to one and one successively selects for p(¢) the four 
vectors of form (3.3) appearing in (3.2). One then verifies that the norm of 
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y(t) always approaches one for ¢ — + oo; this follows readily from the 
asymptotic orthonormality of the states |«>,, (last equation of Section 5 in I) 
and from the unitary character of the S-matrix. One finally establishes by 
means of Equations (3.9) to (3.12) that <w(t) | g(¢)> has the limit one for 
infinite times. 

We shall end this section with a remark on the asymptotically stationary 
states |x>,,. Fhe definition of these states in I, Equation (1.5.12), may have 
appeared rather arbitrary and found only a justification a posteriori in the 
fact that they provide a complete and consistent description for the asymp- 
totic motion of wave packets. Now however new light is thrown on this 
definition by its close analogy with the expression (2.7) of the true stationary 
states |x>,. The difference lies in the oecurrence of the projection operator 
Y, in front of each factor V, i.e. in a restriction of the set of states |«’> 
coupled to the unperturbed state |«>. The restriction is to those states which 
play an effective role in the eigenvalue of diagonal parts for |«>. They are 
also the states which contribute to the properties of wave packets 


yp = f \x>4 da c(a) 


even for the most incoherent distribution of the phases of the amplitudes 
c(a), and they may therefore intuitively be pictured as the states |«'> be- 
longing to the ‘‘cloud”’ persistently attached to |«> by virtue of the pertur- 
bation. It is an interesting and satisfactory result of the general theory that 
the restriction mentioned above results in the same asymptotically stationary 
states |x>,, and thus in the’same persistent cloud effects whether it is applied 
to the state |«>, with its outgoing nature of all scattered waves, or to the 
state |«>_ with incoming scattered waves. We have here to do with a very 
significant fact which clarifies the physical meaning of the formal properties 
described in Section 4 of I. 


4. Perturbations without persistent effects. It is obvious that the foregoing 
results apply in particular to the familiar case of perturbations which do not 
produce persistent effects because mathematically they do not give rise to 
any diagonal parts of the type defined in I, Section 2. These are the pertur- 
bations causing scattering and reaction processes only. For them one simply 
has to put in the results of I and of the foregoing sections 


G. = 0, E(a) = ela), N(#) = 1, >a = |a>, 


and to drop brackets of the type {...},,. Although this case has been re- 
peatedly studied in detail *) it may be worth noting that the method we used 
in the foregoing sections, when applied to it, gives an especially brief deriva- 
tion of the perturbed stationary states and of the S-matrix. Our method is 
therefore of some interest also for ordinary collision theory. 
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5. A simple type of perturbation with persistent effects. The type of pertur- 
bation considered in the present section as illustration of the general forma- 
lism is amenable to an exact treatment in consequence of its very special 
mathematical structure. It has often been used on this ground as simplified 
model for various physical problems, in particular for resonance scattering 
and metastable states (theory of the line-width) *), and more recently by 
Lee‘) for mass and coupling constant renormalization in quantum field 
theory *). We present this type of perturbation in a slightly more general 
form than usual. The generalization, which is mathematically trivial, 
amounts physically to the inclusion of recoil effects. 

The unperturbed system of hamiltonian H is defined as having two conti- 
nuous families of stationary states. The states of the first one, characterized 
by the presence of one particle (the V-particle of Lee), are labelled by its 
momentum q and are denoted by |q>. The states of the second family, 
denoted by |q, k>, have two distinct particles present (the N- and 0-particles 
of Lee) of momenta q and k. The unperturbed energy is defined by 


H |q> = «(q) |a>, H |q, k> = e(q, k) |q, k>. (5.1) 
One usually supposes ¢(q, k) to be the sum of two one-particle energies, but 
this is irrelevant for the mathematical handling of the perturbation problem. 
The unperturbed stationary states |q>, |q, k>, which correspond to the states 
|x> of the general formalism, form two continuous families of dimensions 3 
and 6 respectively. Orthonormality is expressed by 
<q| a> = 6(q — @), <a, k | q> = 9, (5.2) 
<q, k | q’, k> = 6(q — q’) 6(k — k)). | 
The perturbation V is defined by its matrix elements in the unperturbed 
representation: 
<q’ |V| a, k> = <a, k |V| q>* = v(q, k) 6(q + k — q)), (5.3) 
q |Vi a> = <a, K|V| q', k> =0 
It allows for emission of a 9-particle by a V-particle which at the same time 
transforms into a N-particle and for the inverse process, with conservation of 
momentum. 

We now show that the results of I and of the present paper, when applied 
to this very special type of perturbation, give immediately the exact 
diagonalization of the hamiltonian H + AV and the exact expression of the 
S-matrix. One first notices that irreducible diagonal parts occur only for 
products VAV containing two factors V and that they have the value 

{VAV}ia |a’> = |a> f A(q, k) |o(a, k)? 6(q + k — @) da dk, 
(VAY a, ik 0: 
A(q, k) is the eigenvalue for the state |q, k> of the operator A assumed to be 


*) It is not clear whether Lee realized the very close resemblance of his field-theoretical model 
with the model introduced by Dirac for resonance scattering. 
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diagonal in the |q>, |q, k)-representation. Consequently the operator G, 
implicitly given by (1.3.13) can be calculated exactly and is found to have 
the following eigenvalues for |q’> and |q, k>: 


G(qa’) = / [e(a, k) — /)~*. |v(q, k)|?.6(q + k — q’) dq dk, 
G.(q, k) = 0. 


The expression of the operators Kg and /z follows immediately by applica- 
tion of the definition (I. 3.20). The perturbed energy values F(a) of the gene- 
ral theory are here E(q, k) = e(q, k) and the root E = E(q’) of the numerical 


equation e(q’) — E — i? Kzg(q’) = 0. (5:5) 


This root is supposed to be unique. The physically important condition 
J wa) («) = 0, introduced in I, Section 4, to characterize the perturbations 
which give rise to self-energy and cloud effects as opposed to those producing 
dissipative effects, takes here the form 


v(q, k) = O whenever q + k = q’, e(q, k) = E(q’). (5.6) 


We assume it to be satisfied. It is instrumental in making our perturbation a 
meaningful model of field-theoretical interaction. When it is not satisfied one 
obtains a model for resonance scattering and metastable states 4). The last 
important point to notice is that the non-diagonal part of any product 
VA,V ...A,V (A, ... A, diagonal in the |q>, |q, k>-representation) with 
more than two factors V (m > 2) vanishes. It is for this reason that our 
general formulae give in the case at hand a closed expression for the 
perturbed stationary states and for the S-matrix. The stationary states are 


found from (2.7) 
a>. = [>= Na" Ja>—2slabo. EOE Dag ak |, 
la, ky, = |g, k> — 4o(q, k) [e(q + k) — e(q, k) F 10 — 
= Ame eae AG, Ie) |? 
aad) ONG aie Sa. *) da’ ax’ | 
e(q’, k’) — e(q, k) + 20 


(5.4) 





(5.7) 


| Ia + & — Aafia’, k> 
with 
LN (q)]O=1+-4* f le(a, k)—E (a) |v(a, k))? (a + Kk — q’) dqdk. (5.8) 
The asymptotically stationary states (1.5.12) simply reduce to 
la>as = 144 = |a>_, |g. Ks = |, &. (5.9) 
Finally, for the S-matrix, the formula (1.6.5) gives 
<q |S| a> = 6(q — q’), <a, k |S| q> = <q’ |S] q, Ce = 0, 
a ee ORE fe: 4 oleta, kK) — e(a, K))| (5.10) 
o(q + k — q’ —k’) v*(q, k) v(q’, k’) [e(a + k) — ane 
saws G. e(q,k) \+20(4 ae 
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The perturbation problem is thus completely solved in terms of the root 
E(q’) of the numerical equation (5.5). It is of course impossible to calculate 
this root explicitly for arbitrary forms of the functions «(q’), e(q, k) and v(q, k). 


6. Preliminary remarks on the renormalization problem. Since our general 
formalism will find its most important applications in quantum field theory 
one has to inquire as to the aspect it will give to the renormalization program 
which played sucha central role in the successes of quantum electrodynamics‘). 
No systematic study of this problem will be attempted here. We shall content 
ourselves with a few remarks, stressing one side of the problem on which our 
approach may eventually turn out to be more promising than the con- 
ventional ones. 

The physical basis of the renormalization method in field theory lies in the 
fact that the interaction V inescapably affects all observations one can make 
on the field particles, so that we have no experimental access to what the 
theory calls the unperturbed system (hamiltonian #). Still, all the theory has 
to build upon is an hamiltonian H + 4V composed of the term H belonging 
to this unobservable unperturbed system and a perturbation term V acting 
upon it. This remarkable situation *) has been met with by the remark that 
in view of the permanent presence of the interaction the constants, mass and 
charge, occurring in the two terms H and AV of the total hamiltonian are 
not necessarily equal to the corresponding measured quantities, so that a 
redefinition of them is required if one wants to use their measured values in 
comparing any theoretical prediction with experiment. Exploitation of this 
idea of mass and charge renormalization turned out to be possible and, 
beyond providing a method to circumvent mathematical divergence diffi- 
culties, it gave in quantum electrodynamics a brilliant explanation of new 
experimental facts. The formalism, either in the presentation of Dyson 4 
or in that of K411én8), and as far as electrodynamics is concerned, makes 
essential use of three so-called renormalization constants, one for the mass, 
one for the charge and a third one of more purely formal significance, the 
wave function renormalization constant. They are respectively called 6m, 
Z, and Z, by Dyson, K, L and N by Kallén. Dyson introduced an additional 
constant Z,, but conjectured its identity with Z,. The correctness of this 
conjecture was established by Ward). All three constants 6m, ZL, 2os 
closely correspond to simple elements of the formalism developped in I and 
in the present paper. Z, and Z, are simply special cases of the coefficient NV (a) 
introduced by (1.5.8); they are obtained by taking for |x> a one-photon state 
or a one-electron state respectively. The mass renormalization 6m appears 
in our non-covariant formalism as an energy renormalization when the un- 
perturbed energy e(«) is eliminated in terms of the perturbed energy E (a). 








*) It is an interesting and unsolved problem to understand for which physical reasons the historical 
development has been such as to confront us with this situation. 


169 
98 


353 


PERTURBATION OF CONTINUOUS SPECTRA. II 


One thus concludes (in contradiction with the too pessimistic statement at 
the end of I) that the renormalization program in its conventional form could 
be carried out on the basis of our equations as well as in the more convention- 
al presentations. 

There is however one aspect of the conventional renormalization scheme 
which is unsatisfactory on physical grounds and for the improvement of 
which our approach may offer new possibilities. While the conventional 
method duly avoids use of the unrenormalized values of mass and charge, 
it is not able to avoid completely the use of the unperturbed states |«, 
although they are just as inaccessible to observation as the unrenormalized 
mass and charge values. It is true that in view of the so-called wave function 
renormalization |«> enters the conventional formalism only through the com- 
bination [N(«)]* |«>, but despite its mathematical usefulness this combina- 
tion has the drawback of corresponding to the same unobservable physical 
state as |x> itself. Physically such states are “‘bare’’ particle states, whereas a 
consistent application of the renormalization idea would exclusively allow 
consideration of ‘‘dressed’”’ particles, i.e. of particles surrounded by the 
clouds which the interaction permanently maintains around each of them. 
We now remark that it has been one of the main aims of I to give an explicit 
description of such cloud effects; this description is contained in the equation 
for the asymptotic stationary states |a>,,, Equation (1.5.12). The states |«>,, 
occur as monochromatic components in the asymptotic motion of wave 
packets and they are thus observable, just as the plane wave states of a 
Schrédinger particle are observable even when an external potential is 
present in a limited region of space and produces ordinary scattering. 

The asymptotically stationary states |a>,, are the states which must be 
chosen instead of |«> or [N(«)]* Ja> as basic representation for a more 
consistent development of the renormalization program, and the results of I 
and of the present paper, by the explicit attention they pay to the asymp- 
totically stationary states, are likely to provide a more convenient starting 
point for this development than the conventional formulations of field 
theory. Here we can only mention this new standpoint of which we hope to 
work out the consequences elsewhere. We may however already remark that | 
under this point of view the divergence difficulties will appear at least partly | 
in a rather different form than in the formalisms of Dyson and Kallén. The |} 
choice of |a>,, as basic representation is very likely to remove some of the 
divergencies occurring in the conventional formulation, because it avoids 
consideration of Z,. The divergencies here concerned are those originating 
from the fact that in a theory without cut-off the expansion of |«>,, in the 
unperturbed states |«’> cannot be expected to exist. The general situation in 
this respect will probably turn out to be analogous to what was established /; 
previously 1°) for a neutral scalar field interacting with a static point source. | 
The states |«>,, will probably span a separable Hilbert space S different from 

23 
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the separable Hilbert space S, spanned by the unperturbed states |«>, and 
one must expect the true stationary states |x>, to be contained in S rather 
than in S,. For the understanding of these various remarks it may be good 
to have in mind that in field theory, for one-particle states, the |x>,, must be 
identical with the true stationary states |«>, (themselves independent of the 
double sign). For many-particle states on the contrary |«>,, should be 
essentially a product wave function of one-particle state vectors while the 
true stationary states |x>, will be much more involved since they contain 
all scattering and reaction effects. 

Before closing these general and quite tentative considerations we have 
to mention a very recent paper by De Witt?) with an aim similar to 
ours, namely to extend conventional scattering theory to perturbations pro- 
ducing self-energy effects. Whereas the previous work in this direction, due 
to Pirenne and taken over by Gell-Mann and Goldberger), 
payed attention to the energy shifts only, the paper of De Witt goes much 
further and introduces in addition a coefficient of ‘‘state vector renormaliza- 
tion’’, which is essentially our coefficient N(«). There is however no explicit 
discussion of the cloud effects modifying the motion of wave packets even for 
asymptotic times and manifesting themselves in our formalism through the 
fact that |«>,, is not identical with [NV (x)]* |x>, nor is mention made of the 
fact that the perturbation must satisfy special conditions (see I, in particular 
Section 4) in order for the conclusions of the paper to be valid. Still these 
conditions are very important, because for example they make all the 
difference between the behaviour of electrons in interaction with the photon 
field and the completely different (dissipative) behaviour of conduction 
electrons of a metal in interaction with the phonon field (field of elastic 
vibrations). 


Received 6-2-56. 
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Synopsis 


- The time-independent perturbation theory of quantum mechanics is studied for the 
case of very large systems, 7.e. systems with large spatial dimensions (large volume 
£2), and a large number of degrees of freedom. Examples of such systems are met with 
in the quantum theory of fields, solid state physics, the theory of imperfect gases and 
in the theory of nuclear matter. Only systems at or near the ground state (7.e., systems 
at zero temperature) are treated in this paper. In the application of the conventional 
perturbation theory to such large quantum systems one encounters difficulties which 
are connected with the fact that even small perturbations produce large changes of 
the energy and wave function of the whole system. These difficulties manifest them- 
selves through the occurrence of terms containing arbitrarily high powers of the volume 
$2 in the perturbation expansion of physical quantities. An extremely bad convergence 
of the perturbation expansion is the result. 

For the analysis of the 2-dependence of the terms in the expansion a new formulation 
of the time-independent perturbation theory is used, which was introduced by Van 
Hove. Making extensive use of diagrams to represent the different contributions to 
matrix elements it is possible to locate and separate the Q-dependent terms, and to 
carry out partial summations in the original expansion. These separations and sum- 
mations solve the above difficulties completely. Improved perturbation theoretical 
expressions are obtained for energies and wave functions of stationary states, as well 
as for the life-times of metastable states. All terms in these expressions are, in the 
limit of large 2, either independent of 2 or proportional to Q, corresponding to in- 
tensive or extensive physical quantities. The convergence of the improved perturbation 
expansions is no longer affected by the large magnitude of Q. 


CHAPTER I. INTRODUCTION 


1. Lhe problem. This paper is devoted to the perturbation theory of 
: large quantum systems 7.e., quantum systems which have large spatial 
dimensions and a large number of degrees of freedom. The systems met with 
in the quantum theory ot fields are, as is well known, of this type. Also in 
other branches of physics, such as quantum statistics and the Fermi gas 
model of heavy nuclei, one has to deal with such large systems. We shall in this 
paper only be interested in systems at or near the ground state. Our results 
are, therefore, only applicable to quantum systems at zero temperature. 
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The separation of the hamiltonian into an unperturbed part and a pertur- 
bation is not unique, but in most problems of interest there is a separation 
which presents itself in a most natural way. In quantum electrodynamics 
for example, the unperturbed system consists of the electron-positron field 
and the photon field without interaction. In the theory of an imperfect gas 
the unperturbed system will be taken as the ideal gas obtained by neglecting 
interparticle interactions. 

In the application of perturbation theory to large quantum systems one 
encounters problems not met with in the usual perturbation theory of 
systems with a finite number of degrees of freedom. These problems are 
related to the following phenomena: 

1. Self-energy and cloud effects of individual particles in excited states. 

2. The perturbation of the system as a whole. 

We shall discuss briefly the first point. The effects mentioned are well 
known in field theory. A state of one single electron is changed by the 
perturbation into a superposition of many different unperturbed states, 
where the one-electron-state is admixed with states containing one or 
more photons and electron-positron pairs. One usually says that the electron 
is surrounded by a cloud of photons and pairs. The self-energy of the electron 
manifests itself by a change of its mass. Also for a scattering state of two 
or more particles the interaction gives rise to the self-energy and cloud 
effects just mentioned, in addition to the directly observable scattering 
effects. While the latter are transient, 7.e. take place (for general wave 
packets) within a finite time interval, the former are persistent effects 
which cause a permanent change of wave function and energy. Effects of this 
type are not limited to field theory, but occur also in many other systems. 

Recently Van Hove) made an extensive study of these phenomena. 
He developed a time-independent perturbation formalism which is adapted 
to the treatment of perturbations causing persistent effects. The develop- 
ments in this paper are largely based on his work. 

The effects just discussed concern the motion of one or more particles of 
the system, which is itself in a quantum state distinct from the ground 
state (the vacuum state of field theory). The self-energy is a shift caused by 
the perturbation in the distance between the energy level of the system in 
the state at hand and the ground state level. It is to be expected that such 
effects are independent of the volume 2 of the system, in the limit of Q—-co. 
For instance the self-energy of an electron is not appreciably changed if the 
fields are enclosed in a box of variable volume, at least for sufficiently large 
values of the volume. 

The problems of the second type mentioned above, which form the subject 
of the present investigation, are connected with the overall shift of the 
energy levels, both of the ground state and of excited states. For large 
systems, as considered in this paper, one must expect that even weak 
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perturbations give rise to large changes of the wave function and energy 
of the system. Such effects occur in field theory whenever virtual pair 
production from the ground state is possible. Disregarding surface effects 
one must expect on physical grounds that the energy of the ground state, both 
in the unperturbed and in the perturbed system, is proportional to the 
volume £2 of the system. This implies that the energy shift 4E9 caused by 
the perturbation is also proportional to 2. One often uses the words ex- 
tensive and intensive for quantities which are respectively proportional to 
and independent of the volume of the system. Using this terminology one 
can say that the energy shift 4£o of the ground state is an extensive effect. 

In studying states distinct from the ground state we have to deal with 
both types of phenomena mentioned above. For example, the total energy 
shift of a one-electron-state is the sum of the vacuum energy shift and the 
self-energy. Generally, the energy of an excited state can be written as the 
sum of two terms, one being the energy of the ground state, the other the 
excitation energy. In the limit 2 — oo the excitation energy is independent 
of £2. Both terms are affected by the perturbation; hence the energy shift of 
an excited state must be the sum of an extensive and an intensive term. 
This expectation will be confirmed by our results. A separation of the same 
kind will be shown to exist for the change of the wave function of an excited 
state. This change is partly a consequence of the change of the ground state 
wave function, and involves in addition effects due to the excitation. The 
latter have an intensive character, while the change in the ground state 
wave function will be found extensive. It is a shortcoming of the conventional 
perturbation theory that these effects are not separated. It will be seen 
that this leads to serious difficulties. The expansion of matrix elements in 
powers of the perturbation contains terms with arbitrarily high powers 
of the volume 22 of the system, and this gives rise to an extremely bad 
convergence in the case of large systems. 

It is the object of the present investigation to make a clear and complete 
separation between extensive and intensive effects. The hamiltonian of the 
system is written in the occupation number representation for the one- 
particle plane wave states, and we use diagrams to represent the different 
contributions to matrix elements, as is conventionally done in field theory. 
This appears to be a valuable tool for the analysis. Although the method 
and the developments of the following chapters are of a rather general 
nature and can be applied generally to field theoretical problems and to 
problems in quantum statistics, especially in solid state physics, the method 
will be illustrated mainly by considering the example of a Fermi gas with 
two-body interaction between the particles. This example is described in 
the next section. In a forthcoming paper our methods will be used for a 
discussion of the Fermi gas model of nuclear matter. The example adopted 
here will become there the main object of study. Chapter II contains an 
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exposition of the perturbation formalism of Van Hove, which is based on 
a systematic use of the resolvent operator. Our exposition differs from the 
original presentation only in that extensive use is made of diagrams. In 
chapter III we investigate how the contributions to the resolvent, repre- 
sented by different kinds of diagrams, depend on the volume 22. This ana- 
lysis shows that a separation is possible between 2-dependent and 2-inde- 
pendent quantities. The separation is carried through in chapters IV and V, 
for the energies and the wave functions of stationary states respectively. 
Explicit expressions in the form of improved perturbation expansions are 
derived. In the series expansions for intensive quantities all terms are in- 
dependent of 2, whereas all terms are proportional to 2 for extensive 
quantities. 

In the last section of chapter V another phenomenon occurring in large 
systems is investigated. There are systems where no perturbed stationary 
states correspond in any simple way to the unperturbed excited states. Such 
systems are well known from statistical mechanics. Their most striking pro- 
perty is the occurrence of dissipative processes. In the case of small dissipa- 
tion one can show the existence of metastable states. We shall derive explicit 
expressions for the life-time, energy and wave function of such states. The 
life-time will be found independent of 2, in accordance with physical ex- 
pectations. A very interesting example of such metastable states is en- 
countered in the optical model description for the scattering of nucleons 
on heavy nuclei?) where a complex potential is introduced to account for 
the finite mean free path of nucleons in nuclear matter. This will be further 
analysed in the forthcoming paper already announced, where the present 
formalism will be applied to a system of interacting nucleons. It will be seen 
that the theory of Brueckner 8) for the structure of nuclear matter can be 
considered as a special approximation to our general formalism. The latter 
will be helpful for getting new insight into the significance and limits of validi- 
ty of Brueckner’s method. 


2. The Fermi gas. In this section we shall give a formulation of the 
N-particle problem, which is adapted to the treatment of a Fermi gas where 
both the number N and the volume Q are large. This system will be used as a 
working example in the rest of the paper. For the interaction between the 
particles we take central two-body forces, and we shall neglect the spin of 
the particles. We enclose the whole system in a large cubic box with side L 
and volume 2 = L3, and we impose periodic boundary conditions. We have 
chosen these boundary conditions for mathematical convenience. Because 
we are particularly interested in large systems, the influence of surface 
effects is comparatively small. 


The wave functions 
w(x) = Q-* exp (thx) (2.1) 
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where the three components of & can have the values 22n/L(n=0, + 1, +2,...), 
describing the motion of a single particle with momentum #*), form a 
complete orthonormal set of single particle states. A state of N identical 
particles moving independently of each other is determined by a series of 
occupation numbers Nx, each giving the number of particles in the one- 
particle state (2.1) with momentum &. These states form the basic set of the 
unperturbed system. In order to obtain a simple expression of the hamiltonian 
in this representation, we introduce the annihilation and creation operators 
nx and 77 which obey in the case of Fermi particles the anti-commutation 
laws 


nx, ni} = {ne 17} = 0 and {ne mr} = Sue (2.2) 
‘Using these operators the hamiltonian can be written 
H=Ho+ J, 
where 
Ho = De RIAl2/M) nyene (2.3) 
and 


V = 40-1 Deunn Oxr (R + 1 — m — 1) v(k — 2) nin nmin. 
Here v(k) is the Fourier-transform of the central two-body potential v(7): 
v(k) = { d3x u(r) exp (— 2kx), (2.4) 


and depends only on the modulus |A| of & The Kronecker symbol dx; is 
equal to one if the argument is zero and vanishes otherwise. It expresses 
the fact that momentum is conserved in the interaction. 

The creation operators 77 can be used to obtain simple expressions for 
the states of our basic set of unperturbed states. By |0> we denote the 
normalized state without any particles. It is determined by the condition 
that 7, |O> = O for all k. A state of N particles with momenta 1, Re, ..., Rv 
can be written 


Ney Nike aa Then |O>. (2.5) 


The commutation rules (2.2) imply that this state vector is normalized to 
one and is antisymmetric in the N particles. 

The formulation given thus far is not very suitable for our case. Of 
physical interest is the case where 2 and WN are very large for a given value 
of the density 9 = N/Q. In the limit 2 -> co one has a continuous spectrum 
and summations are replaced by integrations. The normalization of states 
must be changed as can be seen from (2.1) where px() vanishes in the limit 


*) We use no special notation to indicate vectors. The letters k, 1, m, m are used for momenta, 
whereas in (2.1) and (2.4) x is a vector in configuration space. We put # = 1 throughout this paper. 
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Q -»> oo. It seems therefore appropriate for a finite but large $2 to adopt 
another normalization of the wave vectors. We introduce the following 
new notations (L is the side of the cubic volume £22) 


Ex = (L/2n)*? ny, and 6(k — 1) = (L/22)3 dxr(k — J). (2.6) 


The function 6(R) of the discrete variable k goes over into the 3-dimensional 
delta-function of Dirac in the limit of 2 — oo. 
The commutation relations of é, and & read 


(Ex, 0} = (Ei, 67} = 0 and {Ex, ET} = 5(k — J). 
Introducing the notation 
Se = (2n/L)° Le 
the hamiltonian (2.3) reads 
H = fe, (\RI2/2M) EgEn+ 4 (22) fitmn 5(R+-1 — m — n) o(k — n) Fp, mn. (2.7) 


With this notation it is extremely simple to pass over to the limit of 2 — oo, 
the only change being that the summation symbol /; is replaced by the 
integration sign /d3k. The states of the unperturbed system will now also 
be expressed by means of the operators &. For a N-particle state one gets 


ae a aly (2.8) 


which only differs from (2.5) by the normalization. 

Obviously (2.8) is not very suitable for the case of a very large number of 
particles. Therefore we shall proceed in a different way. We draw in mo- 
mentum space a sphere with centre in the origin and radius kr and consider 
a normalized unperturbed N-particle state |go>, such that all one-particle 
states with momenta within the sphere are occupied, whereas there are no 
particles with momenta outside the sphere. This state |po> is obviously the 
ground state of the unperturbed system of N particles. The sphere is often 
called the Fermi sphere and the set of particles occupying the states within 
this sphere we shall call the Fermi sea, in analogy with the Dirac sea of 
Dirac’s hole theory for electrons and positrons. 

The number N is a discontinuous function of the Fermi momentum ky 
which we keep fixed and consider as a substitute for the density parameter. 
In the limit of 2 —> co we have however asymptotically 


N = k3.Q/6n2, (2.9) 


as follows from the fact that each one-particle state in momentum space 
occupies a volume (2m)3/Q, 2x/L being the distance of the lattice points. 
The number of states within a sphere with the volume § 2k}, is then given by 
(2.9). Also the total kinetic energy 9 of |po> is strictly speaking a discontinu- 
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ous function of kr. Again neglecting terms that vanish in the limit of 22 -> co 


one has however 
e9 = k2,2/207n?M. (2.10) 


We shall now characterize the states of the unperturbed system by com- 
paring them with |yo>. An arbitrary state of the basic system can be ob- 
tained from |yp> by removing a number of particles from the Fermi sea and 
adding some others with momenta outside the Fermi sphere. In other words 
one can get any state of the basic system by the application to the state 
\po> of a number of annihilation operators é, with |m| < kp, and of a 

number of creation operators £7 with |k| > kr. We introduce the notation 


eee permanente... Ee Ea Ee Sm| Por» (2k) 
where 
|ky| > kr and |m;| < hp. 


The conjugate wave function shall be denoted by 
(Mg... M2M] ; kp... koh} |. 


The state (2.11) differs from |yo> by the absence of g particles, with momenta 
mM, M2, ..., Mg, from the Fermi sea while there are # additional particles, 
with momenta fj, ke, ..., Rp, outside the Fermi sphere. 

An unoccupied one-particle state will often be called a hole. By the energy 
and momentum of a hole we shall mean the energy and momentum of the 
missing particle, taken both with the opposite sign. Hence the energy 
carried by a hole is negative. In this terminology, which is selected in 
analogy to the hole theory of Dirac, the additional particles with momenta 
outside the Fermi sphere are briefly called particles. Thus the state (2.11) 
contains g holes and # particles. In this way we are led to a reinterpretation 
of the operators é and &*. 

For |k| > kp, &; annihilates a particle and éf creates a particle. 

For |m| < kr, ém creates a hole and &*, annihilates a hole. 

Finally we shall study some different types of transitions which can be 
brought about by the interaction V. It is often convenient to have a more 
symmetrical expression for V than in (2.7). 

One can write 

V = gS itetaty ¥(Cr2L ala) engine Igy? (2.12) 
where 
v(Lylel3l4) = (27)-3(v(L1 — 14) — v(ly a l3)) O(1y -- lo —_ lg — Iq). 


The function v(J;le/3/4) has the following symmetry properties 
v(Lylalsla) = — v(Lelyl3la) => v(Iglalile). 


In (2.12) the summation is extended over all momenta Jy/e/3l4, both 
inside and outside the Fermi sphere. 
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We make the following convention. The letters m and & will be used for 
momenta inside and outside the Fermi sphere respectively. 
Hence the expression 


h fe v(kikokaka) Fp, Ep, hes hey 


differs from (2.12) by restricting the summation to momenta & such that 
|k| > kr. This term describes the absorption of two particles and the 
emission of two other particles, a process which can be interpreted as the 
scattering of two particles. In exactly the same way the term 


1 fm v(mymemgma) Er En Emaé img 
gives rise to the scattering of two holes. Let us finally consider 
* 
z Sims v(kikek3m) Econ 
where one particle is absorbed and two particles and a hole are emitted. 
This process can also be described in another way. A particle interacts 


with a particle in the Fermi sea, thereby removing it to a state outside the 
Fermi sphere. This leads to a state of two particles and one hole. 


CHAPTER II. FORMULATION OF THE TIME-INDEPENDENT PERTURBATION 
METHOD BY MEANS OF DIAGRAMS 


3. Diagrams. We consider a large but finite quantum system with a 
hamiltonian H = Hy + V. The basic set of unperturbed states |«> are 
eigenstates of Ho with the eigenvalue «,. If the system is a gas of Fermi 
particles as was studied in section 2, the states |«> are to be identified with 
the states |kike... Rp ; mime... mg> defined in (2.11), with arbitrary p 
and g. The unperturbed energy «, is then given by 


ey = 00 +E [Ril2/2M — D loml?2/2M. (3.1) 

If |y> is some time-independent wave function then the wave function 
ip(t)> = U(2)| y> with U(¢t) = exp (—7H?t) solves the Schrédinger equation. 
Instead of the operator U(é), we investigate, following Van Hove, a related 


time-independent operator, the resolvent R(z), which depends on the complex 
number z. R(z) is defined by 


Re) = (H — 2)" = (Ho + V — 2), (3.2) 


and, because H is hermitian, R(z) is a bounded operator for non-real z. The 
connection between R(z) and U(t) is given by the formula 


U(t) = — (2mi)-1 § dz R(z) exp (— izt). (33) 


The path of integration is a contour around a sufficiently large portion of 
the real axis of the z-plane. It is to be described counterclockwise. Therefore 
we are only interested in the behaviour of R(z) in the neighbourhood of the 
real axis. 
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From (3.2) follows 
R(z) = (Ho — z)-1 — (Ho — z)—1 VR(z) = (Ho — z)=! —R(z) V(Ho — z)=1. (3.4) 
Iterating this formula one finds the series ‘expansion: 
R(z) = (Ho — 2)! — (Ho — 2)71 V(Ao — 2)712 + 
+ (Ho — z)1V(Ho — z)1V(Ho — z)-1 — ... (3.5) 


In this paper the convergence of this series for z away from the real axis 
will be assumed. Whether this assumption is legitimate has to be investi- 
gated in each case. 

For the calculation of matrix elements of R(z) we represent the contri- 
butions to the various terms in (3.5) by diagrams. To be more specific, we 
shall turn to the case of the Fermi gas. Let us, as a simple example, consider 
the matrix element <# |R(z)| «> between the initial state jx> = |Ay ; > and 
the final state |B> = |kekg ; m>, and see how one calculates the second 
order term in the expansion (3.5). Using (2.11), and (2.12) we get the ex- 
pression 


4~? fi intl, /n,n,nyn, U(ilelala) v(minengna). 
. <pol ef Su,€4(Lo—2) 17, FE 1F14(Ho—2) 1b Eng enae ng o—2) ME, |Pu>, (3.6) 


with the summation symbols ivy introduced in section 2. The summation 
is extended over all momenta both inside and outside the Fermi sphere. 
The ground state to ground state matrix element in the integrand will only 
have a value ditferent from zero provided (when reading from right to left) 
each particle or hole created in a virtual transition is reabsorbed in a later 
transition. In each non-vanishing contribution there must exist a one-to-one 
correspondence between creation and annihilation operators. Each associated 
pair consists of a creation operator and an annihilation operator belonging 
to the same particle or hole. Reading always from right to left the creation 
operator comes first. 

We shall now see how onecan represent such a contribution by a diagram f). 
Each interaction operator V is represented by a point (also called vertex). 
The operators & and é* are represented by directed lines joining at this point. 
The direction is indicated by an arrow. If the direction of a line is pointing 
to the vertex, the line represents a & operator in this point, in the other case 
a €* operator. The distinction between holes and particles is made in the 
following way. Lines directed to the left correspond to particles, lines 
directed to the right to holes. This results in the four possibilities shown 


ft) The use of diagrams is well known in field theory, where they were first introduced by Feyn- 
man 4). Goldstone 5) introduced them for the many particle problem. His diagrams are slightly 
different from the diagrams used here. 
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in the following table (the convention |k| > ky, |m| < kr should be kept 


in mind) 
Operator | Represented by 


ox ina 
gx e—— 
gr —<—e 
Em ae 





One sees that creation operators &*, & (annihilation operators &,, &7,) are 
represented by lines reaching the vertex from the left (right). Of the four 
lines joining at one point two and only two are directed towards that point. 

Some diagrams representing different contributions to (3.6) are drawn in 
figure 1. Each diagram contains two points, the order from right to left 





Cc 


Fig. 1. Some second order diagrams contributing to the matrix element 
im: k3ke |R(z)| Ry;>. 


corresponding to the order of the V’s in (3.6). A line joining two points 
corresponds to an associated pair of a creation and an annihilation operator. 
We call this an internal line. Lines running from a point towards the right 
or left edge of the diagram or from one edge of the diagram to the other 
correspond to associated pairs of which one or both belong to the initial or 
final state. Such lines are called external lines. All diagrams of figure 1 have 
two internal lines and four external lines. 

Diagrams give a schematic picture of the transition process that takes 
place. In the diagram of fig. 1a the particle of the initial state interacts with 
the Fermi sea giving a hole and two particles. In the second transition these 


181 
ePID IID I Bo Ie Ia a oo III BI I Ie Poo Io GoJo Ja Joo De De DoDD Die Do Dod 0. 


LARGE QUANTUM SYSTEMS 49] 


two particles are scattered on each other. The process represented by fig. 16 
is different. The first interaction gives rise to the formation of two particles 
and two holes. In the second transition one particle and one hole are anni- 
hilated together with the particle of the initial state. Another particle is 
created. 

Some remarks must be made regarding the diagrams of fig. 1, c and d. 
These give contributions to equation (3.6) with associated pairs of creation 
and annihilation operators belonging to the same interaction V. In V, 
reading from right to left, the é’s precede the &*’s. Therefore such associated 
pairs are possible for holes. In the diagrams they are represented by closed 
loops through a- vertex point, the lines that represent the &* and the & 
at the same point being the continuation of each other. 

Before proceeding we introduce some definitions to be used frequently 
in the following. Diagrams that can be divided into two or more partial 
diagrams without cutting any lines are called disconnected. All other dia- 
grams are connected. The diagrams shown in fig. la, 6 and c are obviously 
connected, whereas the diagram in d is disconnected. The connected parts, 
a disconnected diagram is composed of, will be called the components of the 
diagram. Diagrams without external lines will often be referred to as 
ground state diagrams and diagram components without external lines 
as ground state components. The diagram of fig. 1d has two components of 
which one is a ground state component. 

We shall now show how one calculates the contribution of a given diagram. 
Let us take the diagram of fig. la. Putting in (3.6) 1; = ke, le = kg, 1g = 
= no = ka, lg = 11 = 5, ng = m and ng = ky we find the expression 


1/16 SV Yegk v(kokgkaks) v(k5kamk}) ‘ 
- <P0lE ng kgS ky (Lo—z) 165, Fp ,Fk, Ek, (Ho—z) 165 £5,Emé x, (Ho—z)1€%, |po>. (3.7) 


The unperturbed energies of the initial, final and intermediate state can be 
obtained from (3.1). The last factor in (3.7) (without the energy denomi- 
nators) is + 1, the sign depending on the order of the operators é and &*. 
Here the number of permutations necessary to bring the operators of 
associated pairs next to each other is even, hence we get a plus sign. One 
obtains identical contributions if one interchanges the role of the two &’s 
or of the two &*’s belonging to the same V. Hence a factor 4 must be added 
for each point, which gives a factor 16 in this example, exactly canceling 
the factor 1/1g. However each pair of equivalent lines, 7.e. lines between the 
same two points and with the same direction, is counted twice, so that a 
factor 4 must be added for each such pair. In our example the lines k4 and 
ks are equivalent and the total factor is 4. For the total contribution of the 
diagram of fig. la to 
<m ; kske |R(z)| ki ; > 
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i 


one finds 
7 u(kokgkaks) v(kskamk) 
eS has (59 4 h2/2M + k2/2M — m2/2M — 2) (eo + 24/2M + 
+ k?2/2M — m2/2M — 2) (eo + k?/2M — 2) 


This example suffices to indicate how one calculates matrix elements of 
the resolvent (3.5) to any order in the perturbation. One draws all possible 
diagrams of the given order and one adds their contributions, each of which 
is calculated in the way shown. 

A remark must still be made concerning the Pauli principle for inter- 
mediate states. The various particles must have different momenta and the 
same must hold for holes. Thus, for the example treated above, the term 
with ka = ks should be excluded in the summation. However v(kek3kaks) 
and u(kskakim) are antisymmetric in ka and ks so that the term with ka = ks 
would automatically give no contribution and we are justified in dropping 
the restriction on the summation. It has been remarked by Wick §) that 
this holds quite generally for Fermi particles and that for Bose particles 
one is similarly allowed to forget the modifications in the production and 
absorption matrix elements which occur when more than one boson is ina 
given state. Quite generally, the errors made if one does not take into 
account the influence of the Fermi or Bose statistics on intermediate states 
with particles of equal momenta, cancel each other exactly. 

We shall now introduce the important concept of diagonal diagrams. In 
fig. 2 different diagrams are drawn describing the interaction of two particles. 
Momentum) is conserved in each elementary interaction. One will therefore 
have the relation k, + ke = kg + ka in all diagrams. In the diagrams c and 
d however one has ki = k3 and ko = ka. These diagrams are called diagonal 
because their contributions contain the factors 63(k1 — kg) 63(ke — ka). We 
shall in general call a diagram of the matrix element < |R(z)| «> diagonal if 
the states |«> and |B> contain the same numbers of particles and holes, and 
if the contribution of the diagram to <f |R(z)| «> contains the factor 6(a—f), 
where 6(a — B) is the product of the 3-dimensional 6-functions for the 
momenta of all particles and holes, as defined by (2.6). 

Diagonal diagrams play a very important part in the theory of large 
systems. This is shown by the following consideration. Diagonal diagrams 
give contributions only to diagonal matrix elements of the resolvent R(z), 
whereas non-diagonal diagrams contribute both to its diagonal and non- 
diagonal matrix elements. Comparing now the contributions of a diagonal 
and a non-diagonal diagram to some diagonal element <« |R(z)| a>, one 
finds that the contribution of the first diagram is larger than that of the 
second by at least one factor Q. This is an immediate consequence of the 
fact that the contribution of a diagonal diagram contains more 6-factors 
than the contribution of a non-diagonal one. According to (2.6) each 6-factor 
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gives rise to a factor 2/873. The origin of this extra factor 2 must be sought 
in the much larger number of intermediate states occurring in the contri- 
butions of diagonal diagrams. 

There exist essentially three types of diagonal diagrams. In the first place 
diagrams without external lines, the so-called ground state diagrams, are 
diagonal. They contribute to the diagonal element <qgo |R(z)| go>. Secondly 
all diagrams contributing to matrix elements < ; ke |R(z)| Ri ; > between 
one-particle states are diagonal. Each contribution contains the factor 
63(ky — ke) which results from conservation of momentum. The diagrams 
of this type have one external particle line at each end. Also the diagrams 
with one external hole line at each end are diagonal. These three types of 
diagrams correspond in field theory with vacuum diagrams and self-energy 
diagrams. We have learned from the examples of fig. 2 that disconnected 
diagrams, the components of which belong to the categories just mentioned, 
are also diagonal. It is easily established that no other diagonal diagrams exist. 





k 4 kK, 
Cc 


d 


Fig. 2. Some diagonal and non-diagonal diagrams of the matrix element 
«3 Raks |R(z)| kike;> 


Each matrix element <f |R(z)| «> can unambiguously be written as 
<B |R(z)| a> = Da(z) (8 — a) + Fea(z), (3.8) 


where the first term is the sum of the contributions of all diagonal diagrams. 
It is of course only present when the states |«>, |8> involve the same numbers 
of particles and holes. The operator D(z), with matrix elements <f |D(z) Ja>= 
D,(z) . 6(8 — «), is called the diagonal part of R(z). 
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4. The reduction of diagrams. Let us consider as an example the non- 
diagonal diagram shown in fig. 3. It is of the 6th order, so that there are 
five intermediate states, indicated in the figure. These intermediate states 
cannot all be varied independently. According to the arguments which were 
used in section 3 in connection with the diagonal diagrams, it is seen that 
the intermediate state |y4> is related to |B> by the factor 6(6 — v4). Also 
the states |y1> and |ys> are connected by a factor 6(y1 — ys). When cut at 
the intermediate states |y1>, |ys>, and |ya>, the diagram falls apart into four 
parts, two of which are diagonal. Removing the diagonal parts, to be called 
diagonal subdiagrams, and joining the remaining pieces, one gets exactly the 
diagram a of fig. 1. The process of elimination of diagonal subdiagrams is 
called the reduction of a diagram. If a diagram cannot be reduced, as for 
example diagram a of fig. 1, we call it irreducible. 


tc 1. Sie ee 
i> ly) 1y> 1,2 0) erie 


Fig. 3. A non-diagonal diagram which can be reduced to the diagram a of fig. 1.. 


Conversely, one can obtain any non-diagonal diagram in a unique way 
by inserting suitable diagonal subdiagrams in an irreducible non-diagonal 
diagram. In other words, in order to calculate the contribution of a reducible 
diagram, one should take the expression for the corresponding reduced 
diagram, and substitute for the factors (e, —veyaiey — ae (eg 2) 
belonging to initial, intermediate and final states the contributions of the 
appropriate diagonal diagrams, without the 6-factor. The sum of the 
contributions of all non-diagonal diagrams of <f |R(z)| «> 1s obtained by 
taking the sum of the contributions of all irreducible non-diagonal diagrams 
and substituting for the factors (e, — z)~4, (e, — z)-1 and (eg:— 2) the 
functions D,(z), D,(z), and Dg(2) defined by (3.8). We can express this 
simply by the formula 


{R(2)}na = [—D(z) V D(z) + D@)V OCA AON) oo lind - 


The subscript ud indicates the non-diagonal part of R(z), whereas ind means 
restriction to the contributions of all irreducible non-diagonal diagrams. 
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For R(z) itself we find 
R(z) = D(z) + [— D(z) V D(z) + D(z) V Diz) V D(z) — ...... lina. (4.1) 


Having discussed the reduction of non-diagonal diagrams, we now go 
over to an analysis of the diagonal ones. We want to derive a formula which 
expresses D(z) in terms of irreducible diagrams. To that end we give a 
unique prescription how to reduce a diagonal diagram. We make the follow- 
ing convention. The reduced diagonal diagram is obtained by removing all 
diagonal subdiagrams not containing the first vertex (from the right) of the 
original diagram. The contribution of any diagonal diagram of < |R(z)| «> 
can now again be derived unambiguously from the reduced diagram by 
replacing the factors (eg — z)~1, (e, — z)"+ by the contributions of the 
appropriate diagonal diagrams, the factor (e, — z)~+ being left unaltered. 
This leads to the following formula for D(z): 


D(z) = (Ho — z)71+ D(z) [(—V + V D(z) V — 
—V D(z) V D(z) V+ ...Jea (Ho — z)“1. (4.2) 


The subscript 7d means that only contributions of irreducible diagonal 
diagrams should be taken. 

The second term in the right-hand side of (4.2) contains only diagonal 
factors. The order of factors is therefore immaterial and the result is in- 
dependent of the way we defined the reduction of diagonal diagrams. 

Let us define a diagonal operator G(z) by 


G(z) =[—V+V D(z) V — V D(z) V D(z) V +... Jee. (4.3) 
Substituting (4.3) in (4.2) one gets 
D(z) = (Ho — 2)* + D(z) G(z) (Ho — 2) 


. 


Or 
DEW (Hy = 7 Ga))rl. (4.4) 


This is one of the basic equations of Van Hove (compare farmulae (3.12), 
(3.15) of H I). It was derived here by an alternative method. For the sake 
of comparison a remark must be made on the fact that in H I (section 2) 
an assumption had to be made on the occurrence of 6(y; — yx) factors for 
the intermediate states. It was assumed that, whenever one has two pairs of 
intermediate states |ys>, |y~> and |yz>, |ym> related by the factors 6(y; — yx) 
and 6(y; — ym), the order, in which these four intermediate states occur in 
the matrix element, is never such that the states of one pair are separated 
by only one state of the other pair. In the present work, where diagonal 
parts of operators are described by means of diagrams, the assumption is 
automatically satisfied. It is an immediate consequence of the structure of 
the diagrams. 
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5. Energies and wave functions of stationary states. From (4.4), the oper- 
ators G(z) and D(z) being diagonal in the |«> representation, their eigen- 
values G,(z) and D,(z) for some state |x> are related by the equation 


D,(2) a (Ey oe G,(2))7}. (5.1) 


It has been shown in H I that the numerical functions G,(z), D,(z) are both 
holomorphic for non-real z and satisfy the inequalities 


Im D, (2) > 0 and ImG,(z) > 0 for Imz > 0. (5.2) 
The fact that the hamiltonian H is a hermitian operator implies the relations 
R(z*) = R*(z), D,(z*) = Dz (2), Galz*) = Ge). (5.3) 


G,(z) and D,(z) have singularities only on the real axis, where for a finite 
system they have a large number of poles. The analytical behaviour in the 
neighbourhood of the real axis becomes however very simple in the asymp- 
totic limit of large Q, i.e. if one neglects all effects which tend to zero for 
Q —> oo. 

We shall study the functions G,(z) and D,(z) in this approximation. 
From the definition (4.3) of G(z), where in our approximation all sums over 
intermediate states are replaced by integrals, one can conclude that G,(z) 
has no poles but has finite discontinuities for z crossing the real axis in all 
points of certain intervals which usually depend on «. In most cases these 
points of discontinuity cover a portion of the real axis from a finite number 
on up to + oo. 

Let x be a point on the real axis, and 7 > 0, then the real functions K,(x) 
and J,(x) are defined by 


lim, 9 Gel® + in) = Kal) + iJa(2), (5.4) 


According to (5.3) a similar equation holds with 7 replaced by — 1. Equation 
(5.2) implies 
J (%) > 9. (5.5) 


It is clear that J,(x) = 0 in those points of the real axis where G,(2) is regular. 
The points x where J,(%) > 0 are the points where G,(z) has a finite discon- 
tinuity for z crossing the real axis. In these points D,(z) has also a finite 
discontinuity for z crossing the real axis. 

In contrast to G,(z), the function D,(z) may have poles even in the limit 
of Q > co. This will be the case if the equation e, — z — G,(z) = 0 has a 
solution. This solution must necessarily be real and hence we consider the 
equation 

Ey —* — K,(%*) = 0. (5.6) 


Equation (5.6) has at least one root, and in most applications only one. We 
suppose such to be the case and call this root E,. A necessary and sufficient 
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condition for E, to be a pole of D,(z) is that J,(%) =0 for x in the neigh- 
bourhood of E,. In section 14 we shall investigate the case J,(E,) 4 0, but 
for the time being we shall suppose that /,(x) = O for x near E,. 

An important difference between D,(z) and the corresponding function 
in the unperturbed system, (e, — z)~1, is the shift of the pole from «, to E,, 
i.e. by an amount G,(E,) = K,(E,). It was shown in HI and we shall 
derive again that E, is the energy of a stationary state which arises from 
|x> through the influence of the perturbation. As we have seen the pole E, 
is not the only singularity of D,(z) ; D,(z) has the same interval (or intervals) 
of discontinuity as G,(z), formed of all points x where J,,(x) > O. It is evident 
that E, 1s not such a point. 

It might be of interest to compare the situation just described with what 
would be found if one took into account all corrections which vanish for 
Q — oo. In an exact treatment of a large but finite system one would find 
a very dense but discrete energy spectrum. D,(z) would have a large number 
of poles and no other singularities. All these poles except one, which becomes 
E., in the limiting case of large 2, would be very densely distributed on the 
real axis, with a separation less than kr M-1Q-%, The behaviour of D,(z) at 
a distance from the real axis large compared to the separation of the poles 
would be approximately the same as in the limit of 22 — oo, when the poles 
merge together into a line of discontinuity. One can say that the function 
D,(z) in the limit of 2, co gives a good description of the corresponding 
quantity in the finite case if one is interested in a kind of average behaviour 
over energy intervals large compared to kr M-1Q-#, or in the motion of the 
system over time intervals short compared to MQ?/kp. 

Returning to the limiting case 2 —> co we shall now derive a formula for 
the wave function of a stationary state, on the basis of our assumption that 
D,(z) has a pole at z = E,. Calculating the matrix element <8 |R(z)| «> by 
means of (4.1) one finds 


<B |R(2)| «> = <Bi[1 + D(z) {— V + V D(z)V — ...}ina] |a> Dy (2). (8.7) 
Of the two factors on the right-hand side the second one has a pole in E,, 
while in general the first factor has a finite discontinuity if z crosses the real 
axis at E,. Hence one can define two residues of <8 |R(z)| «> in E,, one for 
the upper half plane and one for the lower half plane, by 

Hz, [<8 |R(z)| o>] = lim,, a, (2 — E,) <B |R(2)| «>, 
where the plus sign must be chosen if z approaches FE, from above, and the 
minus sign if z approaches EF, from below. Taking the residue of both sides 
of equation (5.7) one finds 
Re, [<B |R(z)| o>] = 
= — N, <6 |[1 + D(E, + i0){— V + V D(E, + 10) V — ...}ina]| &, 
where NV, = (1 + G,(E,))-1. The quantity — N, is the residue of D,(z) in E,. 
32 
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ei 
We shall now prove that the states defined by 
JB |\B> . RF, [<B \R(z)| «>] = Re,LAE) |o>] 


are stationary states with the energy E,.From the definition (3.2) of R(z) 
one derives easily 


R(z) — R(z') = (2 — 2’) R(z) . R(z). (5.8) 


By application of this operator relation to the state |«>, an equation 1s 
obtained where both sides, as functions of z’, have a pole of the type just 
considered. Equating the residues #7, or Ry, of both sides and dividing by 
z — E, one finds 


| 
Rte) Hi, (Re) [a] = =—— Hf, (RE) |) 


Ey 
Substituting in (3.3) one concludes immediately 
U(t) R#,[R(z) |a>] = exp (— 2E,t) . Re, LR) lo]. 


The states R#, [R(z) a>] are not yet properly normalized. In H II the nor- 


malization constant is shown to be N>?. The stationary states are therefore 
given by 


pot = — Nz RE, [R(z) le] = 
= Nt[1 + D(E, + i0){— V + V D(E, + 10) V — ...}ena] |. (9.9) 


In the case that the states |y,>+ and |p,>~ are different, they describe 
scattering with outgoing and ingoing waves respectively. More details are 
given in HII, where it is moreover proved that, provided J,(E,) = 9 
for all states |a>, the set of states |y,>+ form a complete orthonormal set, 
and the states |y,>— as well. This is not necessarily the case if there exist 
states |x) for which J,(E,) 4 0, #.e. for which the only singularities of D,(z) 
are finite discontinuities. 


CHAPTER III. SEPARATION METHOD FOR THE §2-DEPENDENT PARTS OF 
THE DIAGRAMS 


6. Q-dependence of the diagram contributions. As explained in the intro- 
duction, one is often interested in the way the different physical quantities 
vary with the volume 2 of the system, at least asymptotically for large $2. 
In the last chapter a method was studied to calculate energies and wave 
functions for the case of large 2. However the formulae derived there are 
not very suitable for analysing the dependence on 2 of observable quantities. 
Although for example we expect on physical grounds that the energy differ- 
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ence E, — E,, between two low-lying states must become independent of 
Q for large 2 (intensive quantity), it will not be easy to derive such a con- 
clusion from the fact that the perturbed energy is the root of (5.6). The 
origin of this difficulty must be found in the rather complicated 2-depend- 
ence of D,(z) and G,(z), which we shall investigate presently. We restrict 
ourselves throughout to states |«> differing from the unperturbed ground 
state by the presence of a finite number of excited particles and holes. 

We go back to the series expansion (3.5) for R(z) and see how the contri- 
butions of the different diagrams of <6 |R(z)| «> depend on 2. All energy 
denominators contain a term proportional to 2, for the unperturbed energy 
é, can be written as the sum of two terms ¢, = ¢9 + E., where the ground 
state energy eo is proportional to Q according to (2.10) and «,, the sum of the 
unperturbed energies of the additional particles and holes, is independent of 
Q. Henceforth we shall consider <f |R(eo9 + z)| a> instead of <6 |R(z){ «>; 
the denominators of this new expression do not depend on Q. 

We consider now the contributions to <f |R(eo + z)| «> of different types 
of diagrams and study their 2-dependence. Let us take first a connected 
diagram with external lines. As remarked before, the conservation of 
momentum is expressed by a factor 6(K, — Kg) in the contribution of the 
diagram, where K, and Kg are the total momenta of the states |x> and |f>. 
If we now replace the summation by an integration we get an expression 
independent of {2 (see section 3). The terms one should add to correct for 
the replacement of the summation by an integration tend to zero for 2 —> oo. 
Such terms will be neglected as before. 

Next we take a connected ground state diagram, z.e. a connected diagram 
without external lines. As always there is a 6-function for each point, 
expressing the conservation of momentum in each elementary transition. 
In the present case, however, through the absence of external lines, one of 
these 6-functions is dependent on the others. This gives rise to a factor 6(0), 
which by (2.6) leads to a factor 2/83. If, in the remaining expression, we 
replace the sums by integrals we get again an expression independent of Q, 
except for correction terms which vanish for 2 — co. However we have the 
factor 2 multiplying not only the integral but also the correction terms, 
which cannot be all neglected in this case. Hence we conclude that a con- 
nected ground state diagram gives a contribution containing a main term 
proportional to 2 and possibly other terms which, although not all negligible, 
are small compared to the main term for large Q. 

These considerations are easily extended to more complex diagrams 
containing one or more ground state components: they exhibit a 2-depend- 
ence such that the highest power of 2is equal to the number of ground state 
components. Consequently it is clear that all matrix elements ot R(€ + 2z) 
contain terms with arbitrarily high powers of 2. 
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7. Decomposition of diagrams. After having located the 2-dependence in the 
contributions of the diagrams our next task is to make a separation between 
the Q-dependent and the Q-independent parts of a diagram. We must 
clearly base such a separation on the distinction between the different 
components of the diagram. We shall derive a formula which makesit possible 
to express the contribution of each disconnected diagram in terms of the 
contributions of its components. 

Consider two diagrams A and B with or without external lines and denote 
their contributions to R(z) by <a’ |A(z)| «> and <A’ |B(z)| B>. The states 
lx>, |a’>, |8>, and |B’> contain certain numbers (possibly zero) of particles 
and holes. They can be obtained from the state l~o>, which describes the 


k> 
ee 
Sine 
q b 


a 
—_$_<>- 


Cc 
Fig. 4. This figure shows the three ways in which two diagrams of the first and second 
order in V can be combined to form a diagram of order three. 


unperturbed Fermi sea, by applying to |yo> products of creation operators &F 
and &m for particles and holes respectively. We suppose that |«> and |B> 
do not contain particles or holes with identical momenta. It is then possible 
to define a state |xB> containing all the particles and holes of |«> and |f> 
together. We define |«f> as the state obtained, when one applies to |A> all 
the creation operators which must be applied to |¢o> in order to give |«>, 
and in the same order. The notation <Ba| is used for the conjugate of |«f>. 
For the states |a’> and |p’> we make the same assumption as for |«>, |B>, 
and we define |«’B’> in exactly the same way. 

The two given diagrams can be combined in various ways to form a 
composite diagram. If » and m are the numbers of vertices of A and B, the 
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composite diagrams have m + n vertices. The various composite diagrams 
differ by the order in which the points of the two original diagrams A and B 
occur from right to left, the number of possibilities being (x + m)!/n!m!. 
Figure 4 shows the three possible ways in which two diagrams A and B 
of order one and two in V respectively can be taken together to form a 
composite diagram. The sum of the contributions to <A’«’ |R(z)| «f> of all 
composite diagrams found in this way we shall denote by <f’a’ |C(z)| a>. 

The important point is now that a simple relation exists between 
<B’a’ |C(z)| «B> and the contributions <«’| A(z)| «> and <A’ |B(z)| B> of the 
original diagrams A and B to the resolvent. It is expressed by the equation 


<B’a’ |C(z)| aB> = — (2nt)-* § de <a’ |Alz — C)| a> <8" |Bleo + £)| BD. (7.1) 


The path of integration is a contour encircling all singular points of the 
integrand on the real axis, but not encircling the singular points situated 
on the straight line through z parallel to the real axis. It is to be described 
counterclockwise. 

Before deriving (7.1), we note that the integral in the right-hand side is 
a type of convolution integral, taken in the complex plane. We shall en- 
counter such convolutions very often and it is therefore convenient to 
introduce a special notation for them. Let f(z) and g(z) be two functions, 
holomorphic for non-real z, for which zf(z) and zg(z) are bounded for |z| — oo. 
The symbol f(z) * g(z) indicates another function of z, defined by 


f(z) * g(z) = — (2nt)-4 $ dé f(z — ¢) g(2), (7.2) 


with a path of integration as defined above. Using the property that zf(z) 
and zg(z) are bounded for large |z|, one can deform the path of integration 
into a contour encircling the straight line through z parallel tu the real axis. 
This leads to the equation 


f(z) * g(2) = glz) * #2). (7.3) 
With our new notation (7.1) reads 
<B’a’ |C (€0 + 2)| %B> = <a! |A(eo + 2z)| a> * <8 |Bleo + z)| B>. (7.4) 


We start now the proof of the relation (7.1) which constitutes the basic tool 
for all the derivations in the following sections. 

We first establish the validity of (7.1) for the simple diagrams of fig. 4. 
The states |a>, |«’>, |B>, and |B’> are denoted by |Aike ; >, |Raka ; >, |R5 5 >, 
and |R¢ ; > respectively. ) 

According to the rules of section 3 one finds 


< ; Rak |A(z + €0)| Rike ; > = — v(Rakgkike)(e,, — z)—1(e, — z)—1, (7.5) 


«3 Re |B(z -l- Eg) | Ce 2 Sk, km (kemkrks) v(k7kgksm) ; 
ee tee 1 (7.6) 
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ment 


The energies in the denominators are the excitation energies of the states 
as compared with the energy éo0 of |o>. Diagram a of fig. 4 gives the con- 
tribution 


— £fx,k,m v(kemkRs) v(Rakgkik2) v(Rokgksm) . 
(e+ Ep, — z)-1(e,, + Eg, —z)1(e, + Ep, — 2z)-1(e, + Ep — z)71, 
In writing down this equation we made essential use of the remark in 
section 3 concerning intermediate states with two or more particles in the 
same plane wave state. The diagrams b and c give the same expression 
except for the energy denominators. The sum of the products of energy 


factors in the expressions for a, b and c is easily calculated. After some 
simple algebraic manipulations one gets 


(el — eb)¥ (ete + op — a) ely + 0g, — 2) ey +g + 
ee ee (e, + Ep, — z)-1 (eg 4. Ep, —z)-1(e,+ Ep — z)-1, 
which again is equal to 
(eg — 2)-1 (eg, — 2) (eg — 2)? * (6, — 4 (Ee — 2) 


as follows immediately from our definition (7.2) of convolution. 
For the sum of the contributions of the diagrams a, b, and c of fig. 4 we find 
using (7.5) and (7.6) 


< ; kekaks |C(eo + 2)| Rikeks ; > = — $Se,kgm U(Remkoheg) . 
-u(kakghike) v(kokgksm) [(e,-—2)~} (e,—2)72  (eg—2)1 (eg, —2)-} (eg—z) 1] = 
= <; kakg |A(z + €0)| hike 3 > * <5 Re |Blz + €0)| As ; >, 


which proves equation (7.1) for the special case considered. 

This simple example shows that to prove equation (7. 1) it is sufficient to 
establish the corresponding equation for the products of energy factors only. 
In the case of our example this equation could be proved by a direct cal- 
culation, which however cannot easily be extended to the general case. 
It is more convenient to proceed by induction. The products of energy 
factors corresponding to the two diagrams A and B can be written in the 
form 

Tao (4x — 2)~t and [172o (b: — 2) 
where 
ao = &, An = ea Ep, i ER, 


while az(k = 1,2, ...,” — 1) and Oy, ac 5 000 1) are the excitation 
energies of the intermediate states of A, and B relative to the ground state 
energy eo. We introduce ordered products of n + m + | factors 


(a, +b) — z) 1(R=O,...,0 | i =0,..., m) 
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with the following property: if (a, + 6; — z)-1 and (ax + 6, — z)-! are 
consecutive factors, the first being to the left, one has either k = k’, 1 = 1’ + 1 
or k= k’+ 1, 1 =U’. The number of products which can be constructed 
according to this rule is (” + m)!/n!m! and we shall denote their sum by 
D(Gn ... 41a0; bm ... bybo). The first factor from the left of each ordered 
product will always be (a, + bm — z)-1, the last one to the right 
(a9 + bo — 2z)-1. The second factor will be either (an + dm—1 — z)-1 or 
(an-1 + bm — 2)-1. In the first case the product can be written as 
(@n+6m—z)-1 multiplied by an ordered product of factors (az+-b;—z)-! 
(k = 0,....%;2=0,..., m — 1). For the sum of all products of this kind, 
we find therefore (@n + bm — z)-1 . Blan ... a1a0 3 bm—1 ... bybo). In exactly 
the same way we get for the sum of all products with (an-1 + bm — z)71 
as the second factor the expression (an, + bm — 2z)-1. D(an-1 ... A109 } 
bm ... bb). These results taken together give the reduction formula 


Dan ... ao ; Om ... bo) = (@n + bm — 2)! [Dl(an-1 ... ag j bm... bo) + 
= an ao; Up=1... 0o)|. (7-7) 
Retuicsdetimethe quantity Wa, ... ao ; bp ..- bo) by the formula 
L(an ... ao ; Om ... bo) = Tao (@x — 2)71 * T1™,(b2 — 2)-1. 
The equation we want to prove is then simply 
oe (7.8) 
We show first that (7.7) is satisfied by Y as well as by ®. Indeed 
(an + Om — 2)-1 [P(an-1 ... do ; bm... bo) + WGpeee dpemrn—1 .-. 0p)| = 








= — Qni)-1 § ag (+ +) _! 


an + bm — 2\bm —C Qn —Z+¢ Qn —2z+0°° 


l l l 
ee  —*) ——__—_ = YW see Usnaso nomi: 
4o9—2+0 bmi—C bo —¢ ears 0 


On the other hand the definitions of and Y imply immediately 
D(a x b; ere bo) = VY (ao ; by eee bo), 
Dax... do ; bo) = Wax... ao ; bo). 


By induction we can now conclude to the validity of (7.8), thus completing 
the proof of equation (7.1). 

In the appendix Al another derivation of (7.1) will be discussed. It is 
based on a comparison with a system consisting of two completely uncoupled 
subsystems, a situation for which equation (7.1) is a direct consequence of 
the additivity of the energies. 
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CHAPTER LV. THE SEPARATION OF GROUND STATE DIAGRAMS. 
CALCULATION OF ENERGIES 


8. The integral equation for Do(z). We consider a matrix element <«’|/X(z)|«> 
of R(z) and suppose that |x> and |«’> are not both identical with |go>. 
This means that the contributing diagrams contain external lines. Each 
diagram consists of one or more components (i.e. connected parts) with 
external lines and possibly some components without external lines. The 
sum of the contributions to <«’ |R(z)| «> of all diagrams A which do not 
contain ground state components, will be denoted by <a’ |R(z)| «>. Each 
diagram of <«’ |R(z)| «> can be obtained in an unambiguous way from a 
diagram A of <a’ |R(z)| «> by the addition of a ground state diagram Ao. 
The contribution to <a’ |R(eo + z)| «> of all diagrams one can form from A 
and Ag is, according to (7.4), expressed by 


<a’ |A(eo + z)| a> * Ao(eo + 2), 


where <a’ |.4(z)| a> is the contribution of A to <a’ |R(z)| «> and Ao(z) is the 
contribution of Ag to <o |R(z)| go> = Dolz). 

One clearly gets the total value of <«’ |R(eo + z)| «> by summing over all 
possible diagrams A and Ao. This gives the formula 


<a! [Reo + 2)| > = <a’ |Rleo + 2)| «> * Doleo + 2). (8.1) 


We have seen in section 6 that diagrams not containing ground state 
components give contributions which, for large volume £2, are independent 
of Q, whereas ground state diagrams are 2-dependent. The importance of 
(8.1) is due to the fact that it gives in the resolvent a complete separation 
between Q-dependent and Q-independent quantities. 

We shall study now the dependence on 2 of the ground state expectation 
value Do(z) of the resolvent. Do(z) is, by definition, the sum of the contri- 
butions of all ground state diagrams. As discussed in section 6 these contri- 
butions contain arbitrarily high powers of 2. In order to investigate the ex- 
plicit Q-dependence of Do(z), we derive for this function a simple integral 
equation which will enable us to calculate it using only connected ground 
state diagrams. 

In the second of the operator equations (3.4) we take on both sides the 
diagonal element for the state |yo> and replace z by &0 + z. We find 


Do(éo — z) = — 1/z + <vol R(éo + z) V| go>. za 
or, summing over intermediate states, 
Do(eo + 2) = — 1/2 + Doleo -+ 2) <vo |V| vod/z + 


+ 1/zf" <po |R(eo + 2)| «> <a |[V| go>. 


The summation is extended over all states |«> #4 |yo>. This equation can be 
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transformed by applying (8.1) to the matrix element <q |R(eo + z)| «>. 
One finds after elementary manipulations 


Doleo + z) = — 271[1 + Doleo + 2) * (27! <geo |V| vo> — 
— f’ <po |R(e0 + 2) |x> <x |Vipo>)] = 
— — zl [1 — Doleéo + Z) % zl Go(eo +t Zi (8.2) 
The function Go(z) is defined by 
Go(z) —— <Pol [— V+ V(Ho — z)-1 V —...... lelgo>; (8.3) 


where the subscript C means that only connected ground state diagrams 
contribute to Go(z). Equation (8.2) is an integral equation for Do(z) which, 
by (7.2), can be written in the more explicit form 


zDo(eo + 2) = — 1 — (2nt)-1 $ dé C-1Go(e0 + 6) Doleo + z — 0). (8.4) 


The path of integration is, according to (7.2), a contour around that portion 
of the real axis, which contains all the singularities of the first factor in the 
integrand. It is described counterclockwise and it is chosen in such a way 
that it does not cross the line through the point z parallel to the real axis. 

As we shall see below, (8.4) can be solved explicitly. It expresses Do(éo + 2) 
in terms of the function Go(e9 + z), which is much simpler since it involves 
connected diagrams only. In particular the definition (8.3) implies that 
Go(eo + z) contains a main term proportional to the volume Q of the system, 
and other terms which, for large 2, are small compared to the first. 

The connected ground state diagrams contributing to (8.3) contain in 
general diagonal subdiagrams. With the methods of section 4 we derive an 
expression for Go(z) in terms of irreducible diagrams only. Starting from 
irreducible ground state diagrams one can construct all diagrams occurring 
in (8.3) in an unambiguous way by inserting suitable diagonal subdiagrams 
between any pair of successive points. These diagonal subdiagrams should 
not contain any ground state components. This suggests considering for 
each state |x> 4 |go> the sum D,(z) of the contributions to D,(z).of all 
diagonal diagrams which do not contain ground state components. Using 
this definition we obtain the following expression for Go(z): 


Go(z) = <pol [—V + VD(2)V — VD(2)V D(2\V + ..Jaac |po>. (8.5) 


The subscript 7¢dC means that, in calculating the right-hand side, one should 
limit oneself to irreducible connected ground state diagrams. 


9. Solution of the integral equation. It is our aim to solve explicitly the 
integral equation (8.4) for Do(eo -+ 7) in the limiting case of large systems. 
To that end we shall first discuss briefly some properties of the function 
Go(eo + 2) for this limiting case. 

All terms in Go(e9 + z) except the term proportional to Q will be neglected. 
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This means in particular that we replace in (8.5) all sums over intermediate 
states by integrals. In this approximation, from (8.5), the function Go(eo +2) 
has no poles. Its only singularities are the points of a cut along the real axis 
from a point B up to + oo. In each point of this cut the function has a finite 
discontinuity for z crossing the real axis. The function can, in most practical 
cases, be continued analytically across the cut, from above and from below. 
B plays then the role of a branch point. 

We shall assume, as is consistent with the fact that |yo> is the ground 
state and has an energy ¢o, that B lies on the positive real axis or at the 
origin. In the latter case a further assumption will be made, concerning the 
real function 


Jo(x) = — 3 lim, ,o [Go(x + in) — Go(x — in)], n> 9, (a 
namely 


|Jo(eo + x)|< Aca i lomo! (9:Z) 


where A and «@ are positive constants. 
If we write 
Go(eo + z) = — <po |V| go> + gz), 


the function g(z) has, according to (8.5), the property that zg(z) is bounded 
for large |z|. This implies that the path of integration C in Cauchy’s 
formula 


g(z) = (2a fodaraie — z)-1 for non-real z, 


can be deformed into a contour around the singular points of g(z) on the 
positive real axis. One finds in this way using (9.1) 


Goleo + z) = 271 fo? dé Joleo + 4)(E — 2)! — <polV| go>, (9.3) 
and, taking the derivative at both sides, 
Gi(eo + 2) = afer dé Jo(eo + &)(E — 2z)-?. (9.4) 


As an immediate consequence of our assumptions we see that both Go(eo + 2) 
and its first derivative exist at the origin. 

The validity of the assumptions we made to reach these conclusions must 
of course be established in each special case. One can however easily see that 
the assumption that the branch point B is situated on the negative real axis 
would lead to unphysical results. In the case that Go(eo + z) has negative 
singularities, equation (8.4) can only be solved by a function Do(eo + 2) 
having singularities extending to — oo. This would correspond to a perturbed 
energy spectrum without lower bound, a situation not realized in actual 
physical systems. In quantum electrodynamics the branch point B is at the 
point z = 2m (m is the observable mass of the electron), corresponding to 
the lowest energy necessary for the creation of an electron-positron pair and 
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a photon. For a Fermi gas with interaction, the case considered as main 
example in the present paper, B is at the origin with « > 0, as will be shown 
in the forthcoming paper already announced. 

To reduce (8.4) to a simpler form we introduce the function 


h(z) = (Go(eo + z) — Go(eo))z7} (9.5) 


which, under our assumptions, has no singularities except for a cut on the 
positive real axis, from B to + oo. At the origin it has the well-defined 
value h(0) == Go(e,). Substituting (9.5) in (8.4) we find 


z. Do(eo + z) = — 1 — Go(eo) Doleo + z) — (2nt)-1 § dé h(E) Do(eo + 2z— 6) 
which, by the substitution z > z — G@o(eo) can be written 
zDo(eo0 — Go(eo) + 2) = — 1 — (2nt)-1 § df h(C) Do(eo — Go(eo) + z — 6). 
If we introduce the notation 
f(z) = Do(eo — Go(eo) + 2) (9.6) 
our integral equation is reduced to the simple form 
af(z) = — 1 — (2nt)~? $ de h(C) f(z — ¢). (9.7) 


Both A(z) and the desired solution f(z) have the property that zh(z) and z/(z) 
remain bounded for |z| + co, which means that according to (7.3) the equation 
can be written in the equivalent form 


af(2) = —1 — (2mi)-! $ dt h(z — 9) KO). (9.8) 


The second term on the right-hand side tends to zero for |z| co. This 
gives the relation 


— (2x1)! $ dz f(z) = 1, (9.9) 


which also follows from (3.3) by taking the expectation value for |yo> and 
putting ¢ = 0. 

To solve equation (9.7) we proceed in the following way. It can be shown 
that (9.7) has at most one solution f(z) belonging to the class of functions 
which are holomorphic outside the real axis and bounded for large |z|. A 
proof will be given in appendix A2. If we now can find a function f(z) of the 
class mentioned which solves (9.7) we are certain that it is the only one. 
From a physical point of view we are not interested in other solutions if they 
exist. 

Equation (9.7) suggests a solution of the form 


[{z) = — No/z + y(2), (9.10) 


where the function y(z), just as A(z), has no other singularities than a cut 
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on the positive real axis running from B to +o). We shall show that a 
solution of the form (9.10) exists and we shall determine No and y(z). The 
relations (5.3) imply A(z*) = A(z)* and yp(z*) = y(z)*. Consequently the 
functions p(x) and y(x), defined by 


2ni p(x) = lim, ,9 [A(x + im) — h(x — in)|,n > O (oma) 

2nt p(x) = lim, , [p(« + 7m) — p(x — im)],n > 0 (9.12) 

are real. They vanish for x < B. Furthermore, from (5.2), p(x) > 0, while 
(9.1) and (9.5), imply 

p(x) = Jo (eo + %)/x. (9.13) 

It will be sufficient for us to determine g(x). The function p(z) will then 


follow by application of Cauchy’s theorem. Substituting (9.10) in (9.8) one 
finds, using (9.12), 


which by (9.11) and (9.12) can be reduced to the following integral equation 
for g(x): 
x(x) = No p(x) + fg dé p(x — €) vl). (9.14) 


This equation is solved by means of a Laplace transformation. If one 
defines 


9(s) =o p(x) esd x, p(s) ae p(x) e7s% dx, 
(9.14) can be transformed into 


a a a x 
~~ 915) = No Bls) + Bis) - #6). (9.15) 


The general solution of this linear first order differential equation is 
@(s) = — No + C exp (— fA(s) ds), 


where C is an arbitrary constant. The indefinite integral in the exponent can 
be taken equal to — /¢° p(x) x71 exp (—sx) dx. For g(s) to be the Laplace- 
transform of a function g(x) the following condition must be satisfied: 
lim, ,..9(S) = 0. It implies C =.No and gives us the following expression 


for 9(s): 
9(s) = No | exp (f= e~8n ar) - | (9.16) 


Whether this function 9(s) is the Laplace-transform of a solution g(x) of 


+) Inthe case B = O, the origin is not a proper pole of f(z). We shall however continue to call such 
a point a pole, provided the function (x), defined in (9.12) has near the origin the behaviour 
g(x) = O(x%—1) with a > 0. As seen from (9.19) this condition is fulfilled. 





Sel 
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(9.14) depends on the behaviour of f(x) near the origin. It will be shown in 
appendix A3 that a sufficient condition for this to hold is 


IP(x)| = O(x*), « > 0. (9.17) 


Equation (9.17) however follows immediately from (9.13) and (9.2) and is 
thus always satisfied under our assumptions. For y(x) one has the expression 


p(x) = (2n2)-1 x-1 (tie? O'(s) 68% ds, 6 > 0 (9.18) 


which is independent of 6. It is also shown in A3 that the behaviour of (x) 
near the origin is given by 


p(x) = O(x2-1), a > 0 (9.19) 


(see footnote on page 508). 
The constant No must still be determined. Substituting (9.10) in (9.9) 
and using (9.12) one finds 


Io’ v(x) dx = 1— Np. (9.20) 
Remembering that /p°y(x) dx = ¢(0) one obtains from (9.16) and (9.20) 
No = exp (— f@? p(x) x71 dex) 
or, from (9.13) and (9.4), 
No = exp (— G,(eo)). (9.21) 


Finally, Cauchy’s theorem gives rise to the following expression of y(z) 
in terms of (x) 


v(z) = Jor dé (6) (E — 2)71. (9.22) 


By direct substitution it is now easily shown that (9.10) actually represents 
a solution of (9.7) if for No and y(z) we adopt the expressions just found. 
The solution of the integral equation (8.4) is now completed. The result 
reads, by (9.6), 


exp (— G(é9)) fie v6) 
ee dé ——_____——______—. 
é€9 — Gol(eo) — 2 tah ere neat. 


where 9(x), by (9.18) and (9.16), is explicitly expressed in terms of p(x) = 
= Jo(eo + x)/x. It also contains the factor No = exp (— G(e)). 

Equation (9.23) gives an explicit expression for Do(z) in terms of Go(eo), 
Go(eo) and Jo(e9 + x), quantities which, for large Q, are all proportional 
to 2. Let us analyse our results in more detail, in particular for the pole 
of Do(z). 

As shown in section 5 the pole of Do(z) is the energy Ep of the perturbed 
ground state |yo>. From (9.23) we obtain its expression in very simple terms 


Eo = 0 — Go (eo). (9.24) 


Do(z) = (9.23) 
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As was to be expected the energy shift AEy = — Go(eo) and consequently 
the perturbed energy Eo are proportional to Q for large 2. This important 
result is established to general order in the perturbation. It will be comment- 
ed upon later. On the basis of (8.3) the energy shift can be written 


Ae 
=— <yo|[—V+ V(Ho—e0) 1V — V (Ho—e0)-1V(Ho—é0) 1V +... clo». (9.29) 


This formula was recently derived by Goldstone 5), who used an adiabatic 
switching-on of the interaction and a time-dependent perturbation method. 
A slightly different formula is obtained by summing the contributions of 
all diagrams that can be reduced to the same irreducible form, thus replacing 
(8.3) by (8.5). It reads 


AEgp = — <po|[—V + V D(eo) V —V D(eo) VD(e)V +..-leaclpo>- (9.26) 


One should note that the ground state energy shift is the only quantity for 
which the Q-dependence was studied before to general order in the pertur- 
bation. The argument used to this end by Goldstone does not extend to the 
investigation of other quantities. As we shall see in the following, our 
method is of much greater generality. 

The residue of the function Do(z) at its pole is — No. The 2-dependence 
of this quantity is not linear but, as follows from (9.21), exponential. This is 
in accordance with the remark in section 8 that terms of arbitrarily high 
powers in Q occur in the expansion of Do(z). As seen from equation (5.9) 
the factor N 5 is a normalization constant for the wave function |po>. 
In fact, No is the probability that one finds the actual ground state |wo> in 
the state |yo>. That this factor should decrease exponentially with the size 
of the system can be understood on the basis of the same general arguments 
sometimes used to explain why the total energy of a large system 1S pro- 
portional to its volume. One subdivides the system in a large number of 
identical cells, themselves large enough for the interactions across cell 
boundaries to be negligible. Just as the total energy is then approximately 
the sum of the energies of the individual cells and consequently proportional 
to the size of the system, the total wave function takes the form ofa product 
and must therefore depend exponentially on the size. 


10. Energies of excited states. We shall now turn to the determination of 
D,(2) for a state different from the ground state. Taking in (8.1) the diagonal 
element for a state Jx> 4 |go> one finds 


D,(eo + 2) = D,(eo + 2) * Doleo + 2); (10.1) 


where, as defined in section 8, D,(z) is the sum of the contributions to D, (2) 
of all diagrams which do not contain ground state components. iis 
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equation determines D,(e9 + z) in terms of Do(éo + z) and D,(eo + 2), 
thus leading us to a study of the function D,(eo + 2). 

Applying the methods of section 4 and taking into account that only 
diagrams without ground state components are involved, we derive, in 
exactly the same way as (4.2), the formula 


D, (eo + 2)=(e, — 2)“ + (e, —2)-2[— V + VD(e9 + 2)V—...]taz(«)D,y(eo+ 2), 


where e, = €, — £0. 

The subscript 7@L means that only irreducible diagonal diagrams without 
ground state components contribute. The L stands for “linked clusters’, 
an expression used by Brueckner, .e.a., to indicate contributions from 
diagrams without ground state components. Defining 


G(e0 + 2) =[—V+V Deo +2)V —...Jeaz(a)  °  (10.2) 
one obtains for D,(eo + z) the expression 
Oren 2) —= le, — z — G., {eo +- z))-2, (10.3) 


which has just the same form as (5.1). 

The considerations of section 6 tell us that G,(eo + 2) and D,(eo + 2), 
being defined by means of diagrams without ground state components, 
have a finite limit for 2 — oo. We see here clearly the important advance 
made with respect to chapter II. While in the developments of chapter II 
we were forced to keep @ finite in order to avoid | the occurrence of infinite 
quantities, we can here in the expressions of D,(e9 + 2) and G,(eo + z) 
carry out completely the limit 2 — oo. In this limit G@ (e9 + z) has no 
poles as can be concluded from (10.2). There will be one or more cuts in the 
complex plane along the real axis. Exactly as for D,(z) and G,(z) we have 


G,(z*) = G,(2)* and D,(z*) = D,(2)*. 
If we define the real functions K(x) and J,(x) of the real variable x by the 
equation 
lim, 9 G(% + im) = K,(x) + wJ,(x) ; n > 0, (10.4) 
the above relations imply 
lim, _,.9 G(x a i) = K(x) <a iJ .(%) >> 0, (10.5) 


The singular points of G,(e9 + z) on the real axis are the points where 
J,(€0 + x) 0. Equation (10.3) shows that these points will also be singu- 
larities of D,(eo + z). In addition D «(€0 + 2) can have a pole, when the 

equation 
e, —x — K (eo + x) =0 (10.6) 


has a root in the neighbourhood of which J,(e9 + x) = 0. Equation (10.6) 
has at least one and in most cases it has only one root E,; for simplicity we 
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assume the latter to be the case. The present section, as well as sections 12 
and 13 hereafter, deal with the case that this point H,is a pole of Dy(¢0 + 2). 
For £, to be a true pole of D,(e + z) one must have J,(eo + x) =0 ina 
neighbourhood of #,. This condition is, however, too strong for our purpose. 
It will be enough to assume that J, satisfies for small x the relation 


J (eo + £, + x) = O(|x[1**) with « > 0. (10.7) 


Under this circumstance we still call #, a pole of the function D,(¢0 + 2). 
The condition (10.7) is sufficient for the finiteness of G(eo + 2) and its 
derivative Gi(eo + z) at H,. From (10.6) and (10.7) we also notice 


BE, = «, — G,(eo + #,). (10.8) 


The residue of D,(eo + 2) at H, we denote by — ,,. It follows easily from 
(10.3) that 
No1=1-+4 Gi(eo+ E£,). (10.9) 


Equation (10.1) enables us to express the pole E, — eo and the residue 
— N,, of D,(eo+2) in the corresponding quantities of D,(eo+2) and Do(eo+2). 
We must simply add up the poles of D,(eo +2) and Do(éo + 2) to find the 
pole of D,(eo + 2), whereas the residue of D,(¢0 + z) is minus the product 
of the residues of D,(eo + 2), and Do(eo + 2). This leads to the equations 


Nie (10.10) 
and 


E, =Eo+ &,. (10.11) 


It can turthermore be shown that the relation (10.7) implies that the dis- 
continuity of D,(eo + 2) at a point x of the real axis in the neighbourhood 
of H, behaves like O(|x — E,|*-1) and that by (10.1) the same holds for the 
discontinuity of D,(z) in the neighbourhood of Fy. We shall forgo the proof. 
These facts imply that we are justified in calling EL, and E, poles (see the 
footnote on page 508). 

The inequality (5.2) for D(z) and Do(z) implies that both N,and No are. 
positive quantities. Hence (10.10) shows that also iN oe. 

We shall now discuss the physical significance of the result (10.11). In 
section 5 we saw that the pole E, of D,(z) represents the energy of the 
perturbed states |y,>+ which, through the influence of the perturbation, 
originate from the unperturbed state |«> with energy é,. Equation (10.11) 
shows that #, represents the energy of the system in the state |y,>+ as 
compared with the energy Eo of the perturbed ground state |po>, te. Hy 
is the excitation energy of |y,>+. From the Q-independence of Deo + 2); 
the energy E, is independent of the size of the system, in agreement with 
physical expectation. We thus see that E, is not only a convenient auxiliary 
quantity, but that it also has a simple and direct physical meaning. In field 
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theory in particular, where the true (perturbed) energy Eo of the vacuum 
is not measurable, H, is the only energy of physical interest. 

An important remark must be added concerning the case where the state 
|x> involves several particles or holes. The diagonal diagrams contributing 
to D,(eo + 2) for such states are not connected. An example is shown in figure 
2. The diagram c represents a contribution to D,(e9 + z) where |«> is a state 
of two particles. As seen in section 3 the diagonal diagrams of states con- 
taining several particles and holes are always composed of diagonal diagrams 
of one-particle-states and one-hole-states. Let us, to be more explicit, take 
the state |«> = |kikg ; >, and consider D,(e9 + z). Each diagram is composed 
of a diagonal diagram of the state |A1 3 >, and a diagonal diagram of |R ; >. 
Applying (7.4), and summing over all possible diagrams one gets 


D (eo + 2) = Dy, (€0 +2) * Dx, (e9 + 2), (LORI) 


where Dz(e9 + 2) denotes the function D,(é0 + 2) for |y> = |k ; >. Repeating 
the arguments which led to (10.10) and (10.11) one finds from (10.12) 


ie Ni,,, Ey = Ey, + Ex,. (10.13) 


The last equation expresses the additivity of the perturbed excitation 
energies of the two particles. It is clear that our argument extends to states 
with an arbitrary number of particles and holes. 


CHAPTER V. THE PERTURBED WAVE FUNCTIONS 


11. The wave function of the ground state. In this and the following 
sections we are concerned with the application of the considerations of 
chapter III to the calculation of wave functions. We have learned in section 
© that to each unperturbed state |«>, such that D,(z) has a pole E,, can be 
associated two perturbed stationary states |p,>+ respectively characterized 
by the outgoing and incoming nature of the scattered waves. For such a 
state |«>, according to (5.7), the matrix element <8 |R(z)| «> can be written 
as a product of two factors. The second factor is D,(z) and has a pole E,, 
whereas the first factor has a cut on the real axis running from a point B 
to + oo. For most states |a>, B < E, and E, is not a proper pole of the 
function <B |R(z)| «>. Instead of one, there are two residues in such a point 
Eecetimed by 


Vz, [<B |R(z)| >] = lim, 2, (¢ — E,) <B |R(z)| @>, 

where the plus (minus) sign must be chosen if z approaches FE, from the 
upper (lower) half of the complex plane. It is clear that both residues coin- 
cide if E, < B. Using this, slightly more general, definition of the residue 
we found in section 5 that the wave functions 

yort = — NZ* RE, [R(z) lad] (11.1) 
are normalized eigenfunctions of H = Hy + V. 

33 
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We now write this equation in an alternative form. We define the 
operator 


A(z) = fg <B |R(z)| > . Ag, (11.2) 


where Ag is for each |B> the ordered product of creation operators such that 
Ag |vo> = |P>. Applying (11.2) to |yo> we get the equality 


A,(2) |\~o> = R(z) |o>. (11.3) 


A,(z) contains the factor D,(z) which has a pole at z = E,. We define the 
residues R# [A ,(z)] of A,(z) (in the extended sense defined above) by taking 
the residues of each matrix element in the expansion (11.2). We then define 
the operators OF and OF 


O¢ = — NP RF, [A,(2)I, (11.4) 


where —J, is as usual the residue of D,(z) in Ey. 
From (11.4) and (11.3) the formula (11.1) can be written 


lyert = OF |Po>- (11.5) 


The purpose of this section is to achieve a far-reaching simplification of 
(11.4) by means of the results of chapter ITI. 

We study first the ground state wave function |yo>. Equation (5.7) for 
|a> = |yo> reads 


<B |R(2)| po> = <Bl[1 + {—D(z) V + D(z) V D(z) V — ..-}ina] |po> Do(z). (11.6) 


The intermediate states |y> occurring in (11.6) are also intermediate states 

in the expression for Go(z), which one obtains from (4.3) by taking the diagon- 

al matrix element for |go>. Furthermore, according to section 5, the fact that 

Eo is a pole of Do(z) implies that Go(z) is single-valued at the point Eo. This 

requires, as was shown in H I, that for none of the intermediate states |y> 

under consideration the cut of D,(z) would extend through Eo. Conse- 

quently the cut of the first factor on the right-hand side of (11.6) does not 

extend through Eo. In other words Eo < B. Accordingly the matrix element - 
<B |R(z)| go> and the operator 


Aol) = Ja <P IR(2)| 70> Ap 


have only one residue, whether calculated from the upper half or the lower 
half of the z-plane. Hence 
yo» = Oo |po>, dul 
where 
Oo = — No? Rz, [Aolz)]. (11.8) 
Ao(z) can be written 


Ao(2) = Dole) + J’ <B IR(@)| yo> Ap, (11.9) 
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where the sum extends over all states |B> except |yo>. Replacing z by 
é9 +z and applying (8.1) to the matrix element <f |R(eo + z)| yo> we 
obtain the formula 


A o(é0 + 2) = Ao(eo + 2) * Do(éo + 2), (le O) 
where Ao(eo + 2) is defined by 
Ao(éo + 2) = — 1/2 +f’ <B |R(eo + 2)| go> Ag. (get) 


The matrix element <8 |R(e9 + z)| yo> for |B> + |~o> was defined in section 
8 as the sum of the contributions to <f |R(eo + z)| yo> of all diagrams, 
which do not contain ground state components. 

Applying the methods of section 4 it is easy to express <f |R(e9 + z)| yo> 
in terms of irreducible diagrams only. One finds, remembering that 
IB> 4 |po>, 
<B |R(e0 + 2)| po> = 

== \|[— Deo -+- z) V+ Deo + z) V Deo a z) V —... Jez l~o> (— ae (1 el) 


where the subscript zL means that one should take only irreducible diagrams 
without ground state components. Instead of the factor Do at the extreme 
right of (11.6), one finds in (11.12) the factor (— z)-!. This shows that 
<B |R(eo + 2) |yo> has a pole in the origin, and the same holds true for 
Ao(eo + 2), as seen from (11.11). From (11.10) Ao(e9 + 2) is obtained by 
convolution. of Ao(eo + z) and Do(éo + 2). The latter functions have poles 
at z = O and z = Eo — 6p, and these poles determine the pole of Ao(eo + 2) 
at Lo — eo. Consequently the residue of Ao(eé9 + 2) at its pole Eo — € is 
simply minus the product of the residues of Ao(eo + z), and Do(eo + 2). 
This gives the formula 


Re, [Ao(z)] = No Ro [Ao(eo + 2)]. (tte) 
Defining the operator Oo by 
Oo = — Ro [Aoleo + 2)], (11.14) 
we get from (11.8) and (11.13) 
Oo = N? . Oo. (ies) 


This formula already presents an important simplification with respect to 
(11.8), inasmuch as the definition of Oo only involves diagrams without 
ground state components. 

Equation (11.15) is equivalent to a result derived recently by Gold- 
stone 5). To show the equivalence we write (11.11) in a more explicit form 
using (3.5). : 


Ao(eo + 2) |po> = 
=|1—(Hp—e9—2) > V+(Ho—eé0—2)-} V (Ho—e0—2)71 Vas lT l~o> (—z)-1 
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which, together with (11.14) and (11.15), gives 
lyo> = N3 [1 — (Ho—€0)-1V + (Ho—£0) 1V (Ho—e0) 1V —...]z\po>. (11.16) 


The subscript L excludes diagrams with ground state components. This 
equation is, except for the normalization factor NV 3 identical with eq. (3.2) 
of Goldstone’s paper. 

We now proceed to derive a still simpler expression for Oo. We notice that 
the diagrams occurring in the definition of Ao(eo +z) are, in general, not 
connected. They can be composed of an arbitrary number of components, 
each of which has external lines at the left end. We define the operator 


Ao(eo + 2) = Sg <Bl R(eo + 2)| go> Ag, (11.17) 


where <8 |R(eo + 2)| yo> is the sum of all connected diagrams contributing 
to the matrix element <f |R(eo + z)| yo>, for |B> ~ |~o>. In exactly the 
same way as (11.12) we derive for |B> 4 |go> the formula 


<B |R(e0 + 2)| po> = 
= Dg(eo + 2) <8 [[—V + VD(eo + 2)V — ...Jicl yoo (— 2), (11.18) 


where the subscript 7C means that one sums over the contributions of 
irreducible connected diagrams only. As we see <f |R(eo + 2)| vo> has a 
pole in the origin, and by (11.17) the same holds for Ao(eo + z). We now 
define the operator Oo by 


Oo = —_— Ko [A o(e0 + ak (1 1 1) 


Just as before for Op and Op, the residue is unique. Using (11.17) and (11.18) 
‘we can write (11.19) in a more explicit form 


Oo = fg <B I[—D(co) V + D(eo) V D(eo) V — ...Jec lyo> - Ag, (11.20) 


where the sum is extended over all states |B> 4 |go>. 

Only connected diagrams contribute to Oo. This class of diagrams is 
much smaller than the class of all diagrams without ground state components, 
which we had to use in the expression of Oo. Still, as we shall see now, Oo 
can be expressed very simply in terms of Oo. We write 


Ag(eo + 2) = D2 Ay (ea 


where A, is the sum of the contributions of all diagrams of Ao(eo + 2) con- 
taining exactly » components. From (11.11) and (11.17) follows immediately 
that Ap = — 2-1 and A; = Ao (eo + 2). Let us calculate Ag. Consider all 
diagrams which are composed of a diagram of <P’ |R(eo + 2)| yo> and a 
diagram of <p” |R(eo + z)| o>. These diagrams have two components and 
their contribution to Ag is given by 


<B’ |R(eo + 2)| yo> * <B” |R(eo + 2)| po> Ag Ag, 
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as follows immediately from the fundamental formula (7.4). Summing this 
expression over all states |6’> and |f”> distinct from |~o> we get 


Ag = 1A o(e0 + z) a Ao(eo + Zh 


The factor 4 arises from the fact that in the summation over |f’> and |6”> 
each inetam of Az is counted twice. The diagrams of A3 can be obtained by 
the combination of a diagram of Ag with a diagram of Ai. Another factor 4 
must be added to compensate for redundant counting and one gets 


A3 = 1A o(e0 +2) * Aoléo +z) * A (eo + 2). 
Continuing in the same way we get generally 
A, = (y!)—4 A o(eo +2) * Ao(eo ale Zee < * Ao(eo 4 on 


with y factors Ag(e9 + z) in the convolution. If we now take the residue in 
z = 0 of each term in the expansion (11.21) we find 


Oo = 1 + Oo + OF /2! + O3/3! + ...... 
a result which reduces to the compact form 
Oo = exp (0). (11.22) 
Inserting this in (11.15) we obtain the important result 
Oo = N32 exp (Oo) = exp (—4G4(€0) + Oo), (leze) 


where Op is given by (11.20) and where the value (9.21) of No has been used. 

The derivations of (11.15) and (11.23) are actually valid for a finite but 
very large volume Q. The operators Og and Oo are defined by means of 
diagrams which do not contain ground state components. 

In section 6 we have shown that the contributions of such diagrams have 
a finite limit for Q — oo. This means that in the expansion of Oo |yo> or 
of OR lyo>, » = 1, 2, ..., in unperturbed states all coefficients have a finite 
limit. Owing however to the large number of terms in the expansion the 
norm of O% |go> is large as Q”’?, while the norm of Oo |wo> is exponentially 
large for 2 — oo. As seen from (11.15) this behaviour is compensated in (11.23) 
by the normalization factor N3, which approaches zero exponentially in the 
limit 2 —> oo. In fact we saw before that Go(e0) is proportional to Q for large Q. 


12. Wave functions of excited states. Having determined Qo in terms of 
contributions of connected diagrams we turn to an analysis of O* where 
|x>  |po> is a state such that D,(z) has a pole E,. O# is defined by (11.4). 
Let us consider an arbitrary diagram of <8 |R(e9 + z)| a>. It contains one 
Or more components with external lines at the right end, and other compo- 
nents without such lines. Diagrams composed only of components of the 
latter type give contributions to <f’ |R(eo + z)| yo>. On the other hand we 
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can take together all diagrams of <8” |R(eo + 2)| «>, all components of which 
have one or more external lines at their right end. The sum of the contri- 
butions of these diagrams we denote by <f” |R(eo + z)| «>. 

Consider all diagrams which are composed of a diagram of <f’| R(eo+-2) |~o> 
and a diagram of <” |R(e9 + 2)| «>. These diagrams contribute to the matrix 
element <f’B” |R(eo + 2)| «> where |B’B”> = Ag . Ag-| Por. 

Their contribution is, as follows immediately from (7.4), 


<B’ |R(eo + 2)| yo> * <B" |R(eo + 2)| o>. (12.1) 
The operator A,(eo + 2), defined by (11.2), can now be written 


A ,(e + 2) = Jpg <B’B” |Rleo + 2)|a> ApAge = 
= fpr <B’ |R(eo + 2)| yor * <B° |R(eo + 2)| «> ApAg,. (12.2) 


Defining the operator 


A eo + 2) = Sg <B|R(eo + 2)| «> Ap (12.3) 
we obtain for equation (12.2) the simple form 
A, (eo + 2) = A,(eo + 2) * Aoleo + 2). (12.4) 


We must now study the matrix element <f \R(eo + z)| «> in somewhat 
more detail. All diagrams with ground state components are excluded 
from its definition. By the methods of section 4 we can easily express 
<p |R(e0 + z) |x> in terms of contributions of irreducible diagrams. The 
formula we obtain reads 


<B |R(eo + 2)| «> = 

<B\[1 + {— =) (e9-+2) V+D(eo + 2) V D(eo+z) )V—-.. .\indR] [o> D x(€0+2), (12.5) 
where |a> + |go>. The subscript zmdR indicates restriction to irreducible 
non-diagonal diagrams, all components of which have at least one external 
line at the right-hand side. We see, from (12.5), that <A |R(eo + z)| a> 
contains the factor D,(eo + 2), which has a pole £,. The other factor on the 
right-hand side of (12.5) has a cut along the real axis; in most cases this 


factor is double-valued at the point H,, giving exactly the same situation 
as met before with <f |R(eo + 2)| «>. In (12.2) we have the convolution 


<B’ [Reo + 2)| o> * <B” |R(eo + 2)| «>. 
The residue of this expression at its pole E, — éo is 
NHL <P’ |R(eo + 2)| yo> * <B"| Reo + 2) [a>] = 
= — RF, [<8" |Rleo + 2)| «>] Rrey—eql <B’ [Reo + 2)| vor, 


where we have used #, = E,, — Eo. Inserting this in (12.2) we find with the 
definitions (11.2) and (12.3) 


RE [A,(z)] = RF, [An(eo + 2)] . Ry lAolz)]. (12.6) 
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If we now define the operators O* by 
Of = — NF Mz LA.(eo + 4], (12.7) 


where —WN, is the residue of D,(e9 + z) in H,, we obtain, using (10.10), 
the important result 


O+ = 0 . Oo. (12.8) 


a a 


O* and Oo were defined by (11.4) and (11.8). Applying the operator 
equation (12.8) to |yo> we get 


lyot = OF |po>. (12.9) 


This equation shows clearly the physical meaning of 0+. It ‘creates’ the 
state |y,>= from the actual (perturbed) ground state |yo>. It is the analogue, 
for the perturbed system, of the operator A, which creates |a> from |go> 
in absence of the interaction. The importance of the operator O# is further 
stressed by considering the case of large systems. From the definition (12.7) 
and from the fact that in the calculation of D,(e9 + z) and A,(e9 + z) only 
diagrams without ground state components are involved, we conclude that 
O* has a finite hmit for 2 — oo. Although for an infinitely large system a 
proper expansion of |po> in unperturbed states strictly speaking no longer 
exists (remember the vanishing of No for Q — oo in (11.15)), the operator 
0+, which describes the change of |yo> introduced by the presence of particles 
outside the Fermi sphere and holes inside it, keeps a simple and meaningful 
form. 

Throughout this paper we have often used a terminology inspired by the 
special problem of a gas of Fermi particles with interaction. As mentioned 
before, however, all results are of a quite general nature and are applicable 
to a broad range of problems. Up till now we investigated states |«> for 
which the function D,(z) has a pole. As will be shown elsewhere, in the theory 
of the Fermi gas with interaction strictly speaking no such state except |yo> 
exists. Low-lying states satisfy however this requirement with a very good 
approximation and the results of the present section will provide us with an 
excellent starting point for their study. In the quantum theory of fields, on 
the other hand, all states |x> satisfy the requirement that D,(z) has a pole 
and the whole discussion of this section is immediately applicable. 

We end this section with a remark concerning one-particle-states. Let 
|x> bea state differing from the unperturbed ground state |yo> by the pres- 
ence of one single particle. Taking e.g. the case of interacting meson and 
nucleon fields, |go> is the free vacuum and |«> would be for example 
a one-nucleon-state. We denote this state by |A>, k referring to the mo- 
mentum of the particle. From (12.5) we see that the diagrams contributing to 
<p |R(eo+ z)| > are connected and have one external line at the right end. 
As is easily seen the intermediate states in (12.5) are the same as those oc- 
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curring in the expression (10.2) for G,(eo + z) if we take |a> = |k>. By our 
assumption Dz(eo + z) has a pole Hy, a fact which requires that Gz(eo + 2) 
be single-valued at the point Hx, 2.e., that the cut of Gz does not go through 
E,,. As shown in H I, this has the consequence that the same property holds 
for all functions D y(éo + 2) belonging to states |y> which occur as inter- 
mediate states in (10. 2). We conclude that also <f |R(e0 + z)| k>, and by 
(12.3) Az(eo + 2) are single-valued in Hy. Thus we have shown that to each 
single particle state |k>, such that D;(z) has a pole, the operators OF and 
Oz are identical. The expression (12.9) reduces to a single stationary state 


ye> = Ox |po>. C2518) 


If |x> is a state of more than one free particle or hole the states |p,>t 
and |y,>~ will in general be different. They correspond to scattering states 
with outgoing and incoming scattered waves respectively. This was shown 
in H II by an investigation of the asymptotic behaviour of wave packets for 
large times. 


13. Asymptotically stationary states. In this section we shall briefly consider 
in the light of the diagram analysis, the theory of asymptotically stationary 
states as developed by Van Hove in HI and HII. It will appear that 
these states can be expressed very simply by means of the operators Ox 
introduced in the last section. 

cer ia> = EF Er Rat Er lgo> be an unperturbed #-particle state and 
assume that the function D,(z) has a pole E,. Consider the state |p,>% 
defined by 


Pa? = Ox, Or, vee Ox, lpo>. (13h 


As will be shown hereafter, this state is identical with the asymptotically 
stationary state |a>gs defined by Van Hove in H I (equation 5.12). The 
physical meaning of |p,>#* is particularly clear in field theory. It is a state 
of » “dressed” particles without mutual interaction. In meson-theory for 
example it would represent a physical situation where one has e.g., # nucleons 
with their surrounding cloud of mesons and nucleon-antinucleon pairs, 
moving independently of each other in plane wave states. Such a state 1s 
clearly not stationary, and a wave function |y(¢)>#%, defined as a linear 
combination 

p(t) > = fy Cy exp (—tE,f) |pa>™, (13.2) 


is not a solution of the Schriédinger equation. It does however approach 
such a solution for large |¢]. Indeed, considering the two wave functions 


lp(t)>= = fa &, exp (—tE,!) lp.>* (13.3) 
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which obviously verify the Schrédinger equation, one has the following 
relations 

Tima, SS lig) >= |wt)>*| =O, 

limy, +00 | ly(d)>*° — |p()>~| = 0. 


The bars refer to the norm of the wave functions enclosed. These formulae 
are identical with (3.2) in H II. 

All we want to do here is to establish the identity of the states (13.1) with 
the states |x>gs in H I. From the definition (13.1) of |y,>%* we derive, using 
ee7), (12.3) and (11:8), 


ape = Nz Veeco [ /BoB1...B» PoP al b> . x 
<Bo |FR(E0 = z)| Yo> * <B1 |R(Eo —+- z)| ie ee aa <Bp |R(Eo + z)| Ry>|. 


This again can be written 
part? = — NZ* Re, [R'(2) |a), (13.4) 


where <f |R’(z)| «> for arbitrary |B> is the sum of the contributions to 
<B |R(z)| «> of all diagrams, each component of which has at most one ex- 
ternal line at its right end. We shall call such diagrams completely disconnected. 
Substituting (4.1) in (13.4) and taking the residue in £, one finds 


lp,>% = N#[1 — D(E,) V + D(E,) V D(E,) V — ...Jep |m>. (13.5) 


The subscript 7D indicates that in calculating |y,>#5 one should limit oneself 
to irreducible non-diagonal diagrams which are completely disconnected. 
Comparing equation (13.5) with equation (5.12) of H I one sees that they 
are equivalent. The projection operators Y, in (5.12) of H I were intended 
to limit the intermediate states to those states which contribute to D,(2). 
In the language of diagrams this means that only completely disconnected 
diagrams should be taken. The identity of the states |y,>#* defined in (13.1) 
with the states |«>gs in H I is thereby established. 


14. Metastable states. Up till now we have considered states |«> such that 
D,(2) has a pole in E,. This value E, is a root of the equation 


Ey, —* — K,(x) = 0, (14.1) 


where «, is the unperturbed energy and K,(x) is defined by (5.4). If J,(x), 
also defined by (5.4), vanishes in a neighbourhood of EF, (or if this quantity 
approaches zero sufficiently fast for x > E,) the states |y,>*+ defined by 


ly>t=Ni[1—D(E, + io) V+-D(E, + io) V D(E, + io) V—...Je|a>, (14.2) 


where N71= 14+ K,(E,), are stationary states. 
We already mentioned that in field theory the above condition is always 
fulfilled. There are however many quantum mechanical systems where for 
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some or all of the states |«> 4 |yo>, one has J,(E,) 4 0. By (5.5) J,(E,) is 
then positive. Under such conditions it is still possible to define states 
ly,>+ by the relation (14.2), but these states have in general no simple 
physical meaning. However in the special case that J,(E,) is very small, we 
shall see that |y,>* still approximately behaves as a stationary state. States 
of this type will be called metastable. They are frequently encountered in the 
many-particle systems of statistical mechanics and play also an important 
role in the theory of nuclear matter. They are investigated in the present 
section. 
According to (5.1) we can write 


D,(z)7! = eg — 2 — G,(2). 


At the point z ='E, + io we have D7'(E, + 10) = — iJ,(E,). We expand 
D;'(z) in a power series of (z — E,) for z in the neighbourhood of E, + 10 
and obtain in this way an analytic continuation of D7‘(z) from the upper 
to the lower half of the complex plane. Thus, to first order, 


Di*(2) = — tf hE) + (BE, = 2) + Ge ee): 
J (x) is assumed to be small for x near E,. We put accordingly 
G,(E_ + to) = K,(E,) 
and find 
Dy" (2) = No" [E, — iNaJ (Ea) — 2), (14.3) 
with 
Ny} =1+ K,{E,). 
Equation (14.3) shows that D,(z), if continued analytically from above to 
below the real axis, has a pole 


F=f, = Nae (14.4) 

The time-dependent wave function corresponding to |y,>* is, according 
to (3.3), given by 

U(t) wart = (2nt)-! fee de RC) ey, (14.5) 


where we assume ¢ > 0. This leads us to a study of the matrix element 
<B |R(C)| y,>+ for arbitrary |B> and Im ¢é > 0. If we apply both sides of 
(5.8) to the state |a>, putting z = ¢, z’ = E, + to, we get after some simple 
manipulations using (14.2), 


<B lA(2)| port = 
= N&(E — E,)“! <B |R(0)| «> Dy (Ey + 10) — (€ — E,)* <Blynr*. (14.6) 
We have seen that D>4(E, + 10) = —iJ,(E,), a quantity assumed to 


23 
Bhan Oa Dan Dach Panache Dar cline oan Do Io Deo Yn Io Jorn Jn Joanna Jason 


LARGE QUANTUM SYSTEMS 923 





be small. Nonetheless, owing to the singularity at ¢ = E,, the first term on 
the right-hand side cannot be neglected when inserting (14.6) in (14.5). 
Equation (14.6) can be rewritten as 


<BIR(C)| vot = — tJ g(Eq) . NE. (¢ — E,)-1 [<6 |R(C) D-4(C)| a> — 
— <B|R(E, + 10) Dy*(Eq + t0)| «>] Da(S) + 
+ D,(6)(¢ — E,)4LD-HE,, + 10) — Dz*(2)] « <Blya>t. (14.7) 


It is now legitimate to drop the first term in the right-hand side. The second 
term no longer has a singularity at ¢ = E,, but its analytical continuation 
in the lower half of the ¢-plane has a pole at € = F, = E, —1N,J (Eq). 
Neglecting terms of the order of J,(EZ,) we are left with 


<B |R(C)| yt = (C — Ey + tN.SJ o(Eo)) <Bly.>*, for Im ¢ > 0. 


If we substitute this approximate result in (14.5) we find, for positive ¢ 
large of order J,(E,)~1 and arbitrary |A>, 


<B |U(t)| ae = exp = tE yt mar N ad aE a)t) Gv re (14.8) 


This equation shows that |y,>+ is a metastable state with an energy E, 
and a mean life-time T, = 1/N,J,(E,) = 1/Iy. The quantity I, plays for 
our case of continuous spectra a role analogous to the level width of discrete 
spectra. Just as we derived (14.8) we could establish for ¢ < 0 


<B| U(t) |p” = exp (— tEgt + NoJa(Ea)t) <B lpa>, 


a formula which however has little physical interest. 

Before commenting upon the significance of (14.8) we shall derive, along 
the lines of sections 10 and 12, simpler expressions for [., and |p,>*t. In 
section 10 we introduced the function D,(eo + z) which was defined by means 
of diagrams without ground state components. It was established that the 
validity of the equation J,(e9 + x) = O for x in a neighbourhood of #, (Ey 
was the root of equation (10.6)) implies /,(x) = 0 in a neighbourhood of E,. 
In the case considered here we have clearly J,(eo+ H,) #0, and, as we 
shall see below, J,(e9 + E,) is positive but small. Using (9.23) and (10.1) 
we can write 


D (eo + 2) = No(Eo — €0 — 2) * D, (eo +2) + y(eo — Eo + 2) * Deo + 2). 


To study the singular behaviour of D,(z) obtained by analytical continu- 
ation in the neighbourhood of E, the second term on the right-hand side 
can be neglected and we have approximately 


D(z) = No D,(eo — Eo + 2) for |z — E,| small. (14.9) 


*) It is essential for the validity of this equation that |B> is a state with only a finite number of 
particles and holes. 
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Taking the value at z = E, = Eo + E, we get 


SO ogg) ae iNod a(€0 ie E,). 
This gives the important formula 
Py = NaJlEo) = NaF leo + Eq); (14.10) 


which expresses the life-time [7 in terms of diagrams without ground state 
components. In particular we conclude that J’, is independent of the volume 
Q of the system, since both NV, and J,(e9 + #,) have this property. 

The wave function |y,>*, defined by (14.2), can be written 


es = On Ipo>, 
where 
Ot = NtA (E, + 10) DIME, + 10). (14.11) 


The operator A,(z) was defined in section 11 by (11.2). According to (12.4) 
we have 


A ,(é0 + z) = A, (eo + z) oe Ao(éo + Za 


Following exactly the same arguments as in the derivation of (14.9) we find 


A,(z) = — Rez, [Ao(z)] . A,(eéo — Eo +2), for |z —£,| small. 
Substituting this expression in (14.11), one obtains, using (11.8) and (14.9), 
OF = 0; Cory.) 0am (14.12) 
with 
Ot = —iJ (eo + E,) Nt Aco + H, + io). 


Notice that this formula, which only has an approximate validity, is exactly 
of the same form as (12.8). 

Examples of metastable states in systems with continuous spectra, in the 
sense defined here, are actually well known. We mention only one, the 
so-called cloudy-crystal-ball model of heavy nuclei, which is meant to describe 
the scattering of nucleons at low energies 2). The imaginary part of the 
potential, introduced in the model to describe the ‘‘absorption” of the 
incident nucleon in nuclear matter, (leading to compound nucleus formation) 
corresponds to our quantity I,. In a forthcoming paper, which will deal 
with the application of the Fermi gas model to the problem of nuclear 
structure, we shall have opportunity to come back to this point in greater 
detail. Let us only mention here that in the Fermi gas model, states con- 
taining in addition to the Fermi sea one particle with momentum & are 
metastable in our sense (small ’,) when k is near the Fermi momentum fp. 
Application of (10.12) shows immediately that states containing more 
additional particles are then also metastable. Furthermore it is easy to 
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verify the approximate validity of (10.13) for the case at hand. This formula 
expresses now the excitation energy of a state containing several additional 
particles as the sum of the excitation energies of the single particles, whereas 
the inverse life-time of the total state becomes the sum of the individual 
inverse life-times. Also the considerations concerning asymptotically statio- 
nary states are approximately valid for metastable cases. The asymptotically 
stationary states are essential for the description of scattering processes. In 
HI and HII they are used to establish a formula for the S-matrix. If one 
is interested in collision processes in dissipative systems (e.g., collisions 
between two additional nucleons in nuclear matter) one can apply this 
S-matrix formalism provided the life-time of the metastable states is long 
compared to the time in which the collision takes place. 


CHAPTER VI. CONCLUSION 


15. Summary of results. We have now come to the end of our analysis and 
we shall briefly summarize what has been achieved. Our starting point was 
the resolvent operator R(z) from which one can derive most of the desired 
information, such as energies and wave functions of stationary states and 
life-times of metastable states. The resolvent was expanded in powers of the 
perturbation, as shown in (3.5). The different contributions to each term in 
(3.5) were analysed by means of diagrams. In section 6 we investigated the 
dependence of these contributions upon the volume Q (or the total number 
of particles) of the system under consideration. We found that diagrams 
containing a certain number of ground state components give, in the limit 
of Q — oo, a contribution proportional to Q”, whereas in the same limit all 
other diagrams give finite contributions. Because diagrams containing any 
number of ground state components contribute to R(z), the straight per- 
turbation expansion (3.5) has terms with arbitrarily high powers of Q. 
Clearly such an expansion is extremely inadequate for the application to large 
systems. 

The analysis of chapters III and IV showed how this important difficulty 
can be overcome. On the basis of a general theorem (expressed by (7.4)) we 
derived the basic formula (8.1) which expresses an arbitrary matrix element 
<B |R(z)| «> by means of a convolution integral involving the unperturbed 
ground state matrix element <q |R(z)| ~o> = Do(z) and the matrix element 
<B |R(z)| «>. The latter differs from < |R(z)| «> in this respect that the only 
diagrams contributing to <f|R(z)|«> are those without ground state 
components. Consequently <8 |R(z)| «> is, in the limit of Q — oo, finite 
and independent of 2. The whole Q-dependence is thereby isolated in Do(z). 

To investigate Do(z) we derived by a new application of (8.1) the integral 
equation (8.4). This equation can be solved explicitly, the solution being 
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cence 


given by (9.23). It expresses Do(z) in terms of the function @o(z). According to 
its definition (8.3), only connected ground state diagrams contribute to 
Go(z), so that it is, for large 2, simply proportional to 2. 

Two quantities of physical interest can be derived from Do(z). They are the 
pole Eo of this function, giving the perturbed energy of the ground state, 
and the residue — No in this pole. The factor N3 plays the role of a normali- 
zation factor in the expansion of the exact ground state wave function |yo> 
in unperturbed states. The values of £o and No are given by (9.24) and (9.21). 
We see that these expressions involve only the values of Go(z) and of its 
derivative at z = e9, both proportional to 2 (eo is the unperturbed ground 
state energy). Two of our intermediate formulae, (9.25) and (11.16), which 
we used for the shift AE» = Eo — eo of the ground state energy and for the 
wave function |pyo )were found recently by Goldstone ®) who derived them 
from a time-dependent perturbation method originally introduced by Gell- 
Mann and Low’). These expressions differ considerably from our final 
formulae (9.26) and (11.23). The simplicity of (11.23) as compared to (11.16) 
lies in the fact that the former involves only connected diagrams. In 
addition the reduction of the diagrams to their irreducible form (using 
the method introduced by Van Hove in HI) makes our formulae much 
more suitable for the application to infinitely large systems. The perturbed 
ground state wave function is obtained by application to its unperturbed 
analogue of the operator (11.23) involving the exponential of a very simple 
operator Oo. 

Going over to the consideration of excited states (7.¢., for the example of 
a Fermi gas, of states differing from the ground state by the presence of 
some additional particles and some holes), the main results of this paper are 
expressed by (10.11) and (12.9). The importance of thése formulae can be 
expressed by saying that the excitation energy HE, and the operator O* 
have a finite and simple limit for Q — oo. H, is the perturbed energy 
difference between excited and ground state, while 0# is the operator which 
transforms the perturbed ground state wave function into the perturbed 
wave function of the excited state. As a further result we might mention 
formula (13.1) which gives a very concise and transparent expression for the 
asymptotically stationary states as defined by Van Hove in HI and HII. 
These states play an important role in the theory of collisions. 

A striking property of many systems with a large number of degrees of 
freedom is the existence of dissipative effects. For systems with an excitation 
energy of the order of the total number of particles, these effects are 
responsible for the trend towards thermal equilibrium; they were studied 
extensively by Van Hove 8). Also for smaller excitation energies (a situation 
corresponding to zero-temperature) such dissipative effects can play an 
important role. One aspect of them has been investigated here: the case of 
metastable states, i.e. of states which would be stationary were it not that 
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they show, as a result of the perturbation, an exponential decay with a long 
life-time. Such states have been studied in section 14. An important example 
is provided by a slow nucleon penetrating into nuclear matter and traveling 
a considerable distance before the compound nucleus is formed. 


16. Final remarks. At the start of our investigation we assumed the 
convergence of the expansion (3.5) of R(z) m powers of the perturbation, 
at least for z non-real. Our final results are still expressed as series expansions 
but the latter differ from the original expansion by the fact that a number 
of partial summations have been performed explicitly. This circumstance 
manifests itself clearly in our results, inasmuch as the class of diagrams 
contributing to the final expressions is very much smaller than the class 
contributing to the original ones. We have therefore every reason to believe 
that the convergence of our resulting expressions is much better. We know 
in particular that this convergence is no longer affected in any way by the 
large size of the system and its large number of degrees of freedom. The 
question under what condition on the strength and form of the two-body 
potential our final series converge is however unsolved. Let us devote a few 
comments to this difficult point. 

Let us take a large vessel, with volume Q, filled with a gas of interacting 
Fermi particles. Considering the ground state of the system we distinguish 
the following cases. 

1. The particles are distributed homogeneously throughout the vessel, 
exerting a pressure on the walls. This situation certainly occurs whenever 
the forces are repulsive, but also partly attractive forces can obviously give 
rise to it. For not too singular forces it is to be expected that our expansions 
converge. 

2. The particles are bound together by their mutual interaction, thus 
occupying only a part 2’ of the volume 2. The volume Q’ and the energy 
are proportional to the number N of particles, as will be the case for satu- 
rating forces. A large nucleus of volume 2’ enclosed in a vessel of volume 
$2 > 2’ is an example of the case considered here. For such a system the 
perturbation theory, even in case of convergence, is not strictly valid: the 
state |yo>, obtained by perturbation of the unperturbed ground state, 
would then not represent the state of lowest energy. If, however, we reduce 
the vessel to a volume < ’, thus increasing the particle density, we are 
back to the first case. 

3. In contrast with case 2, the forces may be such that the ground state 
corresponds to a particle density and an energy density increasing with 
the total number of particles. This corresponds to non-saturating forces. 
For such forces the perturbation method will break down completely. 

Another remark concerns the normalization factor N3 in (11.23). This factor 
has the simple form exp (— G@(eo)). The exponent is proportional to Q and 
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consequently No approaches zero in the limit of 2 + oo. Consequently, if 
this limit is actually carried out, all expansion coefficients are zero and a 
proper expansion of |yo> in unperturbed states is no longer possible. Another 
way of stating this remarkable fact is to say that the ground state |yo> as 
well as any other eigenstate |p,>+ of the total hamiltonian, become orthogon- 
al to all unperturbed states |«> in the limit 2 —> oo. This is connected with 
the fact that in this limit the system has infinitely many degrees of freedom 
(e.g., infinitely many particles), so that the set of basic vectors spanning the 
Hilbert space of its state vectors is no longer countable. In this non-separable 
Hilbert space many separable subspaces can be formed. On the one hand, 
the unperturbed ground state |yo>, and all unperturbed states |«> differing 
from |go> by excitation of a finite number of particles (and holes) span a 
separable Hilbert space. On the other hand a separable Hilbert space is formed 
by the perturbed states |yo> and |p,>+. The vanishing of Noticre® =o 
implies that these separable Hilbert spaces are orthogonal to each other. 
As was remarked by Van Hove), a similar situation occurs also in field 
theories where the vacuum is not affected by the perturbation (no pair 
creation). It is then caused by ultra-violet divergencies. In such theories it 
is irrelevant whether the volume in the configuration space is finite or not, 
the essential fact is the occurrence of divergencies in momentum integrations, 
i.e., the occurrence of an infinite ‘‘effective’’ volume in momentum space. 

Finally some words must be said on the relation of the present investigation 
to the formalism of current field theory. Applying our formalism to field 
theory, one would be tempted to identify the function Dy(eo + 2), being 
the diagonal element of R(e9 + 2) for a state of one particle with momentum 
k, calculated with omission of all disconnected diagrams, with the Fourier 
transform of the one-particle propagation function A’p(x, ¢) as introduced 
by Dyson !°), This, however, is not generally true. One can show that the 
identity exists only in those theories where the free vacuum is not affected 
by the perturbation. It can nevertheless be established that the singularities 
of both quantities, which determine the mass renormalization of the particle, 
are the same 14), 
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APPENDICES 


Appendix 1. An alternative proof of equation (7.1) can be obtained by 
comparison with the case of a system composed of two completely inde- 
pendent subsystems. The hamiltonian H of the total system can be written 


H = H, + Ha, 


where H, and He are the hamiltonians of the two independent subsystems. 
We shall denote the resolvent operators by R(z), Ri(z) and Re(z). They 
are commuting operators. 

If one multiplies the identity 


H—z=(Mi—0)+(H2—24+9) 
by the product R(z) Ry1(f) Re(z — 2) one gets 
Fei(¢) Ra(z — ¢) = Riz) (Ri(2) + Re(z — ¢)). 


Taking Im z ~ 0 and integrating on both sides over the variable ¢ along 
the path defined in section 7 eq. (7.2) one obtains the formula 


— (271)-1 4 d¢ Ry(¢) Re(z—l) = R(z)[— (222) -1 $ do Ry (CZ) —(202)-! $ dl Ro(z—2)]. 


The second term on the right-hand side is zero, owing to the fact that 
R(z — ¢) has no singularities on the real ¢-axis. The first term within the 
brackets is equal to one, as one sees from (3.3) by putting ¢ = 0. We are 
left with 

eZ) Sic 2 ee RK o(2), (A 1.1) 


where we used the notation introduced in section 7. 

Suppose now that the two subsystems are identical though independent 
systems of the type studied in this paper. As an example one could think 
of two vessels of equal volume filled with the same number of identical Fermi 
particles. The hamiltonians are Hy; = H? + V; and Hz = H? + Vo. The 
total resulvent R(z) can be expanded in powers of V = Vi + Vo 


l l 


yt VV 
Sree, Hp, * Y*) 


AY+ Hi —z 
and the contributions to the different terms can again be represented by 
diagrams. Consider such an arbitrary diagram. It contains two different 
kinds of vertices corresponding to Vj and V2. The diagram falls apart into 
two subdiagrams A’ and B’ which contain all vertices of systems 1 and 2 
respectively. A’ and B’ are not connected with each other, there being no 
lines joining a vertex of system 1 with a vertex of system 2. Together with 
this diagram we consider all diagrams which can be obtained from this one 
by changing the positions of the vertices of 4’ with respect to B’. The con- 
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tributions of these diagrams differ only by the energy denominators. Let 
us denote the sum by <a«’B’ |C’(z) |aB> where |«> and |«’> are the initial and 
final state of system 1, |6> and |’> of system 2. If we denote the contribution 
of A’ to Ri(z) by <a’ |A’(z)| a> and the contribution of B’ to Re(z) by 
<p’ |B’(z)| B>, application’of (A1.1) gives immediately the formula 

<a’B’ |C"(z)| aB> = <a’ |A’(z)| a> * <6" |B"(2)| BD. (A1.2) 
It is valid for two uncoupled systems and must not be confused with (7.4). 
We can however use (A1.2) to establish the validity of (7.4) by means of the 
following argument. Let us take the diagrams A’ and B’ identical with A andB 
of section 7. The quantities <«’ |A’(z)| «> and <A’ |B’(z)| B> are then formally 
identical with <a’ |A(z)| «> and <f’ |B(z)| B> of section 7. Let us now compare 
<a’B’ |C'(z)| «B> with <B’a’ |C(z)| «B>. Although these quantities clearly have 
different meanings, the only formal difference is the fact that in the latter 
the energy eo of the unperturbed ground state is counted only once and not 
twice in the energy denominators. This difference can be compensated for 
by substituting z — eo for zin <f’«’ |C(z)| a8>. This leads to the formula 


<B’a’ |C(z — €0)| aB> = <a’ |A(z)| a> * <B" |B(2)| BD, 


an alternative form of (7.4) or (7.1). 


Appendix 2. It will be shown in this appendix that the integral equation 
(9.7) has at most one solution f(z) which is holomorphic outside the real axis 
and bounded for large |z|. It is sufficient to prove that the homogeneous 
equation 

zf(z) = — (2nt)-1 $ dg h(C) f(z — ¢) 
has no such solution f(z). 
By (9.11) this equation can be written 


af(z) = for dé p(é) f(z — $). (A2.1) 
We shall make use of the fact that the integrals 


— [ve x)|dx and M = fo — dx (A2.2) 


are convergent. These properties of p(x) are an — consequence of 
(9.13) and (9.2). We choose an arbitrary point z, not on the real axis, for 
which Rez < 0. The tunction f(z + a) of the real variable a is bounded; 
consequently there exists a positive number M(z) such that 


\f(z + a)| < M(z) for all a. 
Iterating equation (A2.1) » times, one obtains 
ae a b(En) 
aaa Cy ee ‘7 d i d Ak ce , 
{(2) , Ey E fan 2 ae 
 blEma f(z — 1 — ... — €n4)- 
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This equality can be changed into an inequality: take the absolute value 
of both sides and replace the integrand by its absolute value. The right-hand 
side is increased further if one replaces the denominators |z — ¢; — ... — &,| 
by 1+... + x, and [f(z — é1 — ... — &n41)| by N(z). One finds, using (A2.2), 


yen <td," apy OC Eg yy 


~ Izl Jo fr @ Slee oar on 
The integral at the right-hand side is not changed by a permutation of the 
variables £1, &2, ..., é, in the integrand. Using the simple algebraic equation 


Dp Ep (é1 + &2)-} ...... (@1 + fo + ... + &,)2 = é;' &°... €), 


where the sum is extended over the ~! permutations of the variables, one 
is led to the inequality 


1 <— * dey .. eee Pe")! ey 


lhe e 
[z| n! 0 Tl En 


or by (A2.2) 
f(z) < LN(z) |z|-2 . M"/n1. 


This inequality holds for all ~. Hence, noticing that lim, ,,, M%/n! = 0, 
we find f(z) = O for all non-real z, for which Rez < 0. This is enough to 
conclude that f(z) = 0 and that the homogeneous integral equation has no 
non-zero solution which is holomorphic outside the real axis and bounded 
for |z| - oo. This proves our statement. 


Appendix 3. In section 9 the integral equation (9.14) was solved by means 
of a Laplace-transformation. We shall prove here that the function 9(s), 
given by (9.16), is the Laplace-transform of a function g(x) given by (9.18). 
The known properties of f(x) imply the absolute convergence of 
Jo P(x) exp (— sx) dx and /9°x-1 p(x) exp (— sx) dx for s=0 as can be seen 
from (A2.2). From this we conclude that both A(s) = /% p(x) exp (— sx) dx 
and /9° x71 p(x) exp (— sx) dx are analytical functions of s for Res >0 
(see e.g. G. Doetsch, Handbuch der Laplace-Transformation I, Satz 1[3.2]). 
Consequently the same holds true for the functions 9(s) and 9’(s) given by 
(9.16) and (9.15). From the behaviour of p(x) near the origine (9.17) we 
can determine the asymptotic behaviour of #(s) and /< x~1(x) exp (—sx) dx 
for large s. Application of one of the Abelian theorems (see e.g. Doetsch, 
Satz 5 [14.1]) immediately gives 


b(s) = O(|s|-1-*) and /7° x-! p(x) exp (—sx) dx = O(|s|-*) for |s| > oo. 
Hence, from (9.16), 


and from (9.15) 
p'(s) = O(|s|-!-“) for |s| + ce. 
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This asymptotic property of @’(s) is sufficient (see e.g. Doetsch, Satz 3 
[7.2]) to ensure the existence of a function y(x) such that 


&(s) = Je x(x) exp (—sx) de. 
y(x) is given by the complex integral 
x(x) = (nt)? [ASHE v's) exp (sx) ds, 6 > 0. 


Another Abelian theorem (see e.g. Doetsch Satz 1 [15.5]) predicts the 
behaviour of y(x) near the origin from the asymptotic behaviour of 9’(s) 
for large |s|: 


x~(%) = Of"). 
This enables us to define the Laplace-transform 
F(s) = [5-x-! x(&) exp (—sxyrde. 


F(s) is an analytical function for Res > 0, with the same derivative as 
y(s). Both F(s) and ¢(s) tend to zero for s > co and are consequently equal. 
This proves that 9(s) is the Laplace-transform of a function g(x) = x! y(x). 
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Synopsis 


The general perturbation method presented in an earlier paper 1) is applied to a 
study of some aspects of the Fermi gas model of nuclear matter. The two extreme 
cases of very low and very high particle density are investigated. It is shown that the 
theory recently developed by Brueckner 2) can be considered as an improved low 
density approximation. The validity of some other approximations made in the 
Brueckner theory, involving the energy denominators in intermediate states are 
briefly discussed. The study of the case of high density reveals the interesting fact that, 
contrary to indications presented by Swiatecki 8) and Bethe 4), the convergence of 
the perturbation expansion gets werse with increasing density, while in that case the 
Brueckner approximation becomes extremely poor. 

It is furthermore shown that a slow nucleon, travelling through nuclear matter, can 
be considered as being in a metastable state and an exact expression for the inverse 
life-time of such a state is given; this quantity must be identified with the imaginary 
part of the potential in the optical model. 


1. Introduction. The Fermi gas model of heavy nuclei, which forms the 
subject of the present paper, is meant to give a description of properties 
which are independent of the size or the detailed structure of the individual 
nuclei. It is to be expected that some properties of nuclear matter, in the 
interior of large nuclei, such as the binding energy per nucleon or the shift 
of the energy of an additional nucleon penetrating into the interior of a 
nucleus, can be studied by considering a large box filled with interacting 
nucleons, with a particle density equal to the density of actual nuclei. This 
model might be called the Fermi gas model of nuclear matter. 

In the past there have been several attempts to-make calculations of the 
binding energy of heavy nuclei on the basis of the Fermi gas model, in 
particular by Euler and by Huby 5). The interaction between the nucleons 
was treated as a perturbation and the binding energy per nucleon was 
calculated to second order in the interaction. The results of such calculations 
were not very encouraging and seemed to confirm the general believe that, 
due to the strong correlations between the nucleons, perturbation theory is 
inadequate for the treatment of nuclei. 

Recently Swiatecki 3) re-examined the calculation of Euler. He studied 
the ratio AE /AEW of the second and first order terms of the binding 
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energy 4Eo as a function of the particle density of the nucleon gas. He 
showed that this ratio decreases rapidly with the density. Hence, in the 
limit of large density, the first order term becomes predominant. This 
behaviour raised the hope that, in the case of large densities, the pertur- 
bation expansion would converge well. This expectation however is not 
confirmed, as will be shown in the present paper. 

New interest has been aroused in the Fermi gas model by Brueckner 
e.a. 2) who proposed a new approach to the many particle problem. The 
method of Brueckner can be considered as an improved Hartree method. 
The interaction between two nucleons is treated exactly, whereas the in- 
fluence of all other particles is taken into account by means of a self- 
consistent Hartree potential. The method aims at giving the theoretical 
foundation of the shell model. Although attempts have been made to adapt 
the method to the treatment of finite nuclei, the method of Brueckner is in 
essence an approximation method for the imperfect Fermi gas. There has 
been much discussion on the limits of validity of the Brueckner approxi- 
mation, but this difficult question is far from settled. 

A detailed study of the Fermi gas using perturbation theory was always 
hampered by the fact that the conventional perturbation theory is very 
inadequate for the treatment of many particle systems. In particular the 
occurrence of terms containing arbitrarily high powers of the number of 
particles in the perturbation expansion was a well known difficulty. In a 
recent paper 1) (to be referred to as I) a perturbation formalism was de- 
scribed which is particularly suited for the investigation of systems with 
many degrees of freedom. In the present paper several of the results of I, 
where the theory of the Fermi gas was already considered as an example, 
will be applied to some aspects of the nuclear structure problem. 

We base our discussion on a consideration of the two limiting cases of 
very small and very large densities. In section 2, the case of small density 
(the average distance between the particles is then large compared to the 
range of the forces) will be studied. It is shown how, starting from this 
extreme case, the Brueckner approximation presents itself in a natural way 
as an approximation for not too high densities. In section 3 we study the 
opposite case where the particle density is high. The leading term of the mth 
order (x > 2) contribution to AEo is shown to be proportional to k#*?, 
where the Fermi momentum fr is used as a measure for the particle density. 
This shows that, in the case of high particle density, the perturbation ex- 
pansion gets worse with increasing density. In the same section the kr- 
dependence of the different terms of the Brueckner approximate expansion 
are calculated asymptotically for large kr, yielding for the mth order term 
the factor k2-”. Consequently the Brueckner approximation is very poor 
and misleading at high densities because it leaves out completely the leading 
effects in this density region. 
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In section 4 the motion of an additional nucleon with momentum |A| > kr 
through nuclear matter is investigated. This is of interest in connection 
with the optical model for the scattering of nucleons on heavy nuclei. 
Under some very reasonable assumptions, a state with an additional particle 
with momentum || > kp is shown to be metastable. The expression derived 
in I for the inverse life-time of such a state, a quantity which corresponds 
to the complex part of the potential in the optical model, leads in lowest 
order of approximation to a formula derived by Brueckner, Eden and 
Francis §). 


2. The case of low particle density. In I the energy shift JE of the ground 
state of the Fermi gas, caused by the interparticle interaction V, was found 
to be (see I 9.25) 


AEo = <go|[V — V(Ho — £0)-1V + ...Jelyo>. (2.1) 


For the meaning of the symbols one is referred to I. By this formula the 
binding energy — AEp is expressed in contributions of connected ground 
state diagrams only. Consequently, for large volume 2, JEo is asymptotically 
proportional to 2. 

If we take spinless particles with central two-body forces (the extension 
to the case of particles with spin will be given when necessary) the first term 
of (2.1) gives 


AE) = 4Q(2n)-6 fF d8my [& dmg (v(0) — v(m1 — me)). (2.2) 


The integration in (2.2) is extended over all momenta m1 and mz inside the 
Fermi sphere of radius kp (As in I we use the convention that the symbols 
ky (m;) denote momenta outside (inside) the Fermi sphere.). If kp is very 
small, corresponding to the case of low density, the integrand can be ex- 
panded in powers of |m1 — mg|. We get in lowest order 


AEW = — 4Q(2n)-6 fF dm, ff? me |m1 — mel v'(0). 


This expression is proportional to k/,, six factors kp arising from the 6-fold 
integration and one from the integrand. This last factor would be absent if 
we had taken Serber forces between particles with spin 4. The major change 
in the latter case would be a plus sign in the interaction V instead of a minus 
sign, and the integrand in (2.2) would not vanish for small |m, — meg]. 
It is now very easy to see which higher order diagrams give the largest 
contribution to AEo for small kr. They are the diagrams with the smallest 
possible number of hole lines. In each order in V there is always exactly 
one diagram with only two such lines. They are of the type as shown in 
figure la. It is easily established that the contributions of these diagrams 
(except the lowest order one) are proportional to k}, two factors kp arising 
from the integrand. In the more realistic case of Serber forces the diagrams 
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considered would give a contribution of order k%. All other diagrams give 
contributions containing higher powers of kr and can be neglected in the case 
of very low density. 

The leading diagrams for low density are seen to correspond to iterated 
collisions between two particles. This result has nothing surprising. Indeed, 
in the kinetic theory of dilute gases it is well known that all but binary 
collisions can be neglected. 


SS <> 


Cc 


Fig. 1. The diagrams giving the main contribution in the case of extreme low density. 
The diagrams a, b and c respectively correspond to the ground state, a state with an 
additional particle and a state with a hole. 


For states with the Fermi sea and one additional particle of momentum , 
or with one hole of momentum m in the Fermi sea, one has to study the 
functions Gz(e9 + z) or Gm(eo + 2), i.e., the function G,(e9 + z) defined in 
(I 10.2) taken for a state |x> equal to |&;> or | ; m>. The diagrams contri- 
buting to these functions have one external line at both ends. Exactly as 
before it is seen that the diagrams b and c of fig. 1 give, in the case of low 
density, the main contributions to G(e9 + z) and Gn(eo + 2) respectively. 
They all have one internal hole line. 

In the approximation where the contributions of all other diagrams are 
neglected, the energy denominators (¢, — eo)~1 and (¢, — eo — z)~} for the 
intermediate states |y> occurring in AEo, Gz(eo + 2) and Gm(eo + 2) contain 
the unperturbed energies ¢, — eo. If one wants to improve the approximation 
and incorporate in the intermediate states the energy shift of the additional 
particles caused by the presence of all other particles in the gas, the following 
extension of the low density approximation presents itself in a natural way. 

Instead of equation (I 9.25) for the energy shift of the ground state, we 
take (I 9.26) as our starting point: 


AB, = lV = VBE 45... hee (2.3) 
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Here the matrix element involves the contributions of all irreducible con- 
nected ground state diagrams. The factors D,(e0); which replace the factors 
(e, — €9)—1 in the intermediate states of (2.1), are obtained from (I 10.3) 


y 
D,(e0 ot 2) ey = SOS G,(€0 + z)]7} (2.4) 
where 


i(y — y')G,(e0 a Veen ZV = ... early). (2:5) 


In the latter equation only irreducible diagrams without ground state 
components are taken into account. The announced extension of the low 
density approximation is obtained if the irreducible diagrams occurring 
in (2.3) are restricted to the type a of fig. 1, while the irreducible diagrams 
in (2.5) are restricted to diagonal diagrams the components of which are of 
the type 6 and c. This approximation represents a considerable improve- 
ment above the original low density approximation. 

As will be shown in section 4 the functions D, (eo + z) for |y>4|go> have 
no pole. However, for small excitation energies, one has in good approxi- 
mation 


Deo + 2) = NE, — 2)! + y,(e0 4+ 2). 


with yp, small for z = E,. N, is defined in (I 10.9). E, is approximately the 
perturbed excitation energy a the state |y>; as oe in I section 10, it is 
the sum of the perturbed energies of the individual particles and holes of 
ly>. The equations become formally much simpler if in all intermediate states 
ly> of (2.3) and (2.5) we put approximately 


D,(eo + 2) = (B, — 2)72. (2.6) 


If this is done (we come back later on the error involved in this step), the 
improved low density approximation, described above, becomes equivalent 
to the Brueckner approximation. To show this equivalence we calculate 
AEo and the functions Gz(e9 + z), Gm(eo + 2) from (2.3), (2.5) and (2.6), 
thereby limiting ourselves to diagrams of the type of figure 1. We find 
AEo = | v(mymgmom,) + | eaters) Obie) 
n,m, m,m,k,k, Ex, + # ky le En, =e Em, 


7 k'm kik kykomyk 
6(k'—k)Gz(eo+z)=—| v(k’mymk) — 4 | le staan 2) oreo) 
m, m,k,k, Hu, + He, + Em, — 2 


ee v(mmykyke) v(kikgm sm’) 
6(m'—m)Gmleo+2z)=| v(mmymym’) +4 ee 
etal m, ee Need mo,k,k, He, + Hr, + Lm, +2im—z 
Let us define a quantity G(l,/el3l4), depending on the 4 momenta /y/als/a, 
by the integral equation 


lylokike) G(Rikealsl 
Gry veh ea asptaay, Comet e Greate), 


Ey, +Ex,+ £m tm, | 
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where it should be remembered that the energy HE, of a hole is negative. 
G(Iylelgl4) is the modified scattering matrix of Brueckner. The factor § in the 
second term on the right-hand side takes care of the fact thateach intermediate 
state is counted twice. The above equations now reduce to the simple form 


AE = ee G(mymzm2m1), (2.7) 
O(R’ = k)Gy (Ex) = — Sm, G(k’mym,k), (2.8) 
6(m — m'\Gm(Em) = Sm, G(mmymym’). (2.9) 


As shown in I, section 10, — G;(£,) and — Gin(Em) represent the energy 
shifts of the particle and hole respectively. If we define the diagonal matrix 
L'|\W\l> = d(l'’ — 1)W(l) by 

W(k) = — Gy(Ex) for |k| > Rr 

W(m) = Gm(Em) for |m| < kp, 
equation (2.8) and (2.9) can be written 

6(l’ — 1) W(l) = f d8m G(l'mml). (2.10) 


The total perturbed energy of a single particle, with momentum / either out- 
side or inside the Fermi sea (in the latter case this energy is defined as minus 
the energy of the hole), is thus given by 


12/2M + Wil). (2.11) 


Finally, by (2.7) and (2.9), the energy shift AZo of the ground state of the 
system 1s 
AE = 43¥:m W(m) = 4Q(2n)-3 [5*d3m W(m). (272) 


In these equations we used the definitions for the symbols 6(m’ — m) and 
/m introduced in I section 2. The formulae (2.10), (2.11), and (2.12) corre- 
spond with the formulae (9.14), (9.1), and (9.3) of Bethe’s presentation of 
the Brueckner theory 4). 

A remark must still be made on the approximation (2.6), i.e. the replace- 
ment of D,(e9 + 2) by (Z, — 2)~1. In I section 10 the following formula was 
derived for N,;: 

No =I1-+ G(£0 a E,). 


Hence, the deviation of V , from unity is given by (60 + E,), a quantity 
which, for small density, has exactly the same kr-dependence as the energy 
shift G,(eo + H,). If the latter is taken into account as a correction to the 
energy in the intermediate state |y> there is no reason to neglect the former. 
The same holds true for the function y,(eo + 2). Although it might well 
happen that by accidental cancellations the replacement (2.6) would be 
justified, there is no indication to this effect and one should consequently 
not be surprised to find considerable errors brought in by this approxi- 
mation. 
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3. The case of high density. We investigate in this section how the various 
terms in the simple perturbation expansion (2.1) of JEo behave for high 
density, i.e., how they depend on the Fermi momentum fr in the case of 
large kp. We assume the interparticle potential not to be too singular. For 
high densities the Fermi sphere has a large radius and the transitions take 
place only near its surface. Consequently there is a complete symmetry 
between holes and particles in all terms of (2.1), except the first. The contri- 
bution of a diagram (of order » > 2) is not changed if in that diagram all 
particle lines are replaced by hole lines, and conversely. The first order term 
of (2.1) forms an exception because in the interaction V the é-operators 
precede the £*-operators (in the order from right to left). 

This term was already calculated in section 2 and is given by (2.2). In the 
present case of large kr the leading term of (2.2) is clearly the first. In the 
second term, in view of the factor v(m, — m2), mi and mz are bound to be 
close together (relatively to ky), which gives a strong restriction on the 
domain of integration. Neglecting the second term in (2.2) the energy shift 
per particle is found to be 


AEWIN = v(0)R?,/ 1272, (Say 


where we used formula (I 2.9) for the particle number N. 
There is only one second order diagram contributing to 4Eo in (2.1), the 
contribution being given by 


AE?) = — MQ(20)-* | dks d3ke d3m4 d3me “ 


v(ky — m)2 — v(ky — m4) v(ki — me 
a ar d(ki + ke — mi — me), (3.2) 
as is easily found by the method described in I, section 3. The integration is 
extended over momenta f, and kg outside the Fermi sphere and over m, and 
me inside it. Let us compare the first and second term in (3.2). In the first 
term, through the factor v(ky — m)2, the momenta ky and m, must be 
close together, and, through the factor 6(k1 + ke — mi — me), also ke and 
mg. Hence, remembering that |Ai|, |ke| > ke and |m|, |me| < Rp, for the 
integrand to have an appreciable value, the four momenta must be close to 
the surface of the Fermi sphere, where two of them (e.g., mi and m2) may 
be chosen arbitrarily. The second term in (3.2) contains the factor 
v(ky — m4) v(ky — me). There all four momenta must remain in the neigh- 
bourhood of each other at the surface of the Fermi sphere, where only one 
of them can be chosen arbitrarily. Clearly, this term is small compared to 
the first. 

We shall now calculate the main term. Putting ki = m+ q and 
koa = me — g, and remembering that the values of g that contribute to 
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(3.2) are small compared to kp one can write 





2 
AE® = — MQ(22)-9 | NS) "Brgeee - CS 
2krq(ui — me) 


In the denominator, powers of g higher than the first are neglected. The 
variables ui and mg are the cosines of the angles of m, and m2 with the vector 
g, Which is chosen in the z-direction. The integration over m, and mg is 
restricted by the requirement that the momenta ky = m, + g and ke = mz — g 
lie outside the Fermi sphere. Always neglecting higher powers of q/kr one 
finds after some simple manipulations 


AEP) |N = — 5 M(2x)-4 fy? dqgq? 0(9)? fo dur fo due m1 me(ua + fe)*. (3.4) 


This term is independent of kp (in the limit of large kr) whereas (3.1) is 
proportional to Rk. In the case of high density the first order term (3.1) is 
much larger than the term of second order, in accordance with the conclusion 
of Swiatecki mentioned in the introduction. However, as we shall see now, 
some of the terms of higher order in the perturbation contain increasing 
powers of hp. 

We consider an arbitrary connected ground state diagram of order n, 
and investigate how the contribution of this diagram depends on kr, in the 
limit of large kp. The momentum transfer qg in each interaction V is small 
compared to kp. In order to find the number of factors kr, we may put 
simply g = 0. Then each interaction V (corresponding to a vertex in the 
diagram) gives rise to two relations, each of them relating the momentum of 
an incoming line to the momentum of an outgoing line in that vertex. These 
relations restrict the number of independent variables in the integration, 
thereby reducing the number of factors Ap in the result. Such relations can 
be of three types: mj = my, ky = ky and ky = mj. Each relation of the first 
two types reduces the number of independent integration variables by 
three. A relation of the latter type, however, gives one additional constraint 
because both &; and m,; must be near the surface of the Fermi sphere. In this 
case the number of independent integration variables is decreased by four. 
One should notice that the relations corresponding to different points of the 
diagram can be identical. This, in fact, sometimes reduces the total number 
of restrictions on the integration variables considerably. Finally, each energy 
denominator contains a factor kp (as in (3.3)), which gives an extra factor 
ki-” in the whole contribution. 

Counting in this way the number of factors kp of the leading term of each 
diagram, one obtains the following result. For arbitrary order » > 2 the 
diagrams of the type shown in figure 2 give, for large density, the main 
contribution to JEp. As will be shown now, this contribution is of order k’p*?. 
For the relations between the momenta in each vertex we take the following 
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choice: 
me vey, (2 —= lye. cep). 
a 
The momenta m; can be integrated independently over the surface of the 
Fermi sphere, which leads to a 2-fold integration, 1.e., a factor hk”. Together 


with the factor kl; ”, arising from the energy denominators, we obtain the 
total factor k%*1. For the energy shift per particle one can write 


AEM IN ~ kt-?, (3.5) 


a result in agreement with our earlier conclusion concerning AE}. 





a b 


Fig. 2. This figure shows the type of diagrams giving the main contribution to 4E9 
in the case of large density. Diagram a is an arbitrary example of this type. The 
contribution of the simple diagram 0 is calculated in the text. 


The diagram shown in figure 2b is a very simple example of the type 
considered. A straightforward extension of the calculation of (3.4) gives the 
following result: 


AE‘™|N = (— 1-1 3(2n)-2" Mn-1 BB?  dgg? (9) 


So dur... fg dun pa... n(ur + pe)7)... (41 + fen)71, (3.6) 


which is valid for m > 3. For m = 2 a factor 4 must be added to account for 
the two pairs of equivalent lines one has in that case (see I section 3). Apart 
from this factor (3.6) reduces to (3.4) for m = 2. We see further that (8.6) is 
in agreement with (3.5). 

Before commenting on these results we shall calculate the ke-dependence 
of the contributions of the Brueckner diagrams of fig. la. The mth-order 
diagram of this type contains, in the limit of large density, the factor k?7-”. 
For the energy shift per particle, when calculated from these diagrams only, 
we find for > 2 


AE™/N ~ k2-" (Brueckner approximation), (3.7) 
a contribution which, for large kp, decreases rapidly with x. It is negligible 


compared to the main contribution of the same order for high density. It is 
even very easy to see that the Brueckner diagrams, together with the dia- 
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grams obtained from them by interchanging holes and particles, give the 
smallest contributions in this case. 

The conclusion of the above considerations is shown in the following table, 
where for each order 7 in the perturbation we give the highest power of kp 
occurring in the total energy per particle Eo/N and also the power which 
would be found from the Brueckner diagram of the same order. 










Order » = 


Main term 
Brueckner term 


One sees that the terms in the perturbation expansion contain higher and 
higher powers of kp, so that the convergence of the expansion gets worse 
with increasing density. It is furthermore seen that comparison of the first 
order with the second order term in the expansion is highly misleading as a 
test for overall convergence. 

In order to study the validity of the Brueckner approximation Bethe 4) 
calculated the expression (3.6) in 3rd order in the perturbation. His result 
agrees with ours, apart from some constant factors arising from the fact that 
he uses Serber forces. It depends linearly on kp for large density. Thus it is 
indeed small compared to the first order term of the Brueckner approxi- 
mation, but it is large compared to the Brueckner term of the same order. 
Our general results show clearly that the Brueckner approximation neces- 
sarily is very poor in the case of large densities. 

The density of nuclear matter falls in between the two extreme regions 
considered in the previous and present section. It is certainly not excluded 
that the Brueckner method, which is in essence an improved approximation 
method for low densities, is still applicable to actual nuclear matter, at least 
for qualitative purposes, but one should realize that this important issue 
cannot be decided on the basis of the numerical calculations, published so 
far by the various authors working in this field. It nevertheless seems clear 
that the Brueckner method should not be expected to achieve any degree of 
quantitative accuracy. 


4. On the metastable character of the excited states. It was already stated in I 
that, in the theory of an imperfect Fermi gas, none of the perturbed states, 
distinct from the ground state, are exactly stationary. In this section we shall 
show how this conclusion can be reached. We shall base our discussion on the 
considerations in I, in particular sections 10 and 14. 

As shown there, to each unperturbed state |«> + |yo> there corresponds a 
quantity #,, which is defined as the root of equation (I 10.6). This quantity 
EL, is the energy of a stationary state of the perturbed system, provided the 
function G,(e9 + z) is regular at the point z = H,. If, on the other hand, 
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G,(eo + 2) is discontinuous for z crossing the real axis at #,, this energy has 
in general no simple physical meaning. If, however, the discontinuity of 
G(eo + z) at z = EH, is small, E, is the (approximate) energy of a metastable 
state. The discontinuous change of G,(eo -+ z) at #, can then be written as 
2iJ (eo + H,), where the positive energy J,(€9 + £,) gives a measure for 
the inverse life-time. In fact, as shown by (I. 14.10), the inverse life-time is 


i NJ (€0 + Le): (4.1) 


Without any loss of generality we can limit our considerations to excited 
states |x> which are either one-particle states |k ; > (one particle in addition 
to the Fermi sea) or one-hole states | ; m>. We have to make an assumption 
concerning the perturbed excitation energies E, and Em of such states (we 
recall that Hm is defined as negative). We shall namely suppose that the 
energies E, and E» have their minimum values for particles and holes at 
the surface of the Fermi sphere, an assumption which is quite reasonable in 
our case. Introducing the perturbed Fermi enérgy Ey, which is equal to 


E;, and — Em for |k| = |m| = kp, our assumption is expressed by 
E;, > Ep for |k| > Fp, (4.2) 
and es a Er for |m| < kp. 


To decide whether the states considered are stationary or only metastable, 
we study the functions Gz(eo + z) and Gm(e + 2) which were defined in I 
by the formulae 


d(k’ — k)Gx(eo + 2) = <k'|[—V + VD(eo + z)V — ..-Jiac |B, (4-3) 
d(m' — m)Gm(eo + 2) = <m'|\[— V + VD(eo + 2z)V — ..-Jeac |. (4.4) 


From these equations and the inequality (4.2), it can be shown that the line 
of discontinuity of the function Gz(e9 + 2) is the same for all & and runs from 
Ep to + oo, while the line of discontinuity of Gm(eo + 2) always runs from 
— Ep to + oo. This has, as one can easily see, the consequence that for 
arbitrary |k| > kp the tunction @;(eo + z) is not continuous at Hx, whereas 
Gm(eo + 2) is not continuous at EH». Thus the states considered are non- 
stationary. 

We limit ourselves to a brief outline of the proof of this important property 
for the case of Gz(eo + z). The argument for Gm(eo + 2) is similar. The 
essential point is that in (4.3) one has among others intermediate states with 
energies E, smaller than £, (This situation is in contrast with the case in 
field theory where, in diagonal diagrams, the energies in the intermediate 
states are always larger than the energy of the state considered). The proot 
consists of two steps. In the first step one shows that the line of discontinuity 
of Gzleo + z) extends from Ey to + oo when |k| = kp. The second step 
extends this conclusion to the case || > pr. 
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It must be emphasized that the validity of the proof rests entirely on the 
use of the equations (4.3) and (4.4), where the energy shift in the inter- 
mediate states is explicitly taken into account. The use of more conventional 
formulae for Gz(e9 + z) and Gm(eo + z) involving the unperturbed energy 
denominators (¢, — z)~! would easily lead to erroneous results. 

Having thus indicated why no perturbed stationary states correspond to 
the unperturbed states |& ; > and | ; m)> of one particle and one hole re- 
spectively, we still have to show that, for momenta k and m close to the 
surface of the Fermi sphere, these states are metastable. A close examination 
of different approximate expressions for Jz(e9 + x) and Jm(eo -+ x), which 
can be obtained from (4.3) and (4.4), reveals that, for |k| and |m| close to 
kpand for small x > 0, Je(eo + Hr + %) = O(x?), Im(eo — Hp + x) = O(x?). 
This behaviour immediately implies that Jz(eo + Hx) and Jm(eo + Hm) are 
proportional to (H; — Hp)? and (Hm + Hr)? respectively, for momenta 
near the Fermi momentum. These quantities are consequently small, thus 
ensuring the metastable character ot the states considered. 

The conclusion that a state of one (additional) particle is not stationary 
but, for not too high energies, metastable is in agreement with experiments 
on the scattering of nucleons on heavy nuclei. It is found experimentally 
that slow nucleons travel a considerable, though finite, distance through 
nuclear matter before their kinetic energy gets absorbed to form a comnpound 
nucleus. The results of such experiments can be analysed by means of the 
optical model ’), where the interaction between the nucleon and the nucleus 
is described by a square well potential with a small imaginary component. 
The imaginary part of this potential corresponds exactly with the decay 
constant Iy = NJ g(eo + Hx) given by (4.1). 

On the basis of the Brueckner approximation, Brueckner, Eden, and 
Francis ®) derived a formula for the imaginary part of the optical po- 
tential. This formula can also be obtained from the exact formulae (4.1) and 
(4.3) 1f a number of approximations are made. We neglect in (4.3) all terms 
except the first and replace the function D,(€0 + z) in the intermediate state 
ly> by (Z, — z)~!. The latter approximation was already discussed in section 
2; it involves among others the omission of the factor N,, belonging to the 
intermediate state. The decay constant J; is then easily found to be 


5(k! — Re = Nun f dys; RV iy> “VIR; > 6(B, — Bx), 


a formula which reduces to the formula of Brueckner, Eden and Francis 
if also the factor NV, belonging to the state |& ; > is replaced by one. As stated 
before, the omission of the two factors Nz and N, can easily lead to con- 
siderable errors in the result. Our formula (4.1) prea however, the basis 
for more accurate calculations of the inverse life-time of metastable states. 
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A THEOREM ON THE SINGLE PARTICLE ENERGY 
IN A FERMI GAS WITH INTERACTION 


by N. M. HUGENHOLTZ and L. VAN HOVE 


Instituut voor theoretische fysica der Rijksuniversiteit, Utrecht, Nederland 


Synopsis 


This paper investigates single particle properties in a Fermi gas with interaction at 
the absolute zero of temperature. In such a system a single particle energy has only a 
meaning for particles of momentum || close to the Fermi momentum &-. These single 
particle states are metastable with a life-time approaching infinity in the limit |k| — Ap. 
The limiting value of the energy is called the Fermi energy Er. As a special case of a 
more general theorem, it is shown that for a system with zero pressure (i.e. a Fermi 
liquid at absolute zero) the Fermi energy F= is equal to the average energy per particle 
E/N of the system. This result should apply both to liquid Heg and to nuclear matter. 

The theorem is used as a test on the internal consistency of the theory of 
Brueckner 1) for the structure of nuclear matter. It is seen that the large discrepancy 
between the values of Ey and Eo/N, as calculated by Brueckner and Gammel 2), 
arises from the fact that Brueckner neglects important cluster terms contributing 
to the single particle energy. This neglection strongly affects the calculation of the 
optical potential. 


1. Introduction. In Brueckner’s theory 1) on the structure of nuclear 
matter the interior of a nucleus is considered as a gas of strongly inter- 
acting Fermi particles. To each particle a separate energy £7 is assigned, 
which depends on the momentum / of the particle. This energy is written 
as the sum of the kinetic energy /2/2M and a potential energy V;. The 
computation of V; from a set of implicit equations is the main problem in 
this theory. Once V; is known, the energy of the whole system in its ground 
state is given by the simple formula 


Eo = Yi<ke (22/2M + 3V)). (1) 


The summation is extended over all occupied states, z.e. over all momenta 
smaller than the Fermi momentum kr *). 

One might ask the question, what is the physical meaning ot this single 
particle energy E; or the ‘potential energy’”’ V; in a system of strongly 
interacting particles. To answer this question we consider the theory of 
Brueckner as a special approximation of a general time-independent 


*)- We put 4 = 1 throughout this paper. 
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perturbation formalism which was developed earlier by the authors %) 
(to be quoted as I, II and III). As will be shown in section 2, it then turns 
out that only to particles with momentum / in the neighbourhood of the 
Fermi momentum kr an approximate energy £7 can be assigned. Only 
in the limit that |/| approaches kp the energy EF; gets a precise meaning. 
This limiting value of FE; is called the Ferm: energy Er. 

Section 3 will be devoted to an important theorem concerning this Fermi 
energy. It will be shown rigorously that for a system of Fermi particles at 
its ground state the Fermi energy as defined above is equal to the mean 
energy per particle, provided the system has zero pressure. Nuclear matter 
is an example of such a system. 

This theorem, which is a special case of a more general formula, derived in 
the first half of section 3, can be used as a test for the validity of the ap- 
proximation of Brueckner. In recent calculations of Brueckner and 
Gammel 2) the ground state energy per particle is found to be —15 MeV, 
whereas these authors find for the Fermi energy the value — 34 MeV *). The 
cause of this discrepancy is investigated in the last section. Indications are pre- 
sented that the largest part of the discrepancy comes from the inaccuracy of Ep. 


2. The single particle energy. The considerations of this and the following 
sections are mainly based on I and III. We consider a system of a large 
number N of Fermi particles enclosed in a box of volume 2. For simplicity 
we assume the particles to have no spin or charge. We are interested in 
particular in the case that both N and Q are very large with a finite density 
p = N/Q. The hamiltonian H of the complete system is written as a sum 
of the kinetic energy Ho and the interaction V, which in the occupation 
number representation for plane wave states have the form 


Ho = f; (\/?/2M) &7*61, 
V= mon, V(Lylolsla) E71, *F1,*F1,51,- 
For the notation we refer to III. &; and é;* are annihilation and creation 
operators for a particle with momentum /, obeying the anticommutation 
relations 
{Ex, €1*} = Q(20)-3 Ox. 

In the limit Q — oo the right-hand side goes over into the Dirac 6-function 
d(k — l). 

The ground state |go> of the unperturbed system is the state where all 
states of the Fermi sea, 7.e. all one particle states with momenta less than 
the Fermi momentum fy, are occupied. The Fermi momentum fr is related 
to the particle density by p = Rr3/6x?. 





*) As Dr. Brueckner kindly pointed out to us, the numbers quoted here are not quite correct 
and must be replaced by — 14.6 MeV and — 27.5 MeV. The discrepancy is therefore 13 MeV. (Note 
added in proof). 


238 
BeYa Qa Qo Qe Qe Qe Do Qo Yoo de Qo Deda Qine ne Lilian istineQ Bins BOAO G AGS. iO aia nee ean Oe eRGnCRGmGMGnenG! 


SINGLE PARTICLE ENERGY IN FERMI GAS 365 


All other stationary states of the unperturbed system are characterized by 
the momenta 1, ke, .... of the additional particles present and the momenta 
m1, Mg, .... Of the holes present (holes are unoccupied states of the Fermi 
sea). We respectively use the letters k and m to indicate momenta larger and 
smaller than the Fermi momentum fp. Because the annihilation of a particle 
in the Fermi sea is equivalent to the creation of a hole, it is useful to 
reinterpret m and &m* for |m| < kr as creation and annihilation operators 
for holes. 

We have thus obtained a hamiltonian which exhibits a close formal 
resemblance to a field theory with pair creation. There is, however, an im- 
portant difference, which will be considered in this section. Whereas in field, 
theory, for not too strong coupling, to each unperturbed state corresponds 
at least one stationary state of the complete system; this is not the case in 
our system, which is essentially dissipative. In I and II a simple criterion 
was given for the existence of a perturbed stationary state corresponding 
to a state |x> of the unperturbed system. It amounts to the existence of a 
pole for the expectation value of the resolvent R(z) = (H — z)-! for the 
state |«>. As shown in III the expectation value Do(z) of R(z) for |go> has 
always a pole. Consequently there exists a stationary state |yo>, the ground 
state of the system of interacting particles, which corresponds to the un- 
perturbed ground state |yo>. The energy of |wo> we call Eo. The explicit 
expression of |yo> and Eo was determined in ITI. 

Next we consider an unperturbed state with one additional particle with 
momentum & (|k|> &r); it wil! be denoted by |k;>. According to I we must 
study the function D;(z) = D,(z) * Do(z) *) of the complex variable z. D;(z) 
is the expectation value of the resolvent R(z) for |k;> except for a factor 
6(0): <3k |R(z)| k’;> = 6(k — Rk’) D(z). The product * is the convolution 
product defined and extensively used in III. D,z(z) was defined in III 
(section 10) by a series in increasing powers of the interaction V, all terms 
of which can be represented by means of connected diagrams with one ex- 
ternal particle line at both ends (the diagrams used are defined in III, 
section 3; particle lines have arrows pointing to the left, lines corresponding 
to holes the opposite direction). The decisive point is now whether or not 
D;(z) has a pole. A pole would mean that the complete system has a statio- 
nary state corresponding to the unperturbed state |k;>. The absence of a pole 
would reveal the dissipative nature of the unperturbed state |£;>. As shown 
previously (see a fourth paper 4) to be quoted as IV) D;(z) has no pole and 
consequently D;(z) can have none, so that the state | ;> is a dissipative one f). 
The only singularity of D;(z) is a cut in the complex plane along the real 
axis, running from some point Fp, independent of k, up to +-co. Whereas the 


*) To avoid the unnecessary appearance of the term éo in our formulae the function Dz(eo + 2) 
defined in III is denoted here simply as D(z). 
t+) For a further discussion of dissipative states see 5). 
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real part of D;(z) varies continuously if we cross this cut, the imaginary 
part changes its sign. If we now consider the discontinuity of the imaginary 
part of D;(z) for all points of the cut, we find, in the case that || is very 
close to the Fermi-momentum frp, a high narrow peak for some point E; *). 
This situation is to be compared with the 6-singularity, which one would 
find if E; was a pole of D;(z). In the limit |k| > kp the point E; approaches 
the branching point Ey, the difference E, — Er being proportional to 
|k| — kp. The width I’, of the peak decreases as (Ex — Ey)?, so that for 
|k| — kp small enough, the width of the peak is small compared to its 
distance from FF. 

Such a situation was analysed in III (section 14). In the case that I; < 
< E; — Epa state vector |y,> can be constructed, which corresponds to a 
metastable state with an approximate energy Ex, + Eo and a life-time 
equal to J,-1. The metastable character of |yz> is exhibited by the equation 


<pp |etHt| we = 03(Rk’ — k) exp ([—1(Eo + Ex)t — Lx (ell, 


which holds for values of ¢ of the order of J,-1 +). The energy Ey can 
then be interpreted as the energy of a metastable particle with mo- 
mentum |k|> kp, moving in the Fermi gas with slow dissipation of its 
momentum and energy into collective types of motion of the gas. The 
success of the optical model for the scattering of nucleons on heavy nuclei 
is experimental evidence for the existence of such metastable states in 
nuclear matter. Conversely we can say that our theory of the Fermi gas 
with interaction accounts for the low energy behaviour of the optical 
potential. 

In the limit of |k| — kp the single particle energy Ex tends to Ep. We call 
this limit the Fermi energy. The life-time [7-1 tends then to infinity, and 
it can even be shown that F=f is the pole (in the somewhat broadened sense 
defined in III section 9) of the function D;,(z). Hence a state with one addi- 
tional particle at the surface of the Fermi sea is exactly stationary, with an 
energy Eo + Ep. 

Instead of states with an additional particle one can also consider states 
with a hole of momentum |m| < kp. This case is very much analogous to the 
former one. The function D(z), which is defined in terms of connected 
diagrams with one external hole line at both ends, has for |m| close to kr 
a similar behaviour as D;(z) for |R| close to ky. This implies for the case 
that |m| is close to kp the existence of a metastable state of a hole, with 


*) In IV this quantity was denoted by Ex, whereas the notation Ex, was there used for Eo + Ex. 
The notation used here agrees with the usual one in the Brueckner theory. 

+) In III, eq. (14.8) and the subsequent equation as well as their derivation are incorrect. The 
definition of the two states |y,>+ as given by eq. (14.2) of III, however, is correct. In the case that 
le» = |k;» these two states are identical and are denoted by lpr». 
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an approximate energy Eo — Em. Here —Ey is the point on the real axis 
where D(z) is strongly peaked *). It can be interpreted as the energy of 
a hole of momentum —m near the surface of the Fermi sea, and E,, therefore 
can be regarded as the energy of a particle of momentum m in the Fermi sea. 
In the limit |m| = kr, D(z) does have a pole which, as was surmised in IV 
and will be confirmed in the next section, is equal to —Ey, where Fp is the 
Fermi energy as defined above. 

We should like to stress here that all our considerations are based on the 
assumption of convergence of all series involved. It may very well be that 
in addition to the ground state and metastable excited states here considered 
for the Fermi gas with interaction there exist another “‘abnormal” stationary 
state and metastable excitations of it, depending in a singular way on the 
two-body interaction and therefore not directly accessible to our methods. 
The possibility of such abnormal states for a Fermi gas with attractive 
forces has been established by Bardeen, Cooper and Schrieffer ®) in 
their theory of superconductivity. How the abnormal states can be obtained 
in the perturbation formalism based on diagrams has been shown by 
Bogolubov ”). The possible existence and observability of such abnormal 
states for nuclear matter and liquid helium 3 are questions of great impor- 
tance which we shall not discuss here. 


3. Theorem on the Fermi energy Er. We start this section with the deri- 
vation of a formula for D;(z), which brings to light a close similarity between 
this function and the ground state expectation value <q |R(z)| go> = Dol?). 
We shall make an extensive use of the methods presented in III. Before 
doing so we want, however, to stress the following point. As is well known, 
the general perturbation method as developed in I, II and III is only 
exact if the particle number N and the volume 2 of the system are so large 
that terms proportional to 2-1 or N-1 can be neglected. Nevertheless 
several definitions and results of III are also exactly valid for systems with 
arbitrary finite N and Q. This is the case in particular with the definitions 
and calculation rules of diagrams, diagonal diagrams, connectedness and also 
with the theorem on the convolution of the contributions of two diagrams 
(section 7, eq. 4). We use this important fact in the following derivation. 

We take a finite cubic box with volume 2, and impose, as usual, periodic 
boundary conditions. Let the state vector |g, which is normalized to one, 
describe a state of the unperturbed system where N particles occupy N given 
single particle plane-wave states. This set of N single-particle states we 
shall call the “‘sea’’. The state |y> may be different from the unperturbed 
ground state |po>. Allother states of the unperturbed system can be obtained 
from |p> by the application of suitable operators &;* or &m, thereby creating 


*) Em in this paper corresponds to the quantity —Em in IV. The single particle energy for particles 
in the Fermi sea is now Em. 
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additional particles or holes. Clearly the momenta & of the additional 
particles must be outside the sea, whereas the momenta m of the holes 
must belong to it. 

In calculating the diagonal matrix element <q |R(z)| p> we make use of 
diagrams. If, just as in ITI, lines running from right to left (from left to right) 
represent particles (holes), we obtain diagrams identical with those which 
were used in III for calculating Do(z) = <qo |R(z)| go>. Their contributions 
are, however, different, because the momenta s and m of the virtual particles 
and holes have now to be summed over different, discrete sets of values. The 
diagrams contributing to <p |R(z)| m> are either connected or consist of two 
or more connected parts. If we denote the total contribution to <y|R(z+e) |g 
of all connected diagrams by B(z), with e the energy of \p>, the total contri- 
bution to <p |R(z + «) |y> of all diagrams consisting of two connected parts 
is equal to 

4 B(z) * B(z). 


Here we used the convolution in the complex plane introduced in III 
(section 7). The factor 4 accounts for the fact that this convolution gives 
each term twice. Proceeding in the same way with diagrams consisting of 
three and more components, one finds easily 


<p |R(e+ 2) p> = — 2-2 + B(z) + 4B(z)* B(z) + % Bz) ¥B(z) * Bz) +... . (2) 
For the special choice where |y> = |go> equation (2) leads to 
Doleo + 2) = — 272 + Bo(z) + 4Bo(z) * Bo(z) + 

+ $Bo(z) * Bo(z) * Bo(z) + ..-. %), (3) 


where Bo(z) is defined as the sum of the contributions of connected ground 
state diagrams; é9 is the energy of the unperturbed ground state |go>. 

We now also apply (2) for another choice of |y>. We take for |y> the 
unperturbed state |y,;>, where in addition to the N particles in the 
Fermi sea of |go> there is an extra particle of momentum & (|k|>Ar). The 
total contribution of all connected diagrams (without external lines) to 
<yx |R(e + 2z)| yx>, where ¢ = €9 + k2/2M, we denote by B,z(z). Equation (2) 
reads for this case 
<pu| Reo + 2?/2M + 2) \pu> = — 2+ + Belz) + 2Bel2) * Belz) + 


9 Be) 2B y(2) Bee) om 

Introducing the notation B;(z) — Bo(z) = Bx(z) we are lead to the equation 
<px| R(eo + 4?/2M + 2)| pe> = — 2-1 + (Bolz) + Belz) + 

+ 3(Bo(z) + Be(z)) * (Bo(z) + Be(z)) + ..--- 


If we compare this series with the exponential series we see immediately 
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that it can be written as the convolution of two functions one of which, by 
equation (3), is equal to Do(eo + 2). Thus 
<p |R(eo + 22/2M + 2)| p> = 

= Do(eo + 2) * [—2z-1 + By (2) “bk 4 By(z) * By (2) + ....]. (4) 


The state vectors |y,> and |k;> =éx| go> describe the same state. 
Remembering their different normalization we can write 


|R3> = QU2(27)—3/2 |px>. 
Hence 
Dy (z) 63(k — kh’) = <5k' |R(z)| R3> = Onn GR |R(z)| 2D = 
= 2(22)-3 dx-.n <pK |R(z)| E> = <Px |R(z)| vad 68(2 — F’), 


where we used the relation between Kronecker symbol and 6-function for 
finite 2 (see III, section 2): 


63(k — k’) = Q(22)-3 bx, x. 
We see that 
<px |R(z)|pe> = Del2). (5) 
As we know D,(z) can be expressed very simply in terms of D;(z), which 


is defined by means of connected one particle diagrams, and Do(z) by the 
formula (see IIT (10.1)) 


Di(eo + 2) = De(z) ¥ Do(eo + 2). (6) 
Comparing (4) and (6) we get 
Dy(k2/2M + 2) = — 2-1 + Buz) + 4Bx(z) * Be(z) + 
+ 1By(z) * By(z) * Br(z) + ..--- (7) 


This equation, which is formally quite similar to equation (3) for Do(z), 
is strictly valid for a finite system. We are , however, specially interested in 
the case that both 2 and N are infinite. We therefore study the function 
By(z) in this limit. As follows from its definition the function Bx(z) can be 
obtained from Bo(z), if in the latter each summation /;, corresponding to a 
particle line is replaced by (/x%, — (2m)3 2-1 x term with kj = k) and each 
summation /,,, for a hole line is replaced by (/,,, + (22)? 2-1 x term with 
m, = k). Keeping in mind that Bo(z), which was defined in terms of connect- 
ed ground state diagrams, is proportional to 2 in the limit of 2 — oo, we 
see that B;(z) = By,(z) — Bo(z) contains a main term independent of 2, 
and other terms which vanish if Q tends to infinity. The function B,(z) is 
therefore well defined also for an infinitely large system. Replacing summa- 
tions by integrations and keeping only those terms which are independent 
of the volume Q, B;,(z) is calculated in the following way. It is a sum of terms, 
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each of which is obtained from the function (27)? 2-1! Bo(z) by putting the 
momentum of one of the lines equal to & and performing the integration over 
all other momenta. If the momentum which is put equal to & belongs to a 
particle line, the corresponding term gets a minus sign. Both sides of 
equation (7) have well defined finite limits for 22 — co. We can now return 
to this limiting case. 

Although equation (7) for general & is interesting in itself, giving an 
alternative way of calculating D,(z), we are here particularly interested 
in the limit of |A| tending to fr. In this limit the relation between B;(z) and 
Bo(z) has the following very simple form 


d 
sa (Bole)/2) 8) 





By,(z) = 2n2hp-2? 


To prove equation (8) we notice that Bo(z)/Q depends on kp only through 
the limits of integration of the integrals over particle and hole momenta. 
Differentiation of Bo(z)/2 with respect to kp gives a sum of terms, in each of 
which the momentum of one line is put equal to kp. There is in addition 
a common factor 4k? resulting from integration over the surface of the 
Fermi sphere. Also here one gets a minus sign if the fixed momentum belongs 
to a particle because then kr appears in the lower integration limit. The 
factors 4nkp2 and 2n2/kp2 give together exactly (27), thus establishing 
equation (8). Using the well known relation between kr and the density 
= N /82 : 


p = kr /6x?, 
equation (8) gets the simpler form 
E d 
Se eee 0) 2) (9) 
p 


We now make essential use of the great formal similarity of equations (3) 
and (7). Clearly Do(eo + z) changes into D,(k?/2M + 2) if in (3) Bo(z) is 
replaced by B;(z). It was shown in III (section 9) that Do(eo + z) can be 
expressed very simply in terms of the function @o(e9 + z) = 22Bo(z). In 
particular Do(eo + z) was found to have a simple pole at z = — Go(eo) with 
the residue exp(— Go’(eo)), where the prime means the derivative with 
respect to z. This was a consequence of the fact that z2Bo(z) = Go(eo + 2) 
had no singularities on the negative real axis of the z-plane. The same 
property holds for z2B,(z) when |k| = kr. By analogy we therefore conclude 
immediately that Dz,(kr2/2M + z) has a pole at the point 


: bs a = 
2 = — lim, _y [21° Bx,(%1)] = — a (Go(éo)/2), (10) 
with a residue 


exp| — <— Go (ea)iQ) |. 
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As follows from the definition of the Fermi energy Ep, the pole of 
Dy, (kr2/2M + 2) is equal to AEp = Ep — kr?/2M. We have thus from (10) 


d 
AE; = —(A5, Or 
dp 


The same relation holds for the kinetic parts of Ey and Eo, hence 


By == (Eo/0). (11) 


This equation, if written in the equivalent form 


FE ( 0E9 
Se Wen a 
where the derivative is taken at constant 2, shows that the Fermi energy 
Ep, as defined in the previous section in terms of one-particle diagrams, is 
equal to the change in ground state energy of the system produced by 
addition or removal of one particle at constant volume. 


For the function Dm(z) (\m| < kr), which is the counterpart of Dz(z) 
for holes, one can proceed in exactly the same way. Instead of (7) one finds 


Dm(— m2/2M + 2) = 
= — 21+ Bm(z) + £Bm(2) * Bm(z) + 4 Bm(z) * Bm(2) ¥ Bm(z) + ...., (12) 


where Bm(z) is defined in exactly the same way as B;(z), except for the 
momentum & being replaced by m and the roles of particle and hole lines 
being interchanged. It is easily seen that the limit of Bm(z) for \m| — kp 
is equal to — By,(z). Forming now the convolution of D,(k2/2M + z) and 
Dm(— m?/2M -+- z) for |k| = |m| = kp one finds, after an obvious shift of 
z in both functions 


Dx(z) * D(z) = — 27}, for |k| = |m| = Rr. 


This equation implies, that the poles of Dz(z) and Dm(z) for |k| = |m| = kr 
add up to zero, while the corresponding residues have a product equal to one. 
Since the sum of the poles is zero, the energy of a hole at the surface of the 
Fermi sea is equal to —Ep. Therefore the energy FE; of a particle of mo- 
mentum |/| close to kr, as defined in section 2 for |/| smaller or larger than 
kp, is continuous at |l| = Ap. 

Equation (11) can be expressed in terms of the energy per particle instead 
of the energy per unit volume: 


d 
Er = Eo/N + p va, (Eo/NN). 
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In terms of the pressure 


Eo d 
p=- (Fe) =P = EalM), 





this equation reads 
Ep = Eo/N + P/p. 


In the case that the system is in equilibrium, 7.¢., at a density such that the 
pressure vanishes, we obtain the equation 


eae (13) 


This equality of the Fermi energy and the average energy, which we have 
proved generally, was derived recently by Weisskopf 9) on the basis of 
the independent particle model. Bethe 1°) considered it to be only a rough 
approximation. 


4. Test on the accuracy of the theory of Brueckner. In this last section the 
theorem (13) derived in section 3 will be used as a test on the validity of the 
Brueckner theory. Recently very accurate calculations on the basis of this 
theory have been made by Brueckner and Gammel 2). The following 
discussion will be based mainly on the results of their work. 

Our considerations will be of special interest because the calculations of 
Brueckner and Gammel show that their results vary strongly with slight 
changes in the forces between the particles *). Good agreement with the ex- 
periments does therefore not guarantee the accuracy of the theory. The 
test to be discussed here, on the contrary, is independent of the choice of 
the forces, for equation (13) must hold for all forces. 

For the average energy Eo/N and the Fermi energy Er Brueckner and 
Gammel find —15 MeV and —34 MeV respectively. There is a discrepancy 
of about 20 MeV, which shows that at least one of these values is very 
inaccurate. To investigate the origin of the discrepancy we consider the 
theory of Brueckner as an approximation of our exact perturbation 
formalism, as was done in IV f). It was shown there how one can obtain 
the theory of Brueckner from the exact theory by selecting only those 
terms which correspond to a certain class of diagrams. The relevant terms 
for Eo, Ex and Em (\|k| > kp and |m| < kp) are represented by the diagrams 
Oistyipe 2, 0 and c of fig. | **). 

Let us consider equation (3) and equation (7) where B;(z) is obtained 


*) We are indebted to Dr. J. L. Gammel for communication of this and many other as yet 
unpublished results. 
t) The equation for the scattering matrix G in IV at the bottom of page 537 contains an error. 
The energy denominator must read Ex, =f Ex, = [Erg = |E1,I- 
**) The additional complications originating from the use of shifted energies in the denominators 
are not relevant for our discussion and are omitted for simplicity. 
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from Bo(z) in the way prescribed in section 3. If we approximate Bo(z) in 
these equations by taking the diagrams of fig. la only, we must still ex- 
pect that the approximate values one then finds for Ep and Eo/N coincide 
(the latter value is the Brueckner approximation for the binding energy). 


SS 


Cc 


Fig. 1. The Brueckner diagrams. The diagrams a, b and ¢ correspond to the ground 
state energy Ep and the energies E;, and Ey of particles and holes respectively. 


The function B;(z) in the approximation now considered is equal to the sum 
of the contributions of all single particle diagrams, obtained from the 
ground state diagrams of fig. 1a by replacing any internal line by two ex- 
ternal particle lines. This leads to two types of diagrams. The first type, 
where one of the hole lines is replaced by two external particle lines, is 
shown in fig. 1b. The other type, shown in fig. 2a, is obtained from fig. la by 
replacing one of the many internal particle lines by two external particle 


a 


a b 


Fig. 2. This figure shows some single particle energy diagrams neglected in the theory 
of Brueckner; the diagrams a and b correspond to particles outside and inside the 
Fermi sea respectively. 


lines. It is seen from (7) that in the present approximation D,(z) is a sum of 
the contributions of these diagrams and of the more complicated ones 
constructed by linking together two or more of such diagrams. All these 
single particle diagrams, with the exception of the one in fig. 1b, are ne- 
glected in the theory of Brueckner. They contain three and more particle 
clusters. From the numerical discrepancy between Eo/N and Ep found, as 
mentioned above, by Brueckner and Gammel, we must conclude that for 
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|k| = kp the total contribution of the diagrams neglected in the Brueckner 
theory is considerable. It must account for a difference of about 20 MeV. 
It seems reasonable to suppose that among the neglected terms the most 
important ones are those represented by diagrams of the type of fig. 2a and 
the corresponding diagrams for holes in fig. 26. This is also suggested by 
the following consideration. 

The theory of Brueckner can be considered as the first term in the so- 
called cluster expansion 11), Using the K-matrix instead of the interaction V 
all quantities are expressed by means of a very much smaller number of 
diagrams, namely those diagrams, where no two successive vertices are con- 
nected by two particle lines (Goldstone !!) called them irreducible; we 
have used this term in III already with another meaning ). The diagrams 
corresponding to the first three terms of the cluster expansion for Eo are 
shown in fig. 3. To each dot there corresponds a K-matrix. The first term in 
the figure gives the Brueckner approximation; it corresponds to diagram 
a of fig. 1. The cluster expansion can be considered as a power series in the 


Fig. 3. The first three diagrams of the cluster expansion for Eo. 


K-matrix. The Brueckner approximation is based on the assumption that 
this series converges rapidly. The second term in fig. 3 was calculated by 
Bethe 1°) for the case of Yukawa forces. It was found to be less than 1 MeV, 
which is indeed very small compared to the main term. We notice from fig. 3 
that the cluster expansion for E 9 contains no term with two K-matrices. 
This has the consequence that even for a comparatively slow convergence the 
first term can be a reasonably accurate approximation. 

The first two diagrams of the cluster expansion for the single particle 
energy E), are given in fig. 4a for |/| > kp, in fig. 4b for |J| < kp. Also here 
the first diagrams of a and b give the Brueckner approximation and corre- 
spond to diagrams 0 and c of fig. 1. Comparing the first diagrams in fig. 3 
and fig. 4b we find the well-known relation, characteristic of the Brueckner 
theory, between the energy shift JE 9 of the ground state and the shift 
V, = E, — /12/2M of the single particle energy: 


AEo = 4:2(2n)-3 fe BV m, 


which is another form of (1). In the case of particles with spin and isobaric 
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spin 4 a factor 4 must be added at the right-hand side. One sees again that 
(1) is not an exact equation *). 

The cluster expansion for E; involves a term with two K-matrices which 
might be quite appreciable in case of a slow convergence of the series. This 
term corresponds exactly to the type of diagrams shown in fig. 2, so that we 
must expect the neglection of the diagrams in fig. 2 to be largely responsible 
for the discrepancy between Eo/N and Fp in the theory of Brueckner. 
We have made a rough estimate of this term, for spin and charge independent 
Yukawa forces. Making the same approximation as Bethe did in his calcu- 
lation of the three-particle cluster term in Eo, we find approximately 12 MeV 
for the second term in fig. 4a or 6, for a momentum |/| = kp. This shows that 
even for these unrealistic forces the main single-particle energy term left out 
by Brueckner is quite large. A calculation of this term and other cluster 
terms neglected in the Brueckner theory, on the basis of more realistic 
forces with a repulsive core, would be very interesting. We may conclude 
already, however, that in the theory of Brueckner the single-particle 
energy is treated very inaccurately. The influence of this inaccuracy on the 
calculation of the ground state energy, which manifests itself only through 
the energy denominators, is probably not very large in the nuclear case. For 
the calculation. of the optical potential the situation is completely different 
and one clearly must take into account the terms which we discussed in the 
present section. 


| VS. 


p O..<— 


Fig. 4. The first two terms of the cluster expansion for the single particle energy £7; 
a and b correspond to |/| > kr and |l| < kr respectively. 


Quite recently, one of the present authors having brought the large 
internal inconsistency revealed in Brueckner’s theory by the theorem 
here discussed to his attention, Brueckner reconsidered the problem in the 
framework of his theory and suggested to use the theorem itself for obtaining 


*) Differentiation of (1) with respect to the density p would lead to (11), provided V; would not 
depend on p. We know, however, that such is not the case. 


249 
BL LLLLLLLLLLLELELLLLLILILLLLILLLLLLLLLL LLG ILILE LILLE LILG 


376 SINGLE PARTICLE ENERGY IN FERMI GAS 





a better definition of the single-particle energy *). The new definition 
amounts to replacing the single-particle energy £78 of the original Brueck- 
ner approximation (first term in fig. 4a of 6) by a shifted value E/® + e, 
where the quantity «, assumed independent of the momentum /, is defined 
by the condition 

E,B + «= Eo/N for |1| = kp. 


An obvious correction term is then added to the formula expressing £9 in 
terms of the single-particle energies. This elementary way of circumventing 
the inconsistency suffers from two obvious defects. The momentum inde- 
pendence of ¢ is completely unfounded in a theory where, as in Brueck- 
ner’s, the potential energy part of £;2 has an important momentum varia- 
tion. In the second place, a proper definition of the single-particle energy 
should be entirely formulated in terms of the propagation of an additional 
particle (or a hole) of given momentum through the given medium. Such is 
the case with the definition of Z; in the general theory used here and this is 
the only reason why our theorem is not trivial. Brueckner’s definition of e, 
on the contrary, is in fact based on a comparison between two states of the 
medium with two different densities. 

The authors are very grateful to Dr. J. L. Gammel for many stimulating 
discussions, some of which were at the origin of the present work. They are 
also indebted to him for much valuable unpublished information on the 
numerical aspects of Brueckner’s theory. 


This work is part of the research program of the ,,Stichting voor Funda- 
menteel Onderzoek der Materie’’, which is financially supported by the 
Netherlands Organization for pure Scientific Research (Z.W.O.). 


Received 1-2-58. 


REFERENCES 


1) Brueckner, K. A. and Levinson, C. A., Phys. Rev. 97 (1955) 1344. 

2) Brueckner, K. A. and Gammel, J. L., Phys. Rev. 105 (1957) 1679. 

3) Van Hove, L., Physica 21 (1955) 901; Van Hove, L., Physica 22 (1956) 343; Hugenholtz, 
N. M., Physica 23 (1957) 481. These papers are referred to as I, II and III. 

4) Hugenholtz, N. M., Physica 23 (1957) 533. 

5) Van Hove, L., Physica 23 (1957) 441. 

6) Bardeen, J., Cooper, L. N. and Schrieffer, J. R., Phys. Rev. 108 (1957) 1175. 

7) Bogolubov, N., to appear in J. Exp. Theor. Phys. U.S.S.R. 

8) This formula was first given in Frazer, W. R. and Van Hove, L., Physica 24 (1958) 137. 

9) Weisskopf, V. F., Nuclear Physics 3 (1957) 423. 

10) Bethe, H. A., Phys. Rev. 103 (1956) 1353. 

11) Brueckner, K. A., Phys. Rev. 100 (1955) 36; Goldstone, J., Proc. Roy. Soc. A, 239 (1957) 
Zon, 


*) Private communication and a paper to be published in Physical Review. 





THE MANY-BODY PROBLEM 
by David Pines 
University of Illinois 


A Lecture Note and Reprint Volume. The editor sets forth in his critical 
introduction to this reprint collection both the general physical and ma- 
thematical principles that underlie many-body problems, and the relation- 
ships that exist between apparently different problems (such as the electron 
gas and liquid helium). Chapters on General Formulation, Electron Gas, 
Interacting Fermion Systems, Interacting Boson Systems, and Liquid Hel- 
ium, Electron-Phonon Interaction, Superconductivity are included along 
with reprints of articles by the following authors: Goldstone, Hubbard, 
Galitskii et al., Bohm et al., Pines, Gell-Mann et al., Sawada et al., Brout, 
Wentzel, Nozieres et al., Ehrenreich et al., Landau, Bogoljubov, Lee et al., 
Beliaev, Hugenholtz et al., Bardeen et al., Migdal, Cooper, Valatin, Ander- 
son, Gorkov, Rickayzen. 


464 pp. 6x9 Paperbound $3.50 


QUANTUM ELECTRODYNAMICS 
by R. P. Feynman 
California Institute of Technology 


A Lecture Note and Reprint Volume. Based on the author’s course at Cal- 
tech, this text-monograph covers: Interaction of Light with Matter, Ré- 
sumé of the Principles and Results of Special Relativity, Relativistic Wave 
Equation, Solution of the Dirac Equation for a Free Particle, Potential 
Problems in Quantum Electrodynamics, Relativistic Treatment of the In- 
teraction of Particles with Light, Interaction of Several Electrons, Discus- 
Sion and Interpretation of Various ‘‘Correction’’ Terms, The Pauli Prin- 
ciple and the Dirac Equation, Rules for Feynman Diagrams. Reprints of 
two articles by the author on quantum electrodynamics are included also. 


208 pp. 6x9 Paperbound $3.50 


NUCLEAR MAGNETIC RELAXATION 
by N. Bloembergen 
Harvard University 


A Reprint Volume. Provides graduate students with an introduction to 
magnetic relaxation. Includes a new introduction to the author’s thesis. 
Chapters: Introduction, Theory of the Nuclear Magnetic Resonance, The 
Experimental Method, Theory and Experimental Results, Relaxation by 
Quadrupole Coupling, Summary, and References. Includes a reprint of one 
of the author’s articles on nuclear spin. 


192 pp. 6x9 Paperbound $3.50 


1961 BRANDEIS SUMMER INSTITUTE 
LECTURES IN THEORETICAL PHYSICS 


COMPLEX VARIABLES IN 
ELEMENTARY PARTICLE THEORY 
by R. J. Eden, Cambridge University 


STATISTICAL PHYSICS 
by R. Glauber, Harvard University 


ELEMENTARY PARTICLE PHYSICS 
by J. J. Sakurai, University of 
Chicago 


RELATIVISTIC QUANTUM ME- 

CHANICS 

by E. C. G. Sudarshan, University 
of Rochester 


RENORMALIZATION THEORY 
by G. Kallén, University of Lund 


PLASMA PHYSICS 
by M. Krook, Harvard University 


ANALYTIC PROPERTIES OF 

PERTURBATION THEORY 

by J. C. Polkinghorne, Cambridge 
University 


THEORY OF POLARIZATION 

PHENOMENA 

by M. E. Rose, Oak Ridge National 
Laboratory 


RELATIVISTIC PARTICLE 

INTERACTIONS 

by E. C. G. Sudarshan, University 
of Rochester 


Volume I About 350 pages Approximately $3.50 
Volume II About 400 pages Approximately $4.00 
Coxe 
Paperbound 


1960 BRANDEIS SUMMER INSTITUTE 
LECTURES IN THEORETICAL PHYSICS 


SELECTED PROBLEMS IN 

GENERAL RELATIVITY 

by C. Méller, University of Copen- 
hagen 


GROUP THEORETIC AND ANAL- 

YTIC PROPERTIES OF SCATTER- 

ING AMPLITUDES 

by P. T. Matthews, Imperial College, 
London 


503 pp. 


6x9 


FIELD THEORY METHODS IN 

NON- FIELD-THEORY CONTEXTS 

by J. Schwinger, Harvard Univer- 
sity 


THE MANY-BODY PROBLEM 
by N. Fukuda, Tokyo University 
of Education 


PROBLEMS IN STRONG INTER- 

ACTIONS 

by J. J. Sakurai, University of 
Chicago 


$3 .50 


Paperbound 


1959 BRANDEIS SUMMER INSTITUTE 
LECTURES IN THEORETICAL PHYSICS 


THE QUANTUM THEORY OF 

SCATTERING 

by F. E. Low, Massachusetts 
Institute of Technology 


FIELD THEORETIC METHODS 
by J. Schwinger, Harvard University 


WEAK INTERACTIONS 


by E. C. G. Sudarshan, University of 
Rochester 


407 pp. 


6 x.9 


THEORY OF SUPERCONDUCTIV- 
Pie 
by L. N. Cooper, Brown University 


HARD SPHERE BOSE GAS AND 

LIQUID HELIUM 

by K. Huang, Massachusetts Insti- 
tute of Technology 


COLLECTIVE MOTION IN MANY- 
PARTICLE SYSTEMS 
by H. J. Lipkin, Weizmann Institute 


$3.00 


Paperbound 


Lecture Notes on 
THE MANY-BODY PROBLEM 
] from the 
1961 BERGEN INTERNATIONAL SCHOOL OF PHYSICS 
Edited by Christian Fronsdal 


THE N-BODY PROBLEM 
by D. L. Falkoff, Brandeis Univer- 
sity 


THEORY OF SUPERCONDUCTIVITY 
by L. N. Cooper, Brown University 


ELECTROMAGNETIC PROPERTIES 

OF SUPERCONDUCTORS 

by Vinag Ambegaokar, Institute for 
Theoretical Physics, Copenhagen 


SCATTERING BY IMPURITIES IN 

METALS 

by G. Rickayzen, Chadwick Labor- 
atory 


DENSE ELECTRON GAS 
by L. Mittag, University of Utrecht 
and CERN 


COLLECTIVE MOTION IN NUCLEI 
by G. E. Brown, Nordita, Copen- 
hagen 


SUPERFLUIDITY IN NUCLEAR 
MATTER 
by J. S. Bell, CERN 


ELIMINATION OF THE HARD 
CORE 
by J. S. Bell, CERN 


THE ANALYTIC STRUCTURE OF 
MANY-BODY PERTURBATION 
THEORY 

by Amnon Katz, Weizmann Institute 


THE MOMENT OF INERTIA OF A 
MANY-FERMION SYSTEM 
by Amnon Katz, Weizmann Institute 


THE D)AMAGNETIO “eR eri- THx LINEAR RES: —& FUNC- 
BILITY OF AN ELECTRON GAS TION OF A MANY-iGODY SYSTEM 
by M. J. Stephen, Oxford University by A. J. Glick, Weizmann Institute 


PROPERTIES OF THE NUCLEAR THE T-MATRIX AND THE 

SURFACE LAYER CANONICAL TRANSFORMATION 

by L. Rosenfeld, Nordita, Copen- by R. Balian, Centre d’Etudes 
hagen Nucléaires de Saclay 

320 pp. 6x9 Paperbound $8.50 






5S 30.1% 
— HB Agr oo ManY- engr F 


PHYSICS 


pcan” H 8 45 p SEMINAR 
i 
3124 





© 02203 6444 


ENSYNEERING 
& PHYSICS 
LIBRARY 











FRONTIERS IN 
PHYSICS 


W. A. 





A Series of Lecture Note 
and Reprint Volumes 


NUCLEAR MAGNETIC RELAXATION: A Reprint 
Volume 
by N. Bloembergen 192 pages $3.50) 


S-MATRIX THEORY OF STRONG INTERACTIONS: 
A Lecture Note and Reprint Volume 
by Geoffrey F. Chew 192 pages $3.50) 
%| 


QUANTUM ELECTRODYNAMICS: A Lecture Note 
and Reprint Volume 
by R. P. Feynman 208 pages $3.50! 


THE THEORY OF FUNDAMENTAL PROCESSES: 
A Lecture Note Volume 
by R. P. Feynman 160 pages $3.50 


THE MOSSBAUER EFFECT: A Collection of Re- 
prints with an Introduction 
by Hans Frauenfelder 256 pages $3.50 


THE MANY-BODY PROBLEM: A Lecture Note and 
Reprint Volume 
by David Pines 464 pages $3.50 


QUANTUM THEORY OF MANY-PARTICLE SYS- 
TEMS: A Lecture Note and Reprint Volume 

by L. Van Hove, N. M. Hugenholtz, 

and L. P. Howland 272 pages $3.50 


BENJAMIN, INC., PUBLISHERS 





f 


